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ABSTRACT

In this paper, the two-dimensional (2-D) IIR notch filter de-
sign problem is presented. First, the linear fractional trans-
formation (LFT) in complex analysis is used to construct the
desired root map of 2-D polynomial. Then, the numerator
and denominator of transfer function of 2-D IR notch filter
can be obtained from the LFT used in the construction of
root map. This design not only has closed-form transfer
function but also satisfies the bounded input/bounded output
(BIBO) stability condition. Finally, design example and im-
age application are demonstrated to show the effectiveness
of the proposed approach.

1. INTRODUCTION

In many signal processing applications, there is a need for
a notch filter which is characterized by a unit gain at all fre-
guencies except at the sinusoidal frequencies where their
gain is zero. These applications include communication, con-
trol, image processing and biomedical engineering etc. In
one-dimensional (1-D) case, a typical example is to cancel 50
or 60 Hz power line interference in the recording of electro-
cardiograms (ECGS) [1]. In two-dimensional (2-D) case, two
examples are to eliminate a 2-D sinusoidal interference pat-
tern superimposed on an image [2] and to reduce blocking
artifact from DCT coded image [3]. Thus, it is interesting to
design notch filter to remove the sinusoidal interferences
corrupted on a desired signal.

The ideal frequency response of 2-D notch filter is given by

0 (@,0,)=%(w,0,y)

D(w,, = ) 1
(@;, @) {1 otherwise )

where (@,, ,®,, ) is the prescribed notch frequency. The
problem is how to design 2-D filter H (z,,z,) to approxi-

mate D (w,,w,) aswell as possible. So far, the design of 2-

D notch filter can be classified into two categories. One is
FIR filter design, the other is IIR filter design. In the FIR
case, the design methods include least squares approach [4],
transformation techniques [5], singular value decomposition
approach [6] and constrained nonlinear optimization method
[7]. In the 1IR case, the design approaches contain decompo-
sition method [8] and outer product expansion [9]. So far, the
2-D adaptive IR notch filters based on outer product expan-
sion have been developed for removing sinusoidal interfer-
ence with unknown or time-varying frequencies [10][11].
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On the other hand, the root map of 2-D polynomial has
been a useful tool for checking the stability of 2-D IIR digital
filters [12]-[14]. Due to the success of this tool in stability
checking, we will use the root map to design 2-D notch filter
in this paper. The proposed design not only has closed-form
transfer function but also satisfies the BIBO stability condi-
tion. Compared with conventional methods in [8][9], our
method does not need to decompose the 2-D notch filter de-
sign into several sub-filter designs, so the proposed approach
is easier to use than conventional methods. Now, the design
details are described in next sections.

2. ROOT MAP AND LINEAR FRACTIONAL
TRANSFORM

In this section, the root map of 2-D polynomial is first de-
fined. Then, we study the relation between root map and sta-
bility of 2-D IIR filter. Finally, the linear fractional transfor-
mation is described.

2.1 Definition of Root Map
Consider the 2-D polynomial with order (N,, N,) below:

N, N,
P(z.2,) =Y. Y plkyk,)z, 2, @)

ky =0k, =0
If P(z,,2z,) =0 is regarded as a mapping between the z,
plane and z, plane, the root map is defined as the image of
the unit circle of one variable in the plane of other variable
under this implicit mapping P(z,,z,) = 0. Now, let us de-
scribe the details of these two maps below: First, the 2-D
polynomial P(z,,z,) can be rearranged as the following
form:

N, (N,
P(2,2,) = Z(Z p(k; k,)z," Jz;“
K0\ K, 0 3)
= P[z,1(z,)
The above expression P[z,](z,) can be interpreted as 1-D
polynomial in variable z, whose coefficients are polynomial
in variable z, . When z, is fixed, the P[z,](z,) can be
factored to yield N, roots. Thus, the first root map T, is
defined as the loci of N, roots of P[z,](z,) when parame-
ter z, traverses the unit circle z, = e'“2 . Second, the 2-D
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polynomial P(z,,z,) can be rearranged as the following
form:
N, N,
P(z,,2,) = Z[Z p(klykz)szl}z_kz @)
k, =0\ k;=0
= P[zl](zz)
where the expression P[z,](z,) can be interpreted as 1-D
polynomial in variable z, whose coefficients are polynomial
in variable z, . When z, is fixed, the P[z,](z,) can be
factored to yield N, roots. Thus, the second root map I', is
defined as the loci of N, roots of P[z,](z,) when pa-

rameter z, traverses the unit circle z, = e’* .

2.2 Stability and Root Map
For the 2-D first quadrant IIR filter with order

(M;,M,,N,,N,), its transfer function is given by
Ml MZ
> D alkyky)z vz,

H(z,,2,) =472

N, N,
> Y plkiky)z itz ©

k;=0k,=0
_Q(,2,)
P(z,,2;)

In [12], Shanks has shown that H (z,,z,) is stable if and

only if the following conditions are true:

P(z,,z,)=0 if |z, 21, |z,|=1 (6a)

P(z,,z,)=0 if |z,]=1 |z,|21 (6b)

It is obvious that the condition in Eg.(6a) implies that the root

map I"; of the unit circle of variable z, lies inside the unit

circle in the z, plane. And, the condition in Eq.(6b) means
that the root map I", of the unit circle of z, lies within the
unit circle in the z, plane. Thus, stability condition of

Shank's theorem will be satisfied if two root maps lie within
unit circle. So, we can control the stability of 2-D IIR filter
by controlling two root maps to lie inside the unit circle.

2.3 Linear Fractional Transform
In [15], the linear fractional transformation (LFT) from com-
plex variable z, to z, is defined by

_ ¢z, +¢C,
CyZ, +C,
where ¢,, C,, C, and ¢, are constants. It can be shown that

O

the LFT transforms circles and lines into circles and lines.
Moreover, the Eq.(7) can be rewritten in the form

C,+¢,2,  — ¢z, —¢Cy2,'2,t =0 ®)
This expression is the same as P(z,,z,) = 0 with order
(11) if we choose p(0,0)=c, ., p@0)=c, .,
p(0,1) =—c,, and p(1,1) = —c,. Thus, we can use the

properties of LFT in complex analysis to construct the de-
sired root maps of P(z,,z,) =0 with order (1,1). In next

section, the details that design 2-D IIR notch filter using root
map and LFT will be described.

3. DESIGN OF 2-D IIR NOTCH FILTER

In this section, we will summarize some important root
maps. Then, these root maps are used to design 2-D IIR
notch filter. The first important root map is described by the
following fact:

Fact 1: Choosing parameters
2 2
_p ot 2P )
r+1 r+1
and let 2-D polynomial with order (1,1) be
B(z,,2,) =az;'z;* +bz;  +bz;' +1  (10)
then we have the results:
(1) The two root maps ", and T", are the same.
(2) The two root maps are both circles with center at o and
radius I .
(3) The equalities B(1, p+r)=0 and B(p +r,1) =0 hold.
Proof: Because B(z,,z,) = 0 is a special LFT in complex
variable textbook in [15], this fact can be proved by using
techniques in [15]. The details are described below. Since the
symmetry property B(z,,z,) = B(z,,z,) is valid, two root
maps are the same. So, we only need to find the root map T,
because I, is the same as I, . To find I, , let complex vari-
ables z, and z, be represented by
Z, =X+ ]y
Z,=U+ jv (11)
Substituting Eq.(11) into B(z,,z,) = 0, ityields
(b+u)x—vy =-bu —a
vX + (b+u)y=-bv (12)
Since z, is on the unit circle, we have the constraint
x? + y? = 1. Based on this constraint and Eq.(12), we get

2 2
(u_—b(a‘j)] +v2=(a‘bfj (13)
1-b 1-b

Substituting Eq.(9) into Eq.(13), we have
(U-p) +v?:=r? (14)
This means that the root map I", is a circle with center at p
and radius I'. Finally, it is easy to show that the equalities
B(L p+r)=0 and B(po+r,1) =0 hold by using direct
substitution.
Based on the results in Fact 1, we have the further results

of root map below:
Fact 2: Let 2-D polynomial with order (2,2) be

1
F(2,,2,,p.7,0,,0,) =[1, z;*, z;2]®0| z;* | (19
z;?

where matrix @ is
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1 2bcos(4,) b?

(2acos(6, + 6,) (16)
® =| 2bcos(6,) , 2ab cos(6,)
+2b“ cos(6, - 6,))
b® 2ab cos(4,) a’
. 2 2
with parameters 5 — 2~ " ~ T and |, = =2, then we
r+1 r+1

have the results:
(1) The root map T, in z, plane consists of two circles with

center at pe* % and radii I'.

(2) The root map T, in z, plane consists of two circles with
center at pe* %2 and radii I.

(3) The equalities F(e'*,(p +r)e'*, p,r,6,,6,) =0 and
F(e %, (p+1)e'%, p,r6,6,)=0 hold

(4) The equalities F((p+r)e'”,e'”, p,r,6,,6,)=0 and
F((p+r)e % e % pr6,6,)=0 hold.

Proof: The 2-D polynomial in Eq.(15) can be factorized as

F(Zlsz!p)r)01!92): Bl(zl’ZZ)BZ(Zl’Zz) (17)
where _ 4 ‘
B,(2,,2,) = a<zle_191)71(22e—192)71 +b(ze )" (18a)
+b(z,e71%) " +1
B,(2,,2,) = a(ze™) "(z,6™) " +b(ze™) " g

+b(z,e'%) " +1
Thus, F(z,,z,,p,r,0,,6,) =0 implies that B (z,z,)=0
or B,(z,,z,) = 0. Using this factorization and the results in

Fact 1, the proof can be shown easily.
Nowy, let us use the Fact 2 to construct the transfer function

of 2-D IIR notch filter with order (2, 2, 2, 2). The design
problem is how determine the filter coefficients p(k,,k,)
and q(k,,k,) in Eq.(5) such that the frequency response
H (e’ ,el2)  approximates the response
D(w,,®,) in Eq.(1) as well as possible if the notch fre-
quency (@, ,®,, ) is given. In this paper, the key step to

ideal

design IIR notch filter H (z,,z,) is to choose numerator

polynomial Q(z,,z,) and denominator polynomial
P(z,,z,) inEq.(5) as the form:
Q(z,,2,) = F (21,2, p1. 1 01y 05) (199)
P(z,,2,) = F(2,,2,, 05,15, 01y, @) (19b)

where parameters p,, I, p,, I, need to be prescribed. In
this paper, we choose these four parameters below:

pr=l-a, n=a (20a)

p,=l-a, r=a-¢ (20b)
where @ is a number in the interval (0,1) , and ¢ is a very
small positive number. Based on this choice, the root maps of
numerator polynomial Q(z,,z,) and denominator polyno-
mial P(z,,z,) are shown in Fig.1. Now, several remarks

are made below:

(1) From Eq.(20a), we have p, =1—r;. This equality makes
the two root map circles of numerator polynomial Q(z,, z,)

be tangent to the unit circle. Using Fact 2 and p, =1—1,, it
can be shown that

Q(e'™ e/ )=Q(e” ™, e7 ) =0  (21)
Thus, there is zero gain at the notch frequency for the de-

signed IR notch filter.
(2) The reason to choose ¢ as a positive number is to make

the root map circles of denominator polynomial P(z,,z,)

lie within unit circle. Thus, the designed IIR notch filter is
guaranteed stable.

(3) In order to obtain unit gain at all frequencies except at the
notch frequency, the & must be chosen as small as possible.

When ¢ is very small, the root maps of P(z,,z,) will be
very close to ones of Q(z,,z,).
(4) Because we choose p, = p,, the root map circles of

P(z,,z,) and Q(z,,z,) have the same center. Thus, we

may refer to this design as "concentric circle design".
Finally, substituting Eq.(19) and Eq.(20) into Eq.(5), the
transfer function of the designed 2-D IIR notch filter is given

by
H (21122) = gg:l,:zi

F(z,z,1-a,a,0,y,0,y)

(22)

B F(z,,2,l-a,0a-¢,0,y,0,,)
Using Eq.(15), the above transfer function can be computed
easily without requiring optimization and complicated calcu-
lation. In next section, numerical examples will be used to
illustrate the effectiveness of the proposed design.

4. DESIGN EXAMPLE AND APPLICATION

In this section, one design example of proposed 2-D IIR
notch filter is first illustrated. Then, we compare the pro-
posed design method with conventional outer product expan-
sion method in [9]. Finally, we use the 2-D IIR notch filter to
remove sinusoidal interference superimposed on an image.
Example 1: 2-D IIR Notch Filter Design

In this example, we will study the performance of the de-
signed 2-D IIR notch filter. The notch frequency is chosen as

(0, @,y ) =(0.57,0.57) . And, the design parameters

are ¢ =0.2 and ¢ =0.001. Fig.2(a) show the resultant
magnitude response. It is clear that |H(e'*,el>)| has unit
gain at all frequencies except at notch frequency
(0.57,0.57) where gain is zero. So, the specification is
fitted well. However, the details of the notch are underneath
the unit gain plane. In order to show the performance of the
designed filter better, Fig.2(b) plots the loss 1| H(e!,e!")].
From this result, we observe that the magnitude response has
small ripples in the vicinity of the notch. Fortunately, this
ripple can be reduced by reducing the parameter ¢ . To illus-
trate this fact, Fig.2(c)(d) show the magnitude response and
loss of notch filter when & is reduced to 0.0001 and other
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design parameters are not changed. From this result, it is
clear that error ripple near notch frequency has been reduced.
Moreover, it is interesting to study the shape of 3-dB contour
of notch in which the magnitude | H (e'*,e’)| is equal to
Y Fig.3 shows the 3-dB contours of the designed 2-D IIR

notch filters H (z,,z,) for various parameters & and &
when notch frequency is chosen as (w,, ,®,, ) = (0.57,0.57) -

It is clear that the 3-dB contour is symmetric about the notch
frequency (0.5,0.5x) . And, the size of 3-dB contour is re-
duced if parameters & and ¢ are reduced. Thus, we can use
parameters « and &£ to control the shape of 3-dB contour
of notch.

Example 2: Comparison with Conventional 2-D IIR Notch
Filter Design

In this example, we will compare the proposed design
method with conventional outer product expansion method in
[9]. Given the notch frequency (@, ,®,, ) and parameter

BW , the transfer function of conventional 2-D IIR notch
filter in [9] is given by

H (20 2,) =1 Huu ()i ()L Ha ()H 0 (2)) @)

where filters

a,—a.z - +z7°) .
Hbi (Zi) — 1 1— i2 |1:L i + i > |:1’2 (24)
2 l-a,z;" +a;,z;
-1
Ha(z)= b2 =12 (25)
1+Dbz,
with the coefficients
BW
o2eoslon) 1-@n(%) oo (0
" l4tan(BL) P 14 tan(BM)
b= SNV = %) =12 @7)
sin |-+ =

Fig.4 shows the magnitude response |H(e!” e!)| and the
loss 1-| H(e’>,e!*) |of this conventional IIR notch filter for
(@,y,@,y) = (0.57,0.57) and BW =0.005z . Comparing
Fig.2 with Fig.4, it can be seen that the performance of the
proposed design method is similar to one of the conventional
method in [9]. However, the order of the proposed filter
H(z,,z,) inEq.(22) is (2, 2, 2, 2) and the order of con-
ventional filter H (z,,z,) in Eq.(23) is (3, 3, 3, 3). So,
the implementation complexity of proposed filter will be less
than the complexity of conventional filter if the direct-form
realization is chosen.

Example 3: Sinusoidal Interference Removal on Image

In this example, we will use the proposed IIR notch filter to
remove the sinusoidal interference superimposed on an im-
age with size 512 x 512 . The image shown in Fig.5(a) is
the Lake image corrupted by a sinusoidal interference below:

50sin(0.1zm + 0.27n) (28)

Now, let us design a 2-D IIR notch filter with notch fre-
quency (@,y,®,y)=(0.17,027) , a=0.1 and

& =0.01 to remove this sinusoidal interference in spatial
domain. The filtered image is shown in Fig.5(b). It is clear
that the interference has been removed by the proposed 2-D
IR notch filter. In the above, only the case of single sinusoid
is studied. For the case of multiple sinusoidal interferences,
the cascade notch filter can be used to remove the multiple
interferences if the notch frequencies are chosen as the fre-
quencies of sinusoids.

5. CONCLUSIONS

In this paper, the root map has been presented to design a
stable 2-D IIR notch filter. First, the linear fractional trans-
formation (LFT) in complex analysis is used to construct the
desired root map of 2-D polynomial. Then, the numerator
and denominator of transfer function of 2-D IIR notch filter
can be obtained from the LFT used in the construction of
root map. Finally, design example and image application are
demonstrated to show the effectiveness of the proposed ap-
proach. However, only IIR notch filter design is considered
here. Thus, it is interesting to design other 2-D IIR filters by
using root map in the future.
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Fig.1 The root maps of numerator polynomial Q(z,,z,)
and denominator polynomial P(z,,z,) of 2-D IIR notch
filter (a) Root map r, of Q(z,,z,). (b) Root map r, of
Q(z,,z,). (c) Root map r, of P(z,,z,). (d) Root map T,
of P(z,,z,).
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Fig.2 The magnitude response |H (e'“,e’*)| and loss
1-| H(e!™,e!™)| of the designed IIR notch filter (a)(b)

The results with ¢ = 0.2 and & = 0.001 . (c)(d) The re-
sultswith ¢ = 0.2 and & = 0.0001 .
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Fig.3 The 3-dB contours of the designed 2-D IIR notch filters
H(z,,z,) for various parameters & and & when notch
frequency is chosen as (w,, ,®,, ) = (0.57,0.57).
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Fig.4 The magnitude response | H (e'™,e’*)| and loss
1-| H (e'™,e’”2) | of the conventional 2-D 1IR notch filter
for (w,,,w,,) = (0.52,0.57) and BW = 0.005 r .
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Fig.5 Example of sinusoidal interference removal on an im-
age (a) The corrupted image (b) The image restored by using
2-D 1IR notch filter.
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