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ABSTRACT Fourier Fransform (FFT) which not only provides efficiency
. . o .in its implementation, but also matches the assumed linear
In this paper, we propose a time-frequency division multi-

lexing (TFDM) communications system for multiple userstime—invariant (LTI) nature of the channel since the eigen-
P 9 y P functions of LTI channels are the Fourier bases. However,

which uses prolat_e spheroidal wave functions (PSWF.S) as thcehannels that display any frequency dispersion are not LTI
transmission basis. A hexagonal time-frequency lattice pro: S . :
. . : . ) : .-and their eigenfunctions are then rather approximated by
vides optimal packing of the data in a fixed time-bandwidth hirps [2]
support. We show that when using chirp modulation createg ’ . o _
by fractional Fourier transform (FrFT) the resulting systemis ~ Although orthogonality of the transmission bases is not
robust to noise. The chirps having an instantaneous frequenégeded, their linear independence is. The transmission
with the angle ofr/3 with respect to the time sets a hexag- pulses should have maximum concentration in the joint time-
onal lattice structure. The reconstruction of the data can bequency (T-F) domain. In conventional OFDM, each sym-
done efficiently by windowing and filtering. We illustrate the bol is transmitted using a rectangular pulse with an associated
performance of the proposed TFDM system in the presenc®inC spectrum. Assuming an ideal channel, transmission of

of additive white Gaussian noise by means of simulations. data without interference is possible ensuring each subcarrier
is in the zeros of the other subcarriers. However, when the

hannel is frequency dispersive, the orthogonality between
agubcarriers is violated. Therefore, it is necessary to use other
pulses to avoid the spectral leakage associated with the sinc

spectrum. The search for the optimum pulse for transmis-
1. INTRODUCTION sion over dispersive channels is an active research area where

Nyquist pulses with raised cosine spectra, Hermitian pulses

Higher transmission rates and demand for increased mobilitgnd an optimized combination of Slepian sequences [3] are
in wireless communications require new techniques that aramong the proposed ones. Prolate spheroidal wave functions

robust to noise, and to the time delay and the frequencfPSWFs) have maximum energy concentration within a given

Doppler dispersions effects of the transmission channetime interval so they can be adjusted according to obtain

Multicarrier techniques transmit by dividing data into par- robustness to Doppler effects [4].

allel streams to be modulated by subchannels each having In this paper, we propose a multiplexing approach that

a dif_feren_t carrier frequency. Orthogonal frequency diYiSionuses both time- as well as frequency-division multiplexing in
multiplexing (OFDM) is a prime example of these techmques,an optimal way, instead of only frequency division as in the
where mutual orthogonality in the frequency domain of th_eOFDM system. The chirp modulation will be implemented by
outputs from each subchannel is ensured. The modulanr'\gsing the Fractional Fourier Transform (FrFT) [5, 6], which

pulsez mflstt have a SérgCtl‘;]re r'obu?t to the Dc&ppler a.md dfel%s a computational complexity equivalent to that of the FFT.
spread effects caused by the time-frequency dispersion o ﬂEur transmitted signal consists of a set of chirps having in-

transmission channel [1]. There are methods to OVercomg. -neous frequencies with an anglerg$ thus giving a

cr?annel ef{lecdts |(.je., us(,je ofhcychc prefix or Zero paddlng buhexagonal lattice structure in the time-frequency plane. Chirp
these methods degrade the system transmission rate. dulation arises from the need to attain signal bases suit-

important feature of OFDM is its implementation with Fast able for the analysis/synthesis of nonstationary signals [2, 7].

*Supported by the Scientific and Technological Research Council of‘SUCh_ a structure allows an optimal packing of 'Fhe .modulated
Turkey, TUBITAK under the grant of Project No. 105E078. data in the T-F space and reduces the T-F localization loss [8].

Index Terms— Time-frequency division multiplexing,
pulse shaping, prolate spheroidal wave functions, fraction
Fourier transform, nonuniform sampling.
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The chirp modulation will be implemented by using the Frac-2.3. Nonuniform Sampling with PSWFs

tional Fourier Transform (FrFT) [5, 6], which has a compu- ) o )

tational complexity equivalent to that of the FFT. Moreover,!n Practice sampling is done nonuniformly where the sample
we consider non-uniform sampling and show that the pswiidmes vary at random around the uniform times. In this paper,

not only provide appropriate pulses but also allow efficientVe assume stochastic jitter sampling of signals with a uniform
sampling and reconstruction distribution. Accordingly, the samples are taken at times

. N,
2. PRELIMINARIES by = Kan +A 0<k<M-1 (4)
2.1. Prolate Spheroidal Wave Functions whereT,, is the Nyquist sampling period, ad,, /N > 2 is

The PSWFs, ()}, 0 < m < M — 1 are time-limited func- a sampling factor that allows signal reconstruction using the
tions and they display maximum energy concentration amon SWFs ba$ed s_amplmg [10]. This s_am_plmg method I<_aa(_js to
all time-limited functions within a given frequency band [4]. econstruction via the truncated projections of a time-limited
Defined on a time supportT/2 < ¢ < T/2 and a desired signal onto PSWFs basis. The random variables assumed
frequency band—W, W) which depends off” and M, the  uniformly distributed in|—0.55~T,, 0.54» Tn:| :

PSWFs are connected with the sinc functi§ft) as eigen-
functions of the integral operator

T2 3. TIME-FREQUENCY DIVISION MULTIPLEXING
AmSm(t) = / Sm(T)S(t —7)dT (D)

12 In order to generate the chirp transmission basis, we obtain

first a set of bandpass PSWFs that are orthogonal in the fre-
‘guency domain each at carrier frequendies, 0 < m <

M — 1}. Given that the time duratio® and the bandwidth

) . of the PSWFs can be assigned independently, the bandwidth
2.2. Fractional Fourier Transform of each of these bandpass sequences can be chosen depend-
ring on the number of symbol& we wish to transmit in the
overall assigned bandwidth. 4f¢) is the smoothest of the M

where{0 < \,, < 1} are the corresponding eigenvalues mea
suring the energy concentration©f, (¢) in (=W, W).

The Fractional Fourier Transform (FrFT) is a generalizatio
of the conventional Fourier Transform. Th&-order FrFT

of z(t) is defined as [6] PSWFs of lengtil” and bandwidth1’, the band-pass PSWFs

are then obtained by centerisgw) = F[s(t)] at frequencies
zq(t) = /Ba(t,t’)x(t’)dt’ ,0<a<4, 2 A{wm},m=0,---,M — 1 corresponding to the M subchan-

nels. Given the high energy concentration$ifv), the or-

where thogonality in frequency can be attained by letting the carrier

e~i(msen(a)/a+9/2) o 2 frequencies be separated at |ga5t
B, (t,t') = e eI (t cot g=2tt" csc g1 cot 9) The bandpass PSWFs definedfior ¢ < T are given as
is the transformation kernely = a7 andsgn(-) is the sign Zm () = Sy (£)e7m? m=0,--,M-1 (5)

function. The FrFT of ordets = a( transforms a signal into
the ao?"-order fractional Fourier domain, which is oriented when A/ symbols are being sent. For a sequence of symbols

by ¢o = aom/2 with respect to the time axis in the counter- {4, s = 1,--. , M}, the transmitted signal in the frequency
clockwise direction [5, 6]. The FrFT domains correspondingdomain is given by
toa = 0 anda = 1 are the time and frequency domains, re-

spectively. Thea!-order FrFT for0 < a < 1 interpolates M-1
between the function:(¢) and its Fourier transfornk (f). Y(w)= Y dnSw—wpm) (6)
The continuous FrFT given by equation (2) can be computed m=0

from discrete samples af(t) using the fast computation al-

gorithm [6] with O(NlogN) operations. orin the time domain as

The FrFT rotates the Wigner distribution (WD) of the sig- 1 M1 W +W _
nal in the clockwise direction, y(t) = o dm/ S(w — wm)e?tdw
m=0 W —W
Wa, (&, ) = Rog {Wa(t, f)}, ®) Mot
where W, is the WD ofz(¢) and W, is the WD of frac- = Z A zm (1) 0<t<T @)
tionally Fourier transformed signal, and the rotation operator m=0

acting on the WD is o )
If we sample this signal uniformly fof" = NT,, where

Ry {We(t, f)} = Wa(tcos ¢+ fsing, —tsing+ fcos@) . N is the length of thes,,(t), we obtain the frame samples
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yT = [y(0) --- y(N — 1)] which can be expressed in matrix as in the frequency or in the time domains. The channel noise

form as will be distributed over the T-F plane and the T-F character-
ization of the chirps will not be affected by small time and
20(0) Zo(l) s Zo(N — 1)
0 1 N1 Doppler delays.
yI = d7 21(0) a(l) AV -1 At the receiver we use the inverse FrFT to dechirp the

; 0) - (1) o 2 (N —1) received signal and then interpolate the resulting signal using
M-t M-t M-t a bank of windows and filters covering the time and frequency

_ T . . . .

= d'Z of the received signal. This allow us to recover a version of

the sent signal, which when correlated with the different basis

T _ . .
whered” = [do dy --- da—] corresponds to the symbols o mnonents we find estimates of the sent symbol.
being transmitted in a frame arfirepresents the basis func-

tions. Using the orthogonality of tH& matrix, and compen-
sating for the effects of the transmission channel we are able 4. SIMULATIONS
to find estimates of the symbols [9].
Suppose that we wish to sehf symbols for each user  To illustrate the performance of the proposed TFDM, we per-
such that each of these users have their own chirp carrier, théormed Monte Carlo simulations and measured the bit error

we will have a chirp basis rate (BER) for signal to noise ratios (SNR) betweet0 to
10 dB. For each SNR valug00 trials were performed. The
Zum(t) = s (t — UT> od (uwmt+mt?0/T) (8) effect of the channel is the addition of Gaussian noise. The
2M results of our simulation are shown in Fig. 3. We considered

U = 4 each withM = 64 bits. The results clearly display
the robustness of the system to noise, in great part due to the
time-frequency hexagonal lattice structure and the advantage
of using chirp modulation by means of PSWFs. In the TF

a hexagonal TF lattice is obtained. The puldgs z....(t) are . RS
obtained using the rotation property of the FrFT. This can bé)lane the addeq wh|t-e NOISE 1S d'St.”bu.ted all over, thus the
@dvantage of using windowing and filtering.

seen in Fig. 1, where we have divided the overall number o )
symbols into 4 groups and then converted each of these into 10 Show that the separation of the symbols and the pulses

a chirp with the hexagonal lattice structure as shown, Th&S€d to represent these symbols is important we ran a second
transmitting signal is thus simulation where we halved the separation between the orig-

inal frequency spectra of the pulses and besides the PSWF

foru = 0,---,U — 1. To pack the symbols in the most
efficient way, we choosé = 1/6 so that the instantaneous
frequency of each of the chirpsi¢'(t) = uw,, +7t/3T and

M-1U-1 pulses we used rectangular pulses. The rectangular pulse is
y(t) = Z Z dum Zum ()- (9)  similar to the chirp OFDM proposed by [7]. The BER in-
m=1 u=1 creases for both rectangular and PSWF pulses compared with

Given the narrow bandwidth of the PSWFs, the Iengththetprev':_)|us S'mUI?r:'O%gl;f to thlf‘ decrErrltentt(r)]f th?hpulse ?fhp'
of the transmitting signal is large so we need to decreasd a1on. HOwever, the results are better than those ot the

the sampling rate. In [10] we have shown that for a time_rectangular pulses due to the frequency concentration of the
) PSWF pulses.

limited signal of lengthT" and bandwidthB the minimum
number of samples required by Nyquist (with sampling pe-

riod T,, is N,, = T/T,, > TB/x), i.e., itis connected with

the time-bandwidth dimension of the signal. These samples 5
will then be affected by the channel which changes the lo- =
cation of the chirps as they are delayed in time and shifted .
in frequency. The transmitter and receiver of the proposed :
TFDM system is shown in Fig. 2. For a time varying channel "
with L paths, each with attenuation factdks, }, time delays ;
{r¢} and Doppler frequency shift&p,} and noisen(t), the )
received signal would be

sSeeer
sSeen
L
sees
-
-
-
-

L
yr(nTs) = Z apy(nTy — 10)e? T 4 p(nT,) (20)
=1 Fig. 1. Generation of hexagonal lattice: (a) original PSWFs
for a channel wher@, is the PSWF sampling period. In the shifted in time and frequency, (b) chirp PSWF obtained from
T-F plane the effects of the time and frequency shifts and thETFT of original functions in (a).
attenuation, as well as the effect of the noise are not as severe
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Fig. 4. BER vs SNR of second Monte Carlo simulation of
RECEIVER TFDM using rectangular and PSWF transmission pulses sep-
aratedP = 256 samples, and/ = 64 bits.
Fig. 2. Transmitter (top) and receiver diagram for the pro-

posed TFDM system.
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