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ABSTRACT

This paper investigates the minimization problem of weighted
roundoff noise and pole sensitivity subject to /3-scaling con-
straints for state-space digital filters. A new measure for eval-
uating roundoff noise and pole sensitivity is proposed, and
an efficient technique for minimizing this measure is devel-
oped. It is shown that the problem can be converted into an
unconstrained optimization problem by using linear-algebraic
techniques. The unconstrained optimization problem at hand
is then solved iteratively by employing an efficient quasi-
Newton algorithm with closed-form formulas for key gradi-
ent evaluation. Finally a numerical example is presented to
demonstrate the validity and effectiveness of the proposed
technique.

1. INTRODUCTION

In fixed-point IIR digital filters, roundoff noise occurs due
to finite-precision nature of computer arithmetic and in turn
degrades the filters’ performance. It is well known that the
roundoff noise is critically dependent on the internal structure
of an IIR digital filter, and several techniques for synthesizing
a state-space filter structure that minimizes the roundoff noise
at the filter output subject to lo-scaling constraints have been
explored by appropriately choosing a linear transformation to
state-space coordinates [1]-[4]. When implementing a state-
space model, the coefficients must be truncated or rounded
to fit the finite-word-length (FWL) constraints. This coeffi-
cient quantization usually changes the characteristics of the
filter. For instance, it may alter a stable filter to unstable one.
This motivates the study of minimizing coefficients sensitiv-
ity. There exist several ways to define sensitivity of a fil-
ter with respect to its realization coefficients. Two of them
rely on a mixed /4 /l2 norm or a pure I3 norm that measures
changes of a certain transfer function, while the other is de-
fined in terms of the poles and zeros of a filter. Several tech-
niques for minimizing the I, /ly-sensitivity measure [5]-[9]
and the [o-sensitivity measure [10]-[13] have been proposed.
Alternatively, the pole and zero sensitivity of a filter with re-
spect to state-space parameters has been analyzed, and its re-
duction or minimization have been considered [14], [15]. It
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has been stated in [14] that the sensitivities of poles and zeros
of a transfer function with respect to the variations in coef-
ficients of a state-space model (due to FWL) are closely re-
lated to the sensitivity characteristics of its frequency transfer
function, and that minimal pole sensitivity is achieved when
matrix A is normal.

In this paper, the problem of minimizing weighted round-
off noise and pole sensitivity subject to l5-scaling constraints
for state-space digital filters is investigated.

2. PROBLEM FORMULATION

Consider a stable, controllable and observable state-space
digital filter (A, b, ¢),, of order n described by

y(k) = cx(k) (1)

where (k) is an n x 1 state-variable vector, u(k) is a scalar
input, y(k) is a scalar output, and A, b and c are real constant
matrices of appropriate dimensions.

z(k+1) = Ax(k) + bu(k),

A. Roundoff Noise Analysis

By taking the quantizations performed before matrix-
vector multiplication into account, an FWL implementation
of the filter in (1) can be obtained as [14]

@k +1) = AQ[& (k)] + bu(k)
y(k) = cQlz(k)].

The matrices A, b, and ¢ in (2) are assumed to have ex-
act fractional B.-bit representations. The FWL state-variable
vector Z(k) and the output 7 (k) all have B-bit fractional rep-
resentations, while the input u(k) is a (B — B..)-bit fraction.
The quantizer Q[] in (2) rounds the B-bit fraction &(k) to
(B — B.)-bit after the multiplications and additions, where
the sign bit is not counted. Subtracting (2) from (1) yields

Az(k+1)= AAx(k) + Ae(k)
Ay(k) = cAx(k) + ce(k)

2)

3)

where e(k) = (k) — Q[z(k)], Ax(k) = (k) — &(k) and
Ay(k) = y(k) — g(k). It is assumed that the roundoff error
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e(k) can be modeled as a zero-mean noise process with co-
variance o2 I,,. By taking the z-transform on both sides of (3)
and setting Az(0) = 0, we have

AY(z) = H.(2)E(z)

H.(z) =c(zI, —A)_1A+c:ZcAkz_k @)
k=0

where AY (z) and E(z) stand for the z-transforms of Ay(k)
and e(k), respectively. Next, the normalized noise gain Jp =
02,./0? is defined as

— [1_ ]f HZ(z)He(z)dZ] G
275 J)z)=1 z
Substituting (4) into (5) yields
Jr = tr [W] (6)

where W is the observability Gramian of the digital filter in
(1) that can be obtained by solving the Lyapunov equation

W=A"WA+ e (7
Applying a coordinate transformation defined by
z(k) =T ' (k) 8)

to the digital filter in (1), a different yet equivalent state-space
realization of (1), (A, b, €),, can be characterized by

A=T'AT, b=T"'b, e¢=cT. 9)

With an equivalent state-space realization as specified in (9),
the normalized noise gain in (6) is changed to

JR(T) = u[W] =t [TTWT] (10)

where W denotes the observability Gramian for an equivalent
state-space realization as specified in (9).

B. Pole Sensitivity Analysis

The transfer function of the digital filter in (1) can be ex-
pressed as
H(z) =c(2I, — A)"'b 1)
Suppose that the poles {\;} of H(z) are denoted by {\;} =
A(A). Moreover, let x, (1) be a right eigenvector correspond-
ing to \; and let y,, (1) be the reciprocal left eigenvector that
corresponds to «,(!). Then, assuming that A has a full set of
linearly independent eigenvectors, it follows that [15]

(%
0A

Using the Frobenius norm for an m x n complex matrix
M defined by

1Ml — (30100 )° (13)

i=1 j=1

)T —az,(Dy (1) for 1=1,2,---,n.  (12)

1129

the pole sensitivity measure for the digital filter in (1) is de-

fined as [15]
(5a)
0A

n

Tp=>

=1

2 n

=2

Foo=

O\ 2

94 (14)

F
By virtue of
M5 = a[MM"] = ulM"M]=||M"|} 15

and using (12), the pole sensitivity measure in (14) is written
as

5= (a2 e, 0) (s O, 0). a6

With an equivalent state-space realization as specified in
(9), the right eigenvector «,(I) corresponding to ); and the
reciprocal left eigenvector y, (1) corresponding to x,(l) are
changed to

z,() =T 'z,(1),  F,)=T"y,1) (A7
respectively, for [ = 1,2,--- ,n. Thus, referring to (16), the
pole sensitivity measure J,(T") for an equivalent state-space
realization can be expressed as

5(0) = 3 (=8 07T, 0) (4 OTT Ty, ).

=1
(18)
It is known that an inequality J,(T') > n are always satisfied
for any n X m nonsingular matrix 7" [15].
Remark 1 [14], [15]: It is noted that zero sensitivity for
the digital filter in (1) can be examined in the case where a
direct path from the input to the output in (1) exists.

C. Problem Statement

It should be noted that the l5-scaling constraints on the
state-variable vector x(k) involve the controllability Gramian
K of the digital filter in (1), which can be computed by solv-
ing the Lyapunov equation

K=AKA" +bb". (19)

In order to suppress overflow oscillations, [s-scaling con-
straints are imposed on the state-variable vector Z (k) so that
(K)ii= (T 'KT )y =1, i=1,2,---,n (20
where K indicates the controllability Gramian for an equiva-
lent state-space realization as specified in (9).
In this paper, we consider a weighted roundoff noise and
pole sensitivity measure J, (T") defined by

Jy(T) = (1 —7)Jr(T) +~J,(T) 1)

where 0 < v < 1 is a weighting factor. It is evident that a
J(T') with a greater y represents a measure that places more
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emphasis on pole sensitivity while a J.,(T") with a smaller y
serves as a measure that weights more heavily on roundoff
noise. In addition, by setting -y to unity or zero J.,(T') be-
comes J,(T') or Jr(T), respectively.

The problem being considered here is to design the op-
timal coordinate transformation matrix 71" that minimize (21)
subject to /-scaling constraints in (20) where 0 < v < lisa
weighting factor specified by the designer.

Remark 2 [10]: It is noted that an /o-sensitivity measure
for the equivalent state-space realization (Z, b, €),, in (9) can
be evaluated by

2
S2(A,b,€) = H Mg)

2 N H OH (z)

2 H OH (2)
ob

ge’

2 2 2
=T

} + u[W] + u[K]

(22)
where matrix R is obtained by solving the Lyapunov equation

T
A be A be 0O o0
R—{o A}R[o A} +{0 TTT]'

:tr{[T_1 0] R[T

3. WEIGHTED ROUNDOFF NOISE AND POLE
SENSITIVITY MINIMIZATION

In this section, we define
T=TTK > (23)
which leads (20) to

LT .1

(T T )i=1fori=12--n. 24)

It is obvious that the conditions in (24) are always satisfied by

choosing matrix T'  as

A — t t t
le{ LT ”} (25)
[Ea]] " [[E2]] [t ]]
By defining an n? x 1 vector ¢ = (1, tL ... tI)T, the

normalized noise gain Jr(T') in (10) can be expressed as
Jr(@) = tr [TWTT} (26)
where R . )
W=K>WK?:=.

Moreover, the pole sensitivity measure J,(T") in (18) can be
written as

n

B(@) => (0T T &,0) (9 0T T3,0)

=1

where

1130

In this way, the original constrained optimization problem can
be converted into an unconstrained optimization problem of
obtaining an n? x 1 vector x which minimizes

Jy(@) = (1 =7)Jr() +7Jp (). (28)
Applying a quasi-Newton algorithm to minimize J (x) in
(28), in the kth iteration the most recent point xj, is updated
to point x4 as [16]
Tp1 = T + agdy (29)
where

dp=—S,VJ,(xy), ap=argmin J, (xy + ady)

i 0,0% T T
Sk+1:Sk+<1+SokSkSok) k(sk _6k¢ksk+sk¢k6k

PLok ) PLok ©} O
So=1I, 0p=xr11— Tk, Pp=VJy(Tri1)—VIy(zp).

In the above, VJ, () is the gradient of J., () with respect to

x, and S}, is a positive-definite approximation of the inverse

Hessian matrix of J,(x). The above algorithm starts with
a trivial initial point xy obtained from an initial assignment

L1
T = 1I,, and this iteration process continues until
|y (@rg1) — Ty (i) < e (30)

is satisfied where € > 0 is a prescribed tolerance.
The gradient of J, (x) can be evaluated using closed-form
expressions as

8J“/($) — lim Jv( ij) = Jy(T)
3tij A—0 A 31)
=(1-7) 0JR(z) 0Jp(x)
825@‘ 81%1-]»

where T';; is the matrix obtained from T' with a perturbed
(4, j)th component, it follows that [17, p. 655]

-1

T =T+

AT eTT " ~

209567 TijlzT
t; 1 2

gi.:_a{ J }/ati: (tijt; — [It;|"es)

J 11| 1171

J

— Agije]

and
OJr(x)
8tij
T = S{ (e Omr @), 0) (5 07 Ta,0)

=1

Nn AT ~
:2eJTTWT Tg,;

(e T a0) (s ONDE,0) )
with
M(T) = — gije?T7T+ TilejgiTj]
N(T) =T [e,q 1"+ Tg,,e]|T



23rd European Signal Processing Conference (EUSIPCO)

4. AN ILLUSTRATIVE EXAMPLE

Consider the 4th-order Butterworth lowpass filter (A, b, ¢)4
with a narrow normalized bassband of 0.05, described by

3589734 1 0 O 0.237096

| —4.85127%6 0 1 O _ —3| 0.035885
A= 2.924053 0 0 1|’ b=10 0.216300
—0.663010 0 0 O 0.010527

c=[100 0]

whose numerator b and denominator a was found using MAT-
LAB as [b, a] = butter(4, 0.05).
When a coordinate transformation defined by

T, = diag{ 0.226458, 0.588059, 0.513017, 0.150144 }

was applied to the above filter (A, b, ¢)4, the resulting con-
trollability and observability Gramians K, = T, KT, "
and W, = TZWTO were computed using (19) and (7) as

1.000000 —0.999248  0.997433
—0.999248  1.000000 —0.999452
0.997433 —0.999452  1.000000
—0.994918  0.998047 —0.999566

1.063597 2.747677 2.360090
2.747677 7.172055 6.224575
2.360090 6.224575 5.458399
0.672994 1.793652 1.589267

—0.994918
0.998047
—0.999566
1.000000

0.672994
1.793652
1.589267
0.467539

K,=

W,=10%

Then, the normalized noise gain in (10) subject to l2-scaling
constraints: (K,); = 1fori =1,2,--- ,n was found to be

Jr(T,) = trf[W,] = 1.416159 x 10°.
Moreover, the l»-sensitivity measure in (22) was computed as
So(T, AT, T, b, cT,) = 9.779175 x 10°.
Next, the eigenvalues of matrix A were found to be
A =0.931900 £+ 50.136363, 0.862967 £ j0.052305.

The original pole sensitivity measures in (16) and (18) were
computed as

J, = 1.863101 x 10" and J,(T,) = 1.774671 x 107

respectively.
The quasi-Newton algorithm was applied to minimize
A1
(28) with v = 0.7 by choosing T' = I, as an initial as-
signment, and setting tolerance to ¢ = 108 in (30). It took
the algorithm 67 iterations to converge to the solution

—0.005208  1.163747 —0.111659 —0.787204
g —0.037351 —0.404560 1.799691  2.040456
—0.164510 —0.518875 —1.552980  4.982677
1.193078  0.558202 —0.064418 —6.380411
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which is equivalent to

—0.178135  0.230044 —0.317367 0.217107
T— 0.449984 —0.602281  0.885719 —0.599864
~ | —0.380296  0.526722 —0.824583  0.559049

0.107642 —0.153385  0.256254 —0.175300

and the objective function in (21) was found to be
Jy(T) = 3.246633

with Jr(T') = 1.327903 and J,(T") = 4.068946.

The profile of J, () during the first 67 iterations of the
algorithm is depicted in Fig. 1. From this figure it is ob-
served that the weighted roundoff noise and pole sensitivity
for a state-space digital filter were drastically reduced subject
to [-scaling constraints. In this case, the coefficient matrices

60

40
lterations

Fig. 1. Profile of J, (x) during the first 67 iterations.

A, b and ¢ for the equivalent state-space realization specified
by (9) were obtained as

0.925785  0.005903 —0.123828 —0.066614
A _ | —0-042551  0.870369  0.037577 —0.044076
T | 0.097415 —0.053644  0.909232  0.044846
0.074370  0.033706  0.019872  0.884347

b= [ 0472882 0.535104 0.318385 0.287515]"

¢=[ —0.178135 0.230044 —0.317367 0.217107 |

and the controllability and observability Gramians K and W
were computed from (20) and (10) as

[ 1.000000 0.430444 0.368731 0.281793
0.430444 1.000000 0.825645 0.884131
0.368731 0.825645 1.000000 0.969484
| 0.281793 0.884131 0.969484 1.000000

0.402694 —0.345058  0.155350 —0.241403
—0.345058  0.339744 —0.177349  0.255916
0.155350 —0.177349  0.357751 —0.087177
| —0.241403  0.255916 —0.087177  0.227714

f:

S
I
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respectively. For the above matrix A, it follows from (13) that
|IAA" -~ A A||r = 7.731601 x 1073

which implies that matrix A is practically normal. Moreover,
the controllability Gramian K satisfies [5-scaling constraints.
For reference, the ls-sensitivity measure in (22) was com-
puted as

So(A, b, €) = 45.179954.

This reveals that minimization of weighted roundoff noise and
pole sensitivity subject to ls-scaling constraints also reduce
the [5- sensitivity for a state-space digital filter considerably.

The whole numerical results of the roundoff noise mea-
sure Jp(T') in (10), the pole sensitivity measure J,(T") in
(18), Jr(T') + J,(T'), and the objective function .J,(T') in
(21) are summarized in Table 1.

Table 1. Performance comparison

v | L@ | Jr@) | L(T) | Jr(T)+J,(T)
1.0 | 4.000000 | 6.678752 | 4.000000 10.678752
0.9 | 3.765801 | 1.565948 | 4.010229 5.576178
0.8 | 3.513441 | 1.435279 | 4.032982 5.468261
0.7 | 3.246633 | 1.327903 | 4.068946 5.396849
0.6 | 2.965042 | 1.227214 | 4.123594 5.350808
0.5 | 2.666454 | 1.126471 4.206436 5.332908
0.4 | 2.347839 | 1.027726 | 4.328008 5.355734
0.3 | 2.004220 | 0.928102 | 4.515163 5.443265
0.2 | 1.625958 | 0.823537 | 4.835642 5.659179
0.1 | 1.189538 | 0.706245 | 5.539181 6.245426
0.0 | 0.555541 | 0.555541 | 13.604578 14.160119

5. CONCLUSION

The problem of minimizing a weighted roundoff noise and
pole sensitivity measure subject to lo-scaling constraints for
state-space filters has been investigated. An efficient iterative
technique for minimizing a weighted roundoff noise and pole
sensitivity measure subject to [5-scaling constraints has been
developed by employing a quasi-Newton algorithm. Com-
puter simulation results have demonstrated the validity and
effectiveness of the proposed technique.
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