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ABSTRACT
The problem of reducing the deviation from a desired
transfer function caused by the coefficient quantiza-
tion errors is investigated for a three-dimensional (3-
D) separable in denominator digital filter. To begin
with, a 3-D transfer function with separable denomina-
tor is represented with the cascade connection of three
one-dimensional (1-D) transfer functions by applying a
minimal decomposition technique, and the multi-input
multi-output (MIMO) 1-D transfer function located in
the middle of the cascade connection is realized by a
minimal state-space model. Next, the l2-sensitivity of
the state-space model is analyzed, and the minimiza-
tion problem of the l2-sensitivity subject to l2-scaling
constraints is formulated. This problem is then con-
verted into an unconstrained optimization problem by
using linear-algebraic techniques, and an efficient quasi-
Newton algorithm is applied to solve it. A numerical
example is presented to illustrate the validity and effec-
tiveness of the proposed technique.

1. INTRODUCTION

It is of practical significance in many applications to con-
struct a filter structure such that the coefficient sensitiv-
ity of a digital filter is minimum or nearly minimum in
a certain sense. Due to finite word length (FWL) effects
caused by coefficient truncation or rounding, poor sensi-
tivity may lead to degradation of the transfer character-
istics in a FWL implementation of the digital filter. For
instance, the characteristics of an originally stable filter
might be so altered that the filter may become unstable.
This motivates the study of the coefficient sensitivity
minimization problem for digital filters. The minimiza-
tion of the coefficient sensitivity for two-dimensional (2-
D) state-space digital filters has been investigated ex-
tensively [1]-[7]. Zilouchian and Carroll have explored
a coefficient sensitivity bound in 2-D state-space digi-
tal filters [1]. Several techniques have been proposed
for synthesizing 2-D state-space filter structures with
minimum coefficient sensitivity [2]-[7]. Some of these
techniques evaluate the sensitivity by using a mixture
of l1/l2 norms [1]-[16], while the others rely on the use
of a pure l2 norm [5]-[7]. In [6], the weighted-sensitivity
minimization of 2-D state-space digital filters has been
considered in both cases of a mixture of L1/L2 norms
and a pure L2 norm. Note that the l2-sensitivity mini-

mization is more natural and reasonable than the con-
ventional l1/l2 mixed sensitivity minimization, but it is
technically more challenging [7]. A technique has also
been presented for constructing three-dimensional (3-
D) separable-denominator (SD) state-space digital fil-
ters that minimize the l2-sensitivity [8]. More recently,
the minimization problem of l2-sensitivity subject to l2-
scaling constraints has been treated for 2-D state-space
digital filters [9],[10]. It is known that the use of scal-
ing constraints can be beneficial for suppressing over-
flow [11]. In addition, considerable research interest has
been observed in the design of multidimensional recur-
sive digital filters [12]-[16]. This is partially due to the
potential applications in such fields as video processing,
seismic signal processing, magnetic data processing, and
biomedical tomography, etc.

This paper investigates the realization problem of
a 3-D SD digital filter which reduces the l2-sensitivity
subject to l2-scaling constraints. A 3-D transfer func-
tion with separable denominator is decomposed into
three one-dimensional (1-D) transfer functions with a
cascade connection, and the MIMO 1-D transfer func-
tion in the middle of the cascade connection is described
by minimal state-space realization. Then, the minimiza-
tion problem of l2-sensitivity subject to l2-scaling con-
straints for the state-space model is converted into an
unconstrained optimization formulation, and an itera-
tive technique is developed for constructing the optimal
state-space model of the MIMO 1-D system. A numer-
ical example is presented to illustrate the validity and
effectiveness of the proposed technique.

2. PROBLEM STATEMENT

Consider a stable 3-D separable-denominator digital fil-
ter is described by

H(z1, z2, z3) =
N(z1, z2, z3)

D1(z1)D2(z2)D3(z3)
(1)

where

N(z1, z2, z3) =
N1∑

i=0

N2∑

j=0

N3∑

k=0

aijkz−i
1 z−j

2 z−k
3

D1(z1) = 1 + b11z
−1
1 + · · · + b1N1z

−N1
1

D2(z2) = 1 + b21z
−1
2 + · · · + b2N2z

−N2
2

D3(z3) = 1 + b31z
−1
3 + · · · + b3N3z

−N3
3 .
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The 3-D transfer function in (1) can be decomposed into
three 1-D systems as

H(z1, z2, z3) =
ZT

1

D1(z1)
H2(z2)

Z3

D3(z3)
(2)

where

Z1 = (1, z−1
1 , · · · , z−N1

1 )T

Z3 = (1, z−1
3 , · · · , z−N3

3 )T

H2(z2) =
Δ0 + Δ1z

−1
2 + · · · + ΔN2z

−N2
2

D2(z2)

Δm =

⎡

⎢⎢⎣

a0m0 a0m1 · · · a0mN3

a1m0 a1m1 · · · a1mN3

...
...

. . .
...

aN1m0 aN1m1 · · · aN1mN3

⎤

⎥⎥⎦

m = 0, 1, · · · , N2.

The above 1-D transfer function H2(z2) with (N3 + 1)
inputs and (N1 +1) outputs can be realized by the min-
imal state-space model (A2, B2, C2,Δ0)p:

x(k + 1) = A2x(k) + B2u(k)
y(k) = C2x(k) + Δ0u(k)

(3)

where x(k) is a p × 1 state-variable vector, u(k) is an
(N3 +1)×1 input vector, y(k) is an (N1 +1)×1 output
vector, and A2, B2, C2 and Δ0 are real constant matri-
ces of appropriate dimensions. The transfer function of
the linear system in (3) is given by

H2(z2) = C2(z2Ip − A2)−1B2 + Δ0. (4)

The l2-sensitivities of a 3-D digital filter in (2) with
respect to coefficient matrices A2, B2, and C2 are de-
fined as follows.

Definition 1 : Let X be an m×n real matrix and let
f(X) be a scalar complex function of X, differentiable
with respect to all the entries of X. The sensitivity
function of f(X) with respect to X is then defined as

∂f(X)
∂X

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂f(X)
∂x11

∂f(X)
∂x12

· · · ∂f(X)
∂x1n

∂f(X)
∂x21

∂f(X)
∂x22

· · · ∂f(X)
∂x2n

...
...

. . .
...

∂f(X)
∂xm1

∂f(X)
∂xm2

· · · ∂f(X)
∂xmn

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5)

where xij denotes the (i, j)th entry of matrix X.
Definition 2 : Let X(z1, z2, z3) be an m × n com-

plex matrix-valued function of complex variables z1,
z2 and z3. Let xpq(z1, z2, z3) be the (p, q)th entry of
X(z1, z2, z3). Then the l2-norm of X(z1, z2, z3) is de-
fined as

‖X(z1, z2, z3)‖2

=

(
tr

[
1

(2πj)3

∮

|z1|=1

∮

|z2|=1

∮

|z3|=1

X(z1, z2, z3)

·X∗(z1, z2, z3)
dz1

z1

dz2

z2

dz3

z3

]) 1
2

. (6)

From (2), (4) and Definitions 1 and 2, the l2-
sensitivity of the transfer function H(z1, z2, z3) with re-
spect to the coefficient matrices A2, B2, and C2 is eval-
uated by

S =
∥∥∥∥

∂H(z1, z2, z3)
∂A2

∥∥∥∥
2

2

+
∥∥∥∥

∂H(z1, z2, z3)
∂B2

∥∥∥∥
2

2

+
∥∥∥∥
∂H(z1, z2, z3)

∂C2

∥∥∥∥
2

2

=
∥∥g(z1, z2)T f(z2, z3)T

∥∥2

2
+

∥∥∥∥∥g(z1, z2)T ZT
3

D3(z3)

∥∥∥∥∥

2

2

+
∥∥∥∥

Z1

D1(z1)
f(z2, z3)T

∥∥∥∥
2

2
(7)

where

f (z2, z3) = (z2Ip − A2)−1B2
Z3

D3(z3)

g(z1, z2) =
ZT

1

D1(z1)
C2(z2Ip − A2)−1

ZT
1

D1(z1)
= c1(z1IN1 − A1)−1B1 + d1

Z3

D3(z3)
= C3(z3IN3 − A3)−1b3 + d3.

The l2-sensitivity measure in (7) can be written as

S = tr[MA(Ip)] + tr[W B] + tr[KC ] (8)

where MA(Ip), W B, and KC are obtained by the fol-
lowing general expression:

X =
1

(2πj)3

∮

|z1|=1

∮

|z2|=1

∮

|z3|=1

Y (z1, z2, z3)

·Y ∗(z1, z2, z3)
dz1

z1

dz2

z2

dz3

z3

with
Y (z1, z2, z3) = g(z1, z2)T f(z2, z3)T for X = MA(Ip)

Y (z1, z2, z3) = g(z1, z2)∗
Z∗

3

D3(z3)
for X = W B

Y (z1, z2, z3) =
Z1

D1(z1)
f(z2, z3)T for X = KC .

The Gramians MA(P ), W B, and KC can be computed
using

MA(P ) =
∞∑

i=0

∞∑

j=0

∞∑

k=0

[0 Ip]

[
AT

2 0

CT
2 RT

ijB
T
2 AT

2

]k

·
[
P−1 0
0 0

] [
A2 B2RijC2

0 A2

]k [ 0
Ip

]

W B =
∞∑

i=0

∞∑

j=0

∞∑

k=0

(AT
2 )kCT

2 RT
ijRijC2A

k
2

KC =
∞∑

i=0

∞∑

j=0

∞∑

k=0

Ak
2B2RijR

T
ijB

T
2 (AT

2 )k (9)

244



where

Z3Z
T
1

D3(z3)D1(z1)
=

∞∑

i=0

∞∑

j=0

Rijz
−i
1 z−j

3

ZT
1

D1(z1)
=

∞∑

i=1

c1A
i−1
1 B1z

−i
1 + d1

Z3

D3(z3)
=

∞∑

j=1

C3A
i−1
3 b3z

−j
3 + d3.

Applying a coordinate transformation defined by
x(k) = T−1x(k) for the 1-D system (A2, B2, C2,Δ0)p

in (3), we obtain a new realization (A2, B2, C2,Δ0)p

characterized by

A2 = T−1A2T , B2 = T−1B2, C2 = C2T . (10)

For the new realization, the l2-sensitivity measure in (8)
is changed to

S(T ) = tr[T T MA(TT T )T ] + tr[T T W BT ]

+ tr[T−1KCT−T ].
(11)

Noting that f (z2, z3) is the transfer function from the
filter input to the state-variable vector x(k), a control-
lability Gramian K can be derived from

K =
1

(2πj)2

∮

|z2|=1

∮

|z3|=1

f(z2, z3)f∗(z2, z3)
dz2

z2

dz3

z3

=
∞∑

k=0

∞∑

j=0

Ak
2B2rjr

T
j BT

2 (AT
2 )k

(12)
where

Z3

D3(z3)
=

∞∑

j=0

rjz
−j
3 .

In this case, l2-scaling constraints are given by

(K)ii = (T−1KT−T )ii = 1 for i = 1, 2, · · · , p. (13)

The problem at hand can now be formulated as
to obtain the coordinate transformation matrix T that
minimizes S(T ) in (11) subject to the l2-scaling con-
straints in (13).

3. L2-SENSITIVITY MINIMIZATION

Defining
T̂ = T T K− 1

2 (14)

the l2-scaling constraints in (13) can be written as

(T̂
−T

T̂
−1

)ii = 1 for i = 1, 2, · · · , p. (15)

It is obvious that the conditions in (15) are always sat-
isfied by choosing T̂

−1
as

T̂
−1

=
[

t1

||t1|| ,
t2

||t2|| , · · · ,
tp

||tp||
]

. (16)

Substituting matrix T which satisfies (14) into S(T ) in
(11), the l2-sensitivity measure can be expressed as

Jo(x) = tr[T̂ M̂A(T̂ )T̂
T
] + tr[T̂ Ŵ BT̂

T
]

+ tr[T̂
−T

K̂C T̂
−1

]
(17)

where

x = (tT
1 , tT

2 , · · · , tT
p )T

M̂A(T̂ ) =
∞∑

i=0

∞∑

k=0

∞∑

j=0

[
0 (K

1
2 )T
] [ AT

2 0

CT
2 RT

ijB
T
2 AT

2

]k

·
[
(K− 1

2 )T T̂
−1

T̂
−T

K− 1
2 0

0 0

]

·
[
A2 B2RijC2

0 A2

]k
[

0

K
1
2

]

Ŵ B = K
1
2 W BK

1
2

K̂C = K− 1
2 KCK− 1

2 .

This shows that the original constrained optimization
problem can be converted into an unconstrained opti-
mization problem of obtaining a p2 × 1 vector x which
minimizes Jo(x) in (17).

Applying a quasi-Newton algorithm to minimize
Jo(x) in (17), in the kth iteration the most recent point
xk is updated to point xk+1 as

xk+1 = x + αkdk (18)

where

dk = −Sk∇Jo(xk), αk = arg min
α

Jo(xk + αdk)

Sk+1 = Sk +
(

1 +
γT

k Skγk

γT
k δk

)
δkδT

k

γT
k δk

−δkγT
k Sk + SkγkδT

k

γT
k δk

, S0 = Ip2

δk = xk+1 − xk, γk = ∇Jo(xk+1) −∇Jo(xk).

In the above, ∇Jo(x) is the gradient of Jo(x) with re-
spect to x, and Sk is a positive-definite approximation
of the inverse Hessian matrix of Jo(x). The algorithm
starts with a trivial initial point x0 obtained from an
initial assignment T̂ = Ip, and this iteration process
continues until

|Jo(xk+1) − Jo(xk)| < ε (19)

where ε > 0 is a prescribed tolerance.
The implementation of (18) requires the gradient of

Jo(x), which can be efficiently evaluated using closed-
form expressions as follows.

∂Jo(T̂ )
∂tij

= lim
Δ→0

Jo(T̂ ij) − Jo(T̂ )
Δ

= 2β1 − 2β2 + 2β3 − 2β4

(20)
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where

T̂ ij = T̂ +
ΔT̂ gije

T
j T̂

1 − ΔeT
j T̂ gij

, T̂
−1

ij = T̂
−1− Δgije

T
j

gij = ∂
{

tj

||tj ||

}
/∂tij = 1

||tj ||3 (tijtj − ||tj ||2ei)

β1 = eT
j T̂ M̂A(T̂ )T̂

T
T̂ gij , β3 = eT

j T̂ Ŵ BT̂
T
T̂ gij

β2 = eT
j T̂

−T
N̂A(T̂ )gij , β4 = eT

j T̂
−T

K̂Cgij

N̂A(T̂ ) =
∞∑

i=0

∞∑

j=0

∞∑

k=0

[
(K− 1

2 )T 0
] [A2 C2RijB2

0 A2

]k

·
[
(K

1
2 )T̂

T
T̂ (K

1
2 )T 0

0 0

]

·
[

AT
2 0

BT
2 RT

ijC
T
2 AT

2

]k [
(K− 1

2 )T

0

]
.

4. A NUMERICAL EXAMPLE

Consider a stable 3-D SD digital filter specified by

Δ0 = 10−2

⎡

⎢⎣
0.00730 0.34297 −0.09594 0.20541
3.33408 −5.73707 3.94939 −1.61598

−1.46081 2.66051 −1.68094 0.68022
1.12651 −1.62192 1.24735 −0.55781

⎤

⎥⎦

Δ1 = 10−2

⎡

⎢⎣
2.81318 −5.00467 3.46926 −0.84798

−5.29980 9.24831 −6.29206 2.80791
4.95232 −8.39641 5.73329 −1.62170
0.72029 −1.34272 0.95941 0.54827

⎤

⎥⎦

Δ2 = 10−2

⎡

⎢⎣
−0.69409 1.54874 −0.94779 0.39116

3.93785 −6.79910 4.66564 −1.96344
−2.37995 4.20737 −2.75482 0.95329

0.70545 −0.90615 0.73168 −0.55633

⎤

⎥⎦

Δ3 = 10−2

⎡

⎢⎣
1.67681 −2.69078 1.98218 −0.33567

−0.59937 1.11289 −0.71981 0.43504
1.82472 −2.93685 2.11591 −0.43417
1.28875 −2.01749 1.51782 −0.09016

⎤

⎥⎦

[b11 b12 b13] = [b31 b32 b33]

= [−1.81600 1.23756 −0.31382]

[b21 b22 b23] = [−1.81611 1.23775 −0.31391] .

The above data can be realized by a minimal state-space
model in (3) as

A2 =

[ 0.00000 −0.19089 0.29060
0.74393 −86.40470 133.71075

−0.27211 −57.01643 88.22081

]

B2 = 103

[ 0.00602 −0.00921 0.00699 −0.00095
−1.10247 1.68622 −1.27902 0.17267
−0.71455 1.09291 −0.82977 0.11192

]

C2 =

⎡

⎢⎣
0.07236 0.06711 −0.10298
0.01930 0.01789 −0.02745
0.05887 0.05460 −0.08378
0.07079 0.06565 −0.10073

⎤

⎥⎦ .

Equations (9) and (12) were used with truncation
(0, 0, 0) ≤ (i, j, k) ≤ (100, 100, 100) to evaluate the
Gramians MA, W B, KC and K, and the coordinate
transformation matrix T was chosen as

T = 103diag{0.01077, 2.58588, 1.68384}
which yields

K =

[ 1.00000 −0.84067 −0.83915
−0.84067 1.00000 0.99999
−0.83915 0.99999 1.00000

]

KC = 10

[ 5.70413 −4.79529 −4.78664
−4.79529 5.70413 5.70410
−4.78664 5.70410 5.70413

]

W B = 108

[ 0.00014 0.02404 −0.02399
0.02404 4.36159 −4.35410

−0.02399 −4.35410 4.34663

]

MA = 107

[ 0.00021 0.03478 −0.03471
0.03478 5.83540 −5.82400

−0.03479 −5.82400 5.81261

]
.

In this case, the l2-sensitivity measure was computed as

S = 9.87318749× 108.

By choosing T̂ = Ip as an initial estimate in (18)
and a tolerance ε = 10−8 in (19), the quasi-Newton
algorithm took 39 iterations to converge to the solution

T̂
opt

=

[ 0.423192 −2.435713 0.101976
0.969196 −0.865289 0.939063

−0.921737 −1.670782 0.229632

]

or equivalently,

T opt =

[ 1.274934 0.777636 −0.194201
−1.683744 −0.336138 −0.571737
−1.680959 −0.331102 −0.572584

]
.

The l2-sensitivity measure in (17) was then computed
as

Jo(T̂
opt

) = 3.243563304× 103

and the optimal state-space model in (10) was con-
structed as

A2 =

[ 0.578361 −0.146041 −0.025781
0.028916 0.626452 0.438734

−0.198149 −0.319445 0.611297

]

B2 =

[ 0.283548 −0.434959 0.405584 −0.045694
0.202161 −0.306822 0.076466 −0.029747

−0.208199 0.320789 −0.374275 0.035264

]

C2 =

⎡

⎢⎣
0.279941 −0.313437 −0.082577
0.068751 −0.084653 −0.024085
0.217945 −0.256949 −0.070517
0.246633 −0.311955 −0.090080

⎤

⎥⎦ .

The profile of the l2-sensitivity measure Jo(x) during
the first 39 iterations is shown in Fig. 1, from which it
is observed that with a tolerance ε = 10−8 the algorithm
converges within 39 iterations.
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Figure 1: l2-Sensitivity Performance.

5. CONCLUSION

We have investigated the problem of constructing a 3-
D SD digital filter which reduces the l2-sensitivity un-
der l2-scaling constraints. To this end, the constrained
optimization problem has been converted into an un-
constrained optimization formulation by using linear-
algebraic techniques. An efficient quasi-Newton algo-
rithm is then applied to solve the unconstrained opti-
mization problem iteratively. Computer simulation re-
sults have demonstrated the validity and effectiveness of
the proposed technique.
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