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ABSTRACT

In this paper, we are interested in non parametric density es-
timation under constraints. It generalises a previous paper
which was devoted to density estimation with non-positive
kernels. The resulting density approximation improves the
estimation (by reducing the bias) but provides negative val-
ues. Therefore, we have proposed a projection method on
the space of probability densities and an algorithm designed
to generate a sample from the projected density. We present
here a generalization of this work in considering several lin-
ear constraints on the estimated density. These constraints
represent an a priori knowledge of the underlying density.
For example, the support, some moments or quantiles of the
approximated density can be set a priori by the user. We
prove that the projected density on the closed and convex
set of functions satisfying some the constraints has a simple
and explicit form. Some simulations show that the proposed
solution outperforms alternative solutions proposed in the lit-
erature.

1. INTRODUCTION

In a previous paper we have proposed an optimal approxi-
mation of a function, which can take negative values, by a
density. This kind of approximation can be useful when we
use non-positive kernels for non-parametric density approx-
imation. Let K be a kernel , f be a probability density de-
fined on R? and (Xj,---,Xy) be an i.i.d. sampled from f.

The goal is to estimate f by f(x) = ﬁﬂ-\;l K()%&) [6].

In order to reduce the bias of the kernel approximation f ,
one can use non-positive kernels ([2], [3], [7]). But, in that
case, the approximation f can take negative values which is
of course undesirable. In [10], we have proposed to project
the non-positive approximation f on the space of probability
densities of L2, this projection being the new approximation
of f. This method can be applied when we approximate a
function which have some a priori properties. We wish that
the approximation inherits these properties. This is the case
for example when we develop a density with the Edgeworth
serie. The resulting expansion can produce negative values.
We present here a generalisation of this work in consider-
ing several linear constraints of the estimated density. These
constraints represent an a priori knowledge of the underlying
density. For example, the support, some moments or quan-
tiles of the approximated density can be set a priori by the
user. We prove that the projected density on the closed and
convex set of the constraints has a simple and explicit form.
Some simulations show that the proposed solution outper-
forms alternative solutions proposed in the literature.
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2. GENERAL FRAMEWORK
2.1 Motivation

e Positivity constraint : as described in the introduction
density estimation with a non positive kernel can produce
negative values. The Edgeworth expansion of the density
of a sum of iid variables can also [4] produce negative
values.

e Support constraint : in some cases, one can be interested
in forcing the estimate to have a predefined support C C
R4. For example in [8] a weighted bootstrap method
is described in order to construct a density estimator for
salary data which are necessarily positive. Suppose we
want to approximate a real valued function f defined on
R such that [ f = 1 by a probability density with support
C C R¥. One possibility, if f € L', is to use the following
approximation,

W)
Joa £ (e (x)dx

where (a)™ = max(a,0), for any a € R and 1¢(x) = 1 if
x € C,0if not. An alternative, if f is in [? is to construct
the projection of f on the subspace of L2-probability den-
sities with support C. This projection improves the esti-
mation for the L2 error as well as for the L! error [10].

e Quantile or moment constraint : suppose you have a
density estimation f based on a sample. In some cases
you want to find the optimal density g minimizing the
L? distance to f , for which the quantile &, such that
P(X >&,) =0 € (0,1) (where X follows g) is a priori
given. You can also impose the mean of g.

Beyond these three different cases we propose in the paper
an optimal (in some sense) density approximation method.
Thereafter, results will be stated in the d-dimensional case.

fi(x) forall xeRY, (1)

2.2 General formulation

Let us consider an L? function f defined on R with values
in R. Let fi,---, f, be a collection of functions defined on
R? with values in R and d,-- - ,d, some reals. Let S be the
convex set of L? defined as follows

S:{geLz|gZO and/gf,-:di fori:l---n}.(Z)

Thereafter we will assume that the constraint functions are
such that S is closed. In this paper, we will be specifically
interested in the case where one of the constraints is such
that fi =1 and d; = 1 i.e. where S is a subspace of L> N
P(RY) with P(RY) denoting the space of probability densities
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defined on R?. The aim of this paper is to provide in most
cases a simple expression for the projection g* of f on the
closed convex set S:

g —argmm/lf gl (3)

3. CHARACTERIZATION OF THE SOLUTION

In this section, we are interested in characterizing the gen-
eral form of the projection (3). In the first subsection, we
consider the projection as the solution of an optimization
problem with linear constraints and a positivity constraint.
The Lagrange method provides the solution which is of the
form g* = (f — 3, o f;)", in the special case where the
constraint functions f; belong to L?. Unfortunately, this ap-
proach is not valid if we are interested in probability den-
sities since the “probability density constraint” will involve
the constraint function f; = 1 which is not in L2, except
in the special case where we impose the density to have
a compact support. To overcome that difficulty, we con-
sider in the second subsection the same optimization prob-
lem with constraint functions f; that do not necessarily be-
long to L?. We show that the projection on S has the same
form as before as soon as there exist coefficients o such
that [(f— X", 05 fi)Tfi =d; fori=1,--- n. The last sub-
section considers the special case of two contramts with con-
traints functions f{ = 1, f> > 0 not necessarily in L? and
gives the conditions on (d] ,dz) under which there exists co-
efficients o¢* such that [(f — X, o0 fi)* fi = d; fori=1,2
and therefore under which the solution can be expressed as

= (f— o4 fi — a5 f2) . Hence, the functional optimization
problem reduces to determine the real valued coefficients o;".

3.1 The case of L? constraints

The projection problem (3) can be viewed as an optimization
problem with several linear constraints and a positivity con-
traint. The following proposition gives the expression of the
projection g* of f on S using Lagrange approach.

Proposition 3.1. Let f € L2 (Rd,R), consider the following
optimization problem:

m1n/|f g|* with /gf,fd for i=1,.. @)
where (f1,-+-,fx) are linearly independent functions in
L*(R4,R), then there exists (¢t} ,--- ,0,") € R" such that the
solution of (4)

Do) ®)
i=1
PROOF The Lagrangian of (4) is :
=3 ||ff I 721 —({fig)—mg,  (©

where (fi,g) = [ fig is the usual scalar product in L? and u
a function on R?. With the assumption that the functions
fi belong to L?, the theory states [5] that (4) has a unique

solution g* given by the necessarily and sufficient following
conditions :

g —f-ZLiAifi—u=0
ug =0

)
u=0

gr>0.

where p is a function. Let us introduce the set A =
{x|g*(x) > 0}. The second equation of (7) implies t =0 on
A. Then, using the first equation of (7) implies the following
equality on the subspace A

gla=(f+ zn‘,/lifi)lA =(f+ i%’fi)HA
i=1 i=1

Since g* > 0 on R? then g* = 0 outside of A. On the other
hand, the first equation of (7) yields that on the complement
of A, denoted A the following inequality holds

(F+ D Aifi) 1y =—ul;<0.
i=1

Hence
n
g1 =0=(f+2 Mfi)"1;
i=1

This finally yields the following equality valid on the whole
space R?,

— (S )

i=1

Then we end the proof by setting o; = —A; fori=1,--- ,n

3.2 The general case

Proposition 3.1 gives the form of the solution of the problem
(3) when the constraint functions fi,---, f, are in L? with-
out any other conditions. To be able to take into account
the “’probability density constraint” corresponding to f; =1
and d; = 1 we would like to relax the assumption that the
constraint functions fi,-- -, f, belong to L?. The following
proposition achieves this goal.

Proposition 3.2. Let f be a function defined on R with val-

ues in R, such that [pa |f(x)|> dx < oo, and S be the closed
convex set defined in (2). Assume that there exists reals

(af,---,00) such that fori=1,--- ,n
/(f_zai*ﬁ)Jrﬁ:di. 8)
i=1

Then the projection g* of f on the subspace S of L*-
probability densities satisfying the linear constraints (2), is
determined by

= (/= e )" =argmin [ir=¢f ©
=1
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PROOF The proof is based on the characterization of the
projection X* of a point ¥ on a closed convex set S in a
Hilbert space [9]. X* is the projection of ¥ on S if and only
if

(Y—-X*"X—-X")Y<0 forall XeS.

In our case, S is the subspace of L>-probability densities with
linear constraints (2). It is sufficient to prove that,

A= (-0~ 3o f Ve~ (=S f" a0

is negative for any probability density g € S, where
of,---, o are defined in (8). Let us introduce the subsets

of RY,

-

A" ={x|f(x) >

i=1

Splitting expression (10) of A into two terms yields

A = [ r-re Yol rrRailt [ e

n S
+ / fg
i—=1 JA*

Yo [/f;*gﬁ/(fizn‘ia?fi)*ﬁ

= '"lai* {/[;*gfidi] +/A*fg

1

n

= - loci* ./f;_*g—l-.f;_*fg:./f;_*g(f—ii%*ﬁ)

i=

This quantity is non-positive since g € S is a positive func-
tion, which ends the proof.

3.3 Existence of positive part like solution with two lin-
ear constraints

In general, it can be difficult to check whether the existence
condition (8) is satisfied or not. The following proposition
gives a necessary and sufficient condition under which condi-
tion (8) is satisfied in the case of two linear constraints : one
constraint corresponding to the density constraint (f; =1,
dy = 1) and one general constraint with a non-negative func-
tion f,. For simplicity, thereafter the general notation f; is
kept, although f; = 1. Moreover, only the case where ¢ are
positive is considered.

Proposition 3.3. Let f be a bounded function in L*(R?),
consider the following constrained optimization problem:

min/|f—g|2 with /gf,-:di for i=1,2, (1)
g>0.

with f, a non-negative measurable function not necessarily
lying in L* and f; = 1. Assume that the following condition
is verified:

0§d1§/f+f1<oo,
(12)
0§d2§/f+f2<°°-

o fi(x)} and A = {x] £(x) < ia,-*fi(x)} |

Then the solution of (11) has the following form
g =(f-oifi—azf)", (13)

where o are positive scalars (not necessarily unique) such
that

/g*fi:di for i=12, (14)

if and only if (dy,dy) verify one of the following conditions:

e Casel: [ ftfi <d.The conditionond, is,
=0

[U-wpy pas [-mp) s a9

where (01, 0p) are the non-negative solutions of

/ (f—aufi) fi=d
' (16)

/(f*(_x2f2)+fl =d .
In that case o € [0,04] and o € [0,00].
o Case2: [ fTfi1>d;.The conditionond, is,
f2=0
0<dr< [(F-auf) s (17)

where 0y and 0 are the non-negative solution of

[r=afiysi=d

/ (f—0u)" =d.
f2=0

In that case o € [0y,0] and 0 € [0,0).

(18)

PROOF By Proposition 3.2, it is sufficient to proof the exis-
tence of of and ¢ satisfying (14). Thereafter we use the
following technical result (the proof is left to the reader):
let f € L>(R?) a bounded function with f, a non negative
function and o > 0 then, k(o) = [ (f — of>)" is a non-
increasing continuous function varying from k(0) = [ f* to
k(+e)= [ f.
x/f2(x)=0

Let us introduce the following non-negative function, defined
onRT xRT,

Hao) = [(f-onfi—f) fi (19

/1 and f> being non-negative functions, the maximum value
of H(ay,0p) on RT x Rt is [ f*f] and is obtained for
(0q,00) = (0,0). Now, let us consider the following equa-
tion,

H(Otl,OCz) =d . (20)

The function o — H(0,00) = [(f — o fo)t f1 decreases

continuously as o, increases, from H(0,0) = [ fTf to

H(0,00) = [ f*fi. Now, let us consider the two follow-
=0

ing cases,

2501



e Case 1: [ fTfi <d;. From (12) we deduce that
f2=0

H(0,0) > dy while H(0,0) < d;. Therefore it exists 0y
such that H(0,0,) = d; . For a given op € RT, there
is a solution a; = oy (o) of equation (20) iff o < @,.
Indeed, if o < &, oy — H(oy,0n) decreases from
H(0,00) >d; to H(co, 0p) = 0 (recall that f; = 1 and that
f is bounded). Hence, for any o € [0, @], there exists
oy (o) € [0, 0] such that

H(on (), 00)=d; , 21

where ¢ and 0y are given by equation (16). Notice that
in that case o € [0,04].
e Case 2: [ f*fi >d;. From (12), we deduce that
f2=0

H(0,0) > d; while H(0,) > d;. Hence, H(0,05) > d|
for any op > 0. (0, o) — H(0y,0,) decreases from
H(0,00) > d to H(,0) = 0. Hence, for any o, € R,
there exists o1 (0,) € R such that

H(oy (o), ) =d; . (22)

Notice that o +— oy (o) is decreasing from o (0) =
0y to oq(0p = ) = & where @& is solution of
[ (f—0u)" fi =d;. Hence in that case o € [0y, ].
f2=0
Now, let us deal with the second constraint. Let us introduce
the following non-negative function with 0 < o, < 0, for the
case 1 and 0 < o < oo for the case 2:

Gleo) = [ (F—on(oa)fi—ouf) . (23)

e Case 1 : G varies continuously from G(0) =
f(f—éclfl)+f2 to G(ﬁtz) = f(f— (_Xzfz)Jrfz. That is,
G(0y) = dj has a solution iff G(&,) < d» < G(0), which
gives the condition (15) ond,.

e Case 2 : G varies continuously from G(0) =
J(f—0oufi)Tfa to G(ap = ) = 0. Then notice
that lim (f —ai(m)fi —ofo)t f» = 0 observ-

=t r S0
ing that alin}r o4 (0n) = 0y < eo. We can conclude that
oo

G(o2) = d; has a solution iff d» < G(0), which gives the
condition (17) on d,.

Observing that G(op) is continuous, we conclude that
G(0p) = d, has at least one solution o, = @ under the con-
ditions (15) - (17). Then, o = o4 (0g) is the associated
solution of (22). Applying proposition 3.2, we conclude the
proof of proposition : the solution of the constrained opti-
mization problem (11) has the form (13) with ¢ positive iff
(dq,d,) satisfy the conditions (12) - (18).

Moreover, one can prove that the solution (c¢tf, @) is
unique iff f; and f, are linearly independent on Q(ot) =
{x| f(x) — o1 fi(x) — o f>(x) > 0} . Thereafter, we present a
sketch of the proof by demonstrating that G(az) is a strictly
decreasing function. First, applying the implicit function the-
orem to H(a (0n),00) = d; gives :

(24)

dou(on) __(OH "' oH
doy N doy don

o =cte

By developing G(; + €) around o for small €, we obtain,

dG(OCz) B @
%) _ /Q NGO 25)

dOCz

J0H S J0H /
9T ¢« 22 .
90, /Q(a)fl and - = .Q(a)flfz

Injecting (24) in (25) we finally express the gradient of G,

2
oG (.fg(a)flfz) *.fg(oc)f12 fg(a)fzz

99 _ . . (6)
day Jote) fi

Thanks to Schwarz inequality we see that, for all o, g—o(c’; <0
as soon as f] and f, are linearly independent on Q().

4. SIMULATIONS

4.1 Application to support constraint

Let f an L?(R) function with any support (possibly infinite).
The goal is to approximate f by a density having a compact
support C. This projection method can be applied when we
know a priori the support of the true density. This is the case
for example with salary data which are necessarily positive
[8]. For this application, if we approximate this density by
a kernel estimation density, the result can provide negative
values. Now, we set one constraint f; = 1 (which does not
belong to L?(IR)) with d; = 1 for the “density constraint” and
Jfo» = 1,ec with d, = 1 for the support constraint. We focus
on the case 1 of the proposition 3.3 which give, with the
necessary conditions (12): [z fT <1< [~ f" where C is the
complement of C. The conditions (15) for the existence of
o give:

[ <1< [(F-a). @7)
C JC

where (0, 0n) verify (16):

fr=a+ [(r—a)t =1,

Lr=a+ =1

(27) and (28) imply /;(f—aqﬁ:o and /;(f—a1)+=1
JC

(28)

which gives @ > sup f(x). This implies the condition,
xeC
L =sup s =1, (29)

xeC

Under this condition, we set a;f = sup f and a; such that
c

Jo (f —sup f(x) —a3)™ = 1, we obtain the expression of g*:
xeC

g (x) = (f(x) —sup f(x) 05 Liec) " (30)

xeC

We can check that g* is a density which is zero in C.
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1 sinty)

As an illustrative example we take f(x) = — centered

in x = 10. We wish to project f on the densities space with
support C = [0,25]. This function satisfies the condition (29).
On figure 1, g* is compared with the so called L'-projection
gi(x) =LwecfT(x)/ Jo f1(x) . Simulation results show that

the L' error is identical for the 2 projections, which agrees
with [10], but the L? error is 0.18 for g} and 0.15 for g*.

T
= QOriginal function
= |2 Projection

L1 Projection [

5 10 15 20 25

Figure 1: Original function compared with the 2 projections.
(Case constraint functions not belonging to L?)

4.2 Application to mean constraint

Here, we will consider a function f with compact support C.
Let us consider again a case where fj = 1 and d; =1 for
the density constraint and f, = x and d; = u for the mean
constraint. Here the constraint functions are in L%(C) and the
Lagrangian method gives (Proposition 3.1):

() =(f(x) — oy —onx)) " 31)

where ¢; (possibly negative) are determined by the 2 con-
straints. As an illustrative example we take f(x) = k(¢ (x) +
@ (x)) where ¢@; = N(fB;,07) are 2 Gaussian densities of
mean and standard deviation (§; = 1,01 = 1) and (8, =
3,0, =0.2). The support of f is C = [B; — 301, B1 +301]
and k is such that f is a density. The mean of f is 2 and the
imposed mean is 4 = 3. On figure 2, g* is compared with a
test function of the form g; = ¥, f(x — y2) where ¥ are such
that g; satisfies the 2 constraints. Simulation results show
that the L' and L? errors are drastically reduced. The L! er-
ror is 0.7 for g*, 1 for g; and the L? error is 0.35 for g*,0.55
for g;.

5. CONCLUSION

This paper presents a quite general methodology to estimate
a density under linear constraints (for example: positivity,
support, moments or quantiles). The desired approximation
is the projection of the free density estimation on the set of
the probability densities satisfying the constraints. The solu-
tion is expressed in a simple form. Some simulations show
the improvement of the approximation compared with alter-
native methods.

1.4

=~ Original function
= L2 Projection
Test function

06 q

I 45

Figure 2: Original function compared with the projection and
the test function. (Case constraint functions belonging to L?)
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