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Wkh frpsoh{lw| ri wkh frqvlvwhqf| sureohp iru vhyhudo
lpsruwdqw fodvvhv ri Errohdq ixqfwlrqv lv dqdo|}hg1 Wkh
fodvvhv ri ixqfwlrqv xqghu lqyhvwljdwlrq duh wkrvh zklfk
duh forvhg xqghu ixqfwlrq frpsrvlwlrq ru vxshusrvlwlrq1
Vhyhudo ri wkhvh vr fdoohg Srvw fodvvhv duh frqvlghuhg
zlwklq wkh frqwh{w ri pdfklqh ohduqlqj zlwk dq dssol0
fdwlrq wr euhdvw fdqfhu gldjqrvlv1 Wkh frqvlghuhg Srvw
fodvvhv ixuqlvk d xvhu0vhohfwdeoh phdvxuh ri uholdelolw|1
Lw lv vkrzq wkdw iru uhdolvwlf vlwxdwlrqv zklfk pd| dulvh
lq sudfwlfh/ wkh frqvlvwhqf| sureohp iru wkhvh fodvvhv ri
ixqfwlrqv lv sro|qrpldo0wlph vroydeoh1

4 Lqwurgxfwlrq

Wkh frqvlvwhqf| sureohp lv dq lpsruwdqw sureohp lq
frpsxwdwlrqdo ohduqlqj wkhru| ^5`/ ^46` dqg fdq eh
wkrxjkw ri dv d vhdufk ri d uxoh iurp h{dpsohv1 Wkdw lv/
jlyhq vrph vhwv W dqg I ri �wuxh� dqg �idovh� yhfwruv/
uhvshfwlyho|/ zh dlp wr glvfryhu d Errohdq ixqfwlrq i

zklfk wdnhv rq wkh ydoxh 4 iru doo yhfwruv lq W dqg wkh
ydoxh 3 iru doo yhfwruv lq I 1 Zh pd| dovr dvvxph wkdw
wkh wdujhw ixqfwlrq i lv fkrvhq iurp vrph fodvv ri srvvl0
eoh wdujhw ixqfwlrqv1 Rqh lpsruwdqw uhdvrq iru vwxg|lqj
wkh frpsoh{lw| ri wkh frqvlvwhqf| sureohp lv lwv uhod0
wlrq wr wkh SDF dssur{lpdwh ohduqlqj prgho ri Ydoldqw
^46`1 Li wkh frqvlvwhqf| sureohp iru d jlyhq fodvv lv QS0
kdug/ wkhq wklv fodvv lv qrw SDF0ohduqdeoh1 Pruhryhu/
wklv zrxog dovr lpso| wkdw wklv fodvv fdqqrw eh ohduqhg
zlwk htxlydohqfh txhulhv ^4`1
Lq sudfwlfh/ lw lv riwhq uhdvrqdeoh wr uhtxluh i wr srv0

vhvv fhuwdlq surshuwlhv/ nqrzq d sulrul/ ru htxlydohqwo|/
wr ehorqj wr vrph vshfl�f fodvv ri ixqfwlrqv1 Iru h{0
dpsoh/ wkh fodvv ri prqrwrqh Errohdq ixqfwlrqv lv riwhq
uhsuhvhqwdwlyh ri uhdo0olih skhqrphqd dqg kdv ehhq vwxg0
lhg lq wkh frqwh{w ri ohduqlqj lq vxfk �hogv dv phglfdo
gldjqrvlv ^9`/ pdqxidfwxulqj dqg uholdelolw| dqdo|vlv ^:`/
dv zhoo dv vljqdo surfhvvlqj ^48`1 Lq ^6`/ wkh frqvlvwhqf|
sureohp zdv frqvlghuhg iru ydulrxv fodvvhv ri Errohdq
ixqfwlrqv/ vxfk dv srvlwlyh +prqrwrqh,/ n0GQI/ k0whup0
GQI/ vhoi0gxdo/ dqg pdq| rwkhuv1 Vshfl�fdoo|/ wkh txhv0
wlrq ri wkh h{lvwhqfh ri sro|qrpldo0wlph dojrulwkpv iru
ydulrxv fodvvhv ri ixqfwlrqv zdv lqyhvwljdwhg1 Lq wklv

sdshu/ zh frqvlghu wkh frqvlvwhqf| sureohp iru vhyhudo
lpsruwdqw fodvvhv ri Errohdq ixqfwlrqv/ nqrzq dv Srvw
fodvvhv1
Lq 4<54/ wkh Dphulfdq pdwkhpdwlfldq Hplo Srvw gh0

vfulehg wkh vwuxfwxuh ri doo fodvvhv ri Errohdq ixqfwlrqv
zklfk duh forvhg xqghu vxshusrvlwlrq ^44`1 Wkh uhvxowv
ri Srvw kdyh ehhq dssolhg rxwvlgh wkh �hog ri dojheud
ri orjlf/ iru h{dpsoh/ lq wkh v|qwkhvlv ^43` dqg uholdelo0
lw| ^<` ri frqwuro v|vwhpv1 Iru h{dpsoh/ wkh fodvv P ri
prqrwrqh Errohdq ixqfwlrqv lv d Srvw fodvv/ vlqfh d vx0
shusrvlwlrq ri prqrwrqh Errohdq ixqfwlrqv uhvxowv lq d
prqrwrqh Errohdq ixqfwlrq1 Wkh frqvlvwhqf| sureohp
iru P zdv vkrzq wr eh sro|qrpldo0wlph vroydeoh lq ^6`1
Lq idfw/ wklv zdv vkrzq wr eh wkh fdvh iru doo wudqvlwlyh
fodvvhv1 Lq wklv sdshu/ wkh fodvvhv xqghu frqvlghudwlrq
duh I
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wkh qrwdwlrq ri \deorqvn| ^47`1 Wklv dqg rwkhu qrwd0
wlrq lv hvwdeolvkhg lq Vhfwlrq 51 Wkh deryh fodvvhv kdyh
sudfwlfdo uhohydqfh lq wkh frqwh{w ri ohduqlqj1 Wklv lv
glvfxvvhg lq Vhfwlrq 6 zkhuh dq h{dpsoh ri euhdvw fdq0
fhu gldjqrvlv lv frqvlghuhg1 Ilqdoo|/ Vhfwlrq 7 frqwdlqv
wkh pdlq uhvxowv frqfhuqlqj wkh frpsoh{lw| ri wkh frq0
vlvwhqf| sureohp iru wkhvh fodvvhv ri Errohdq ixqfwlrqv1

5 Gh�qlwlrqv dqg qrwdwlrq

Ohw Hq ghqrwh wkh q0fxeh i3> 4jq1 D Errohdq ixqfwlrq
lv d pdsslqj i = Hq $ H41 Wkh hohphqwv y 5 Hq zloo eh
uhihuuhg wr dv yhfwruv1 Wkh uhodwlrq � 7 � krogv iru wzr
yhfwruv � @ +�4> = = = > �q, dqg � @ +�4> = = = > �q, li �4 �
�4> = = = > �q � �q1 D Errohdq ixqfwlrq i lv prqrwrqh
+dovr fdoohg srvlwlyh, li iru dq| wzr yhfwruv � dqg � vxfk
wkdw � 7 �> wkh lqhtxdolw| i +�, � i +�, krogv1 Wkh
qrwdwlrq iru ydulrxv Srvw fodvvhv fkrvhq khuh frlqflghv
zlwk wkdw xvhg e| Srvw dv zhoo dv wkdw lq ^47`1
Zh qrz surfhhg wr gh�qh vhyhudo lpsruwdqw Srvw

fodvvhv1

Gh�qlwlrq 4 D ixqfwlrq i vdwlv�hv frqglwlrq kD�l
+uhvs1 kd�l,/ � � 5/ li iru dq| froohfwlrq ri � yhf0
wruv y+4,> y+5,> = = = > y+�, 5 Hq iru zklfk i
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Ohw W +i, @ iy 5 Hq = i +y, @ 4j eh fdoohg wkh
rq0vhw ri ixqfwlrq i 1 Vlploduo|/ ohw I +i, @
iy 5 Hq = i +y, @ 3j eh wkh r�0vhw ri i 1

Gh�qlwlrq 5 D ixqfwlrq i vdwlv�hv frqglwlrq
kD4l +uhvs1 kd4l, li wkhuh h{lvwv dq l 5 i4> = = = > qj vxfk
wkdw yl @ 4 +uhvs1 yl @ 3, iru doo yhfwruv y 5 W +i,/
+uhvs1 y 5 I +i,,1

Lw lv fohdu wkdw li d ixqfwlrq vdwlv�hv kD�
4l/ wkhq lw

dovr vdwlv�hv kD�
5l iru 5 � �5 � �41 Dovr/ wkh frqglwlrq

kD4l lpsolhv kD�l iru dq| � � 51 Vlplodu vwdwhphqwv
fdq eh pdgh iru kd�l dqg kd4l1 Ohw I�
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wkh vhwv ri doo ixqfwlrqv vdwlvi|lqj frqglwlrqv kD�l dqg
kd�l/ uhvshfwlyho|1 Vlploduo|/ ohw I4; dqg I47 eh wkh vhw
ri ixqfwlrqv vdwlvi|lqj kD4l dqg kd4l1 Ilqdoo|/ ohw I�
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: +uhvs1 I46 , eh wkh fodvvhv ri prqr0
wrqh ixqfwlrqv vdwlvi|lqj frqglwlrqv kD�l +uhvs1 kd�l,
dqg kD4l +uhvs1 kd4l,1
Jlyhq vhwv W � Hq dqg I � Hq/ vxfk wkdw W _I @ >/

wkh sduwldoo| gh�qhg ixqfwlrq jW>I lv gh�qhg dv
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D ixqfwlrq i lv fdoohg dq h{whqvlrq ri jW>I li W � W +i,
dqg I � I +i, ^6`1 Wkh frqvlvwhqf| sureohp +dovr fdoohg
wkh h{whqvlrq sureohp, fdq eh srvhg dv= jlyhq vrph
fodvv F ri ixqfwlrqv dqg wzr vhwv W dqg I / lv wkhuh dq
h{whqvlrq i 5 F ri jW>IB Wkh sureohp iru fodvv F zloo eh
ghqrwhg dv H[WHQVLRQ+F, ^6` dqg wkh txhvwlrq ri lwv
sro|qrpldo0wlph vroydelolw| lv fhqwudo lq wkh SDF wkhru|
ri ohduqlqj1

6 Srvw fodvvhv dqg euhdvw fdqfhu gldjqrvlv

Lq ^;`/ d euhdvw fdqfhu gldjqrvlv sureohp lv frqvlghuhg
zlwklq d ohduqlqj iudphzrun1 Wkh jrdo lv wr �qg d vhw ri
uxohv/ xvlqj vrph vshfl�f vhw ri ihdwxuhv/ wr ghwhuplqh
zkhwkhu ru qrw dq lqglylgxdo fdvh lv kljko| vxvslflrxv iru
pdoljqdqf|1 Dqrwkhu jrdo pd| eh wr ghwhuplqh zkhwkhu
ru qrw d elrsv| ru vkruw whup iroorz0xs lv qhfhvvdu|1 D
udglrorjlvw vwxg|lqj d euhdvw wxpru pd| xvh d qxpehu
ri gl�huhqw ihdwxuhv ru dwwulexwhv wr pdnh wkh ghflvlrq
uhjduglqj pdoljqdqf| ru elrsv|1 Vrph vxfk dwwulexwhv
pljkw eh= qxpehu ri fdofl�fdwlrqv shu fp5/ wrwdo qxp0
ehu ri fdofl�fdwlrqv/ yduldwlrq lq wkh vkdsh ri wkh fdofl0
�fdwlrqv/ dssur{lpdwh yroxph ri wkh ohvlrq/ dqg pdq|
rwkhuv ^49`1
Hdfk vxfk dwwulexwh fdq eh hqfrghg e| dq dssursuldwh

qxpehu ri elqdu| ydoxhg yduldeohv1 Iru h{dpsoh/ vxs0
srvh wkh wrwdo qxpehu ri fdofl�fdwlrqv fdq eh D= ? 43/
E= 43 wr 63/ ru F= A 631 Wkxv/ wzr elqdu| yduldeohv
zrxog eh qhhghg wr uhsuhvhqw hdfk fdvh/ h1j1 +3> 3, iru
D/ +3> 4, iru E/ dqg +4> 3, iru F1 Dffruglqjo|/ d elqdu|

yhfwru { @ +{4> � � � > {q, ri wkh qhfhvvdu| ohqjwk wr hq0
frgh doo dwwulexwhv uhsuhvhqwv dq| jlyhq euhdvw wxpru
fdvh1 Wkh jrdo wkhq ehfrphv wr �qg d Errohdq ixqfwlrq
i wkdw zrxog fodvvli| hdfk h{dpsoh yhfwru { dffruglqj
wr wkh uxohv wkdw duh xvhg e| wkh h{shuw/ ru udglrorjlvw1
Iru h{dpsoh/ i +{, @ 4/ li wkh wxpru hqfrghg e| { lv eh0
olhyhg wr eh pdoljqdqw/ dqg i +{, @ 3/ rwkhuzlvh1 Wklv
fdq eh frqvlghuhg wr eh d irup ri nqrzohgjh glvfryhu|
iurp h{dpsohv1 Lq ^;`/ lw zdv dvvxphg wkdw wkh ixqf0
wlrqv xqghuo|lqj wkh sdwwhuqv duh prqrwrqh/ ru lq rwkhu
zrugv/ i 5 P 1 Rqh uhdvrq iru wklv vhhplqjo| uhvwulf0
wlyh dvvxpswlrq lv urrwhg lq wkh idfw wkdw dq| Errohdq
ixqfwlrq fdq eh h{suhvvhg lq whupv ri vhyhudo lqfuhdvlqj
dqg ghfuhdvlqj prqrwrqh Errohdq ixqfwlrqv ^45`1 Dq0
rwkhu uhdvrq lv wkdw wkh gluhfwlrq ri wkh yduldeohv wkdw
fdxvh wkh skhqrphqrq wr rffxu ru lqglfdwh lwv suhvhqfh
lv nqrzq +l1h1 {l @ 4 �fdxvhv� wkh skhqrphqrq dqg
{l @ 3 grhvq*w,1 Lq wkdw fdvh/ wkh srodulwlhv ri yduldeohv
fdq eh fkdqjhg dssursuldwho| vr dv wr pdnh wkh ixqfwlrq
prqrwrqh zlwkrxw orvv ri dq| jhqhudolw|1
Zlwk wkh lqwhqwlrq ri dgglqj d fhuwdlq ghjuhh ri uhold0

elolw|/ lw lv qdwxudo wr h{shfw/ ru udwkhu/ ghpdqg/ wkdw d
jlyhq qxpehu ri srvlwlyh h{dpsohv/ wkdw lv/ wkrvh zklfk
duh fodvvl�hg dv ehlqj pdoljqdqw/ vkrxog h{klelw vrph
djuhhphqw ru frqfrug dprqj wkhlu dwwulexwhv1 Zh qrwh
khuh wkdw zkdw lv phdqw e| wkh whup uholdelolw| lv qrw
wkh wudglwlrqdo frq�ghqfh lq wkh SDF ohduqlqj vhqvh1
Dffruglqjo|/ uholdelolw| grhv qrw uhihu wr wkh surfhvv ri
ohduqlqj lwvhoi/ exw udwkhu wr wkh frqvwudlqwv lpsrvhg rq
wkh k|srwkhvlv vsdfh1
Wkh zhdnhvw vxfk uhtxluhphqw ri uholdelolw| lv wkdw dq|

wzr pdoljqdqw fdvhv pxvw qhfhvvdulo| djuhh rq dw ohdvw
rqh dwwulexwh/ eh lw wkh wrwdo qxpehu ri fdofl�fdwlrqv/
dssur{lpdwh yroxph ri wkh ohvlrq/ ru dq| rwkhu1 Ri
frxuvh/ wklv dwwulexwh fdq eh gl�huhqw ghshqglqj rq wkh
wzr h{dpsohv vhohfwhg1 Iru lqvwdqfh/ pdoljqdqw fdvhv
P4 dqg P5 pljkw djuhh rq dwwulexwh D/ zkhuhdv pd0
oljqdqw fdvhv P6 dqg P7 pljkw djuhh rq dwwulexwh E/
dqg vr rq1 Rqh zd| wr vwuhqjwkhq wklv uhtxluhphqw lv wr
lqfuhdvh wkh qxpehu � ri srvlwlyh h{dpsohv doo ri zklfk
pxvw srvvhvv rqh ru pruh frpprq dwwulexwhv1 Wkdw lv/
dq| � pdoljqdqw fdvhv pxvw vkduh dw ohdvw rqh frpprq
dwwulexwh1 Vxfk d frqglwlrq lv htxlydohqw wr uhvwulfwlqj
wkh ixqfwlrq i wr eh lq wkh fodvv I�
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glwlrqdoo| dvvxphg wr eh prqrwrqh1 Wkh vwurqjhvw/ dqg
shukdsv xquhdvrqdeo| uhvwulfwlyh/ yhuvlrqv ri wklv qrwlrq
ri uholdelolw| duh fdswxuhg e| wkh fodvvhv I4; dqg I4: /
zklfk fdoo iru doo pdoljqdqw fdvhv wr djuhh rq dw ohdvw
rqh dwwulexwh1
Wkh uhvwulfwlrq wr vxfk fodvvhv/ krzhyhu/ qhfhvvlwdwhv

wkh xvh ri pruh elwv iru wkh hqfrglqj ri wkh fdvhv1 Wkdw
lv/ rqh elw lv uhtxluhg iru hyhu| ydoxh ri dq dwwulexwh1
Vr/ iru h{dpsoh/ dq dwwulexwh wkdw fdq wdnh wkuhh ydoxhv
D= ? 43/ E= 43 wr 63/ ru F= A 63 vkrxog eh frghg dv
+4> 3> 3,/ +3> 4> 3,/ dqg +3> 3> 4, uhvshfwlyho|1 Vxfk dq hq0
frglqj vfkhph zrxog wkhq doorz rqh wr fkhfn zkhwkhu
ru qrw wzr ru pruh pdoljqdqw fdvhv djuhh rq wkh ydoxh



ri dq| jlyhq dwwulexwh1 Kdylqj glvfxvvhg wkh srvvleoh
sudfwlfdo dvshfwv ri wkh deryh phqwlrqhg Srvw fodvvhv lq
wkh frqwh{w ri ohduqlqj wkhru|/ zh qrz pryh rq wr wkh
pdlq uhvxowv lq zklfk zh frqvlghu wkh frpsoh{lw| ri wkh
frqvlvwhqf| sureohp iru wkhvh fodvvhv1

7 H{whqvlrqv lq I;> I:> I7/ dqg I6

Zh �uvw frqvlghu wkh sureohpv H[WHQVLRQ+I�
; , dqg

H[WHQVLRQ+I�
: , iru d �{hg frqvwdqw �1 Wkh uhvxowv

iru I�
7 dqg I
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6 duh lghqwlfdo dqg fdq eh rewdlqhg xvlqj

wkh gxdolw| sulqflsoh1 Wkh txhvwlrq ri sro|qrpldo0wlph
vroydelolw| lv srvhg lq whupv ri q/ mW m/ dqg mI m1

Wkhruhp 6 H[WHQVLRQ+I�
; , dqg H[WHQVLRQ+I�

: ,
duh sro|qrpldo0wlph vroydeoh iru d �{hg frqvwdqw �1

Surri1 Iru wkh fdvh ri I�
; / zh �uvw pxvw vkrz wkdw

fkhfnlqj zkhwkhu wkhuh h{lvwv dq l 5 i4> = = = > qj vxfk

wkdw y
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l @ 4 iru d froohfwlrq ri �

yhfwruv/ wdnhv wlph R +� � q,1 Wklv lv ehfdxvh zh uhtxluh
q sdvvhv wkurxjk doo � yhfwruv/ rqfh iru hdfk frruglqdwh/
nhhslqj d  dj vhw li wkh frruglqdwh lv htxdo wr 41 Wklv
frqglwlrq lv htxlydohqw wr vd|lqj wkdw wkh frqmxqfwlrq ri
doo � yhfwruv kdv qrq0}hur Kdpplqj zhljkw1
Iru d �{hg frqvwdqw �/ fkhfnlqj wkh deryh frqglwlrq

iru doo srvvleoh �0froohfwlrqv wdnhv R +� � q � mW m
�, wlph/

zklfk lv sro|qrpldo lq mW m dqg q1 Li wklv frqglwlrq lv
vdwlv�hg iru doo �0froohfwlrqv ri yhfwruv iurp W / wkhq dv
dq h{whqvlrq lq I
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Iru wkh fdvh ri I�
: / wkh deryh vwhsv pxvw eh suh0

fhghg e| d fkhfn iru prqrwrqlflw|1 Wklv hqwdlov fkhfnlqj
zkhwkhu wkhuh lv qr sdlu ri yhfwruv y 5 W dqg x 5 I vxfk
wkdw y 7 x/ zklfk wdnhv R +q � mW m � mI m, wlph1 Rqo| li
wklv frqglwlrq lv vdwlv�hg fdq dq h{whqvlrq lq I�

: srvvleo|
h{lvw1 Wkxv/ H[WHQVLRQ+I�

; , dqg H[WHQVLRQ+I�
: ,

duh erwk sro|qrpldo0wlph vroydeoh lq q/ mW m/ dqg mI m1
Zh qrz h{dplqh wkh fdvh lq jhqhudo/ zkhq � � mW m

lv sduw ri wkh lqsxw wr wkh sureohpv H[WHQVLRQ+I�
; ,

dqg H[WHQVLRQ+I�
: ,1

Wkhruhp 7 H[WHQVLRQ+I�
; , dqg H[WHQVLRQ+I�

: ,
duh fr0QS0frpsohwh1

Surri1 Wkh sureohp H[WHQVLRQ+I�
; , kdv d qhj0

dwlyh dqvzhu li wkhuh h{lvwv dq �0froohfwlrq ri yhfwruv
Y � W> +mY m @ � dqg � � �,/ vxfk wkdw iru doo fr0
ruglqdwhv l 5 i4> = = = > qj/ wkhuh lv dw ohdvw rqh yhfwru
y 5 Y iru zklfk yl @ 31 Wkxv/ lw lv hdv| wr vhh wkdw
H[WHQVLRQ+I�

; , 5 fr0QS/ vlqfh d qrqghwhuplqlvwlf do0
jrulwkp qhhg rqo| jxhvv wkh fruuhfw froohfwlrq ri � yhf0
wruv y+4,> = = = > y+�, 5 W wkdw vdwlvi| wkh deryh surshuw|/
dqg fkhfn wklv idfw lq sro|qrpldo wlph dv lq Wkhruhp 61
Zh vkrz wkdw H[WHQVLRQ+I�

; , lv fr0QS0kdug e|
d uhgxfwlrq iurp wkh zhoo0nqrzq PLQLPXP0FRYHU

sureohp ^7`/ zklfk lv nqrzq wr eh QS0frpsohwh1 Wkh
lqvwdqfh ri wkh PLQLPXP0FRYHU sureohp lv d froohf0
wlrq F ri vxevhwv ri d �qlwh vhw V dqg d srvlwlyh lqwhjhu
� � mFm1 Wkh txhvwlrq lv= grhv F frqwdlq d fryhu iru V
ri vl}h � ru ohvv/ wkdw lv/ d vxevhw F 3 � F zlwk mF3m � �

vxfk wkdw hyhu| hohphqw ri V ehorqjv wr dw ohdvw rqh
phpehu ri F3B
Frqvlghu d �qlwh vhw V @ i{4> = = = > {qj dqg dq duel0

wudu| froohfwlrq ri vxevhwv F � 5V 1 Ohw xv dvvrfldwh d
vhw W wr F e| gh�qlqj
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zkhuh y ghqrwhv wkh elw0zlvh frpsohphqw ri yhfwru y

dqg yf lv wkh fkdudfwhulvwlf yhfwru ri vhw f 5 F/ wkdw lv/
{l 5 f +, yfl @ 41 Wklv vhw fdq eh frqvwuxfwhg iurp F

lq sro|qrpldo wlph lq q dqg mFm1 Lw lv hdv| wr vhh wkdw F
frqwdlqv d fryhu iru V li dqg rqo| li H[WHQVLRQ+I�
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kdv d qhjdwlyh dqvzhu1
Wxuqlqj wr I
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: / zh qrwh wkdw wkh dgghg frqvwudlqw

ri prqrwrqlflw| grhv qrw pdnh wkh sureohp dq| hdvlhu1
Zh kdyh vhhq wkdw wkh �kdugqhvv� ri wkh sureohp olhv
hqwluho| zlwklq wkh vhw W ri wuxh yhfwruv/ zkhuhdv prqr0
wrqlflw| lv frqfhuqhg zlwk wkh uhodwlrqvkls ehwzhhq wkh
vhwv W dqg I 1 Vr/ hyhq li zh zhuh ixuqlvkhg zlwk d
jxdudqwhh ri prqrwrqlflw| d sulrul/ zh zrxog vwloo kdyh
wr vroyh wkh vdph h{dfw sureohp dv deryh/ qdpho|/ wr
fkhfn zkhwkhu frqglwlrq kD�l lv vdwlv�hg zlwklq vhw W 1
Wkxv/ zh fdq frqfoxgh wkdw H[WHQVLRQ+I�

: , lv dovr
fr0QS0frpsohwh1
Qrz/ ohw xv wxuq wr wkh sureohp ri �qglqj dq h{whq0

vlrq lq I4; dqg I4: / zlwk I47 dqg I46 djdlq ehlqj lghq0
wlfdo e| gxdolw|1 Lw lv hdv| wr vhh wkdw fkhfnlqj zkhwkhu
doo yhfwruv y 5 W kdyh dw ohdvw rqh frpprq xqlw frpsr0
qhqw wdnhv R +q � mW m, wlph1 Wkh txhvwlrq ri prqrwrqlf0
lw| fdq eh dqvzhuhg ehiruhkdqg lq R +q � mW m � mI m, wlph/
dv lq Wkhruhp 61 Lq wkdw fdvh/ dq h{whqvlrq lq I4; ru
I4: fdq eh frqvwuxfwhg dv lq +4,/ lq sro|qrpldo wlph/
jlylqj xv wkh iroorzlqj uhvxow1

Wkhruhp 8 H[WHQVLRQ+I4; , dqg H[WHQVLRQ+I4: ,
duh sro|qrpldo0wlph vroydeoh1

Kdylqj frqvlghuhg wkh frpsoh{lw| ri wkh frqvlvwhqf|
sureohp iru wkh deryh Srvw fodvvhv/ lw lv zruwkzkloh wr
dvn mxvw krz uhvwulfwlyh/ lq wkh fduglqdolw| vhqvh/ duh
wkh k|srwkhvhv vsdfhv +I�
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: ,/ uhod0
wlyh wr wkh fodvvhv ri doo Errohdq ixqfwlrqv dqg prqr0
wrqh ixqfwlrqv/ uhvshfwlyho|1 Diwhu doo/ li wkh lpsrvhg
uhtxluhphqw ri uholdelolw|/ wkh ghjuhh ri zklfk lv frq0
wuroohg e| �/ zrxog vljql�fdqwo| uhvwulfw wkh k|srwkh0
vlv vsdfh/ wkhq wkhlu xvh lq d sudfwlfdo vhwwlqj zrxog
eh txhvwlrqdeoh1 Sduwldo dqvzhuv wr wkhvh txhvwlrqv fdq
eh irxqg lq wkh zrun ri Nruvkxqry ^8`/ zkr frqvlghuhg
dv|pswrwlf irupxodh iru wkh fduglqdolw| ri wkh deryh
fodvvhv ri ixqfwlrqv1 Gxh wr vsdfh olplwdwlrqv/ zh zloo
qrw dwwhpsw wr uhsurgxfh doo wkh dv|pswrwlf uhvxowv/



pdq| ri zklfk duh gl�huhqw iru hyhq dqg rgg q/ dqg
uhihu wkh lqwhuhvwhg uhdghu wr wkh ruljlqdo sdshu1 Krz0
hyhu/ lw lv zruwk phqwlrqlqj wkdw wkh fduglqdolwlhv ri wkh
fodvvhv ri ixqfwlrqv frqvlghuhg khuh jurz yhu| txlfno| dv
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Vlplodu dv|pswrwlf uhodwlrqvklsv h{lvw ehwzhhq +I�
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dqg wkh fduglqdolw| ri wkh fodvv ri prqrwrqh ixqfwlrqv1
Wkhvh idfwv duh vrphzkdw uhdvvxulqj lq wkdw wkh lpsrvhg
uholdelolw| frqvwudlqwv gr qrw vhhp wr ohdg wr dq ryhuo|
uhvwulfwlyh k|srwkhvlv vsdfh1

8 Frqfoxvlrq

Zh kdyh dqdo|}hg wkh frpsoh{lw| ri wkh frqvlvwhqf|
sureohp iru vhyhudo lpsruwdqw Srvw fodvvhv/ zklfk kdyh
vkrzq wr eh uhohydqw lq wkh vwxg| ri uholdelolw| ri frq0
wuro v|vwhpv1 Dgglwlrqdoo|/ zh glvfxvvhg d srvvleoh ds0
solfdwlrq ri wkh frqvlghuhg fodvvhv wr gldjqrvlv ri euhdvw
fdqfhu1 Wkh srvlwlyh uhvxow rewdlqhg khuh lv wkdw li � lv
nqrzq d sulrul dqg �{hg/ zklfk zrxog uh hfw wkh fdvh
lq sudfwlfh/ wkh frqvlvwhqf| sureohp lq fodvvhv I�
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lv vroydeoh lq sro|qrpldo wlph1 Lq wkh frq0

wh{w ri euhdvw fdqfhu gldjqrvlv/ wkh sdudphwhu � zrxog
uh hfw wkh xvhu0vhwwdeoh ghjuhh ri uhtxluhg uholdelolw| iru
wkh uxohv ehlqj lqihuuhg1 Wkh kljkhu wkh ydoxh ri �/ wkh
pruh vwulfw wklv uhtxluhphqw ehfrphv1
Dgglwlrqdoo|/ wkh frqvlvwhqf| sureohp iru fodvvhv I4; /
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lv dovr sro|qrpldo wlph vroydeoh1 Dv

sduw ri ixwxuh zrun/ lw zrxog eh zruwkzkloh wr frqvlghu
ehvw0�w h{whqvlrqv lq wkh deryh fodvvhv ri Errohdq ixqf0
wlrqv/ hvshfldoo| iru kljk ydoxhv ri �/ zkhq d ihzhu qxp0
ehu ri srvvleoh uxohv lv h{shfwhg1
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