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ABSTRACT

We derive the Cramér-Rao lower bounds (CRB) for paramet-
ric estimation of the number-weighted particle size distribu-
tion (PSD) from multiangle Dynamic Light Scattering (DLS)
measurements. The CRB is a useful statistical tool to inves-
tigate the optimality of the PSD estimators. In the present
paper, a Gaussian mixture (GM) model of the multimodal
PSD is assumed and the associated Fisher information matrix
(FIM) is determined. The usefulness of multiangle DLS in
significantly decreasing the CRB is demonstrated. The mean
square error (MSE) of the PSD GM model parameters estima-
tion by the Bayesian inference method proposed in [1] is com-
pared to the derived CRB for a simulated monomodal PSD.
Results show that the MSE achieves the derived CRBs for the
unbiased estimators of the PSD GM model parameters.

Index Terms— Particle Size Distribution, Multiangle
Dynamic Light Scattering, Cramér-Rao Bound, Inverse Prob-
lem, Bayesian Inference.

1. INTRODUCTION

Dynamic light Scattering (DLS) is a standard technique
frequently used for measuring the size distribution of sub-
micrometric particles dispersed in a dilute dispersion [2].
The main advantages of this technique compared to other
techniques in the same size range come from the fact that
it is non-invasive, fast, and provides an absolute estimate of
particle size. The DLS technique is based on the analysis of
the temporal fluctuations of light scattered by the illuminated
particles at a given angle. These fluctuations are due to the
random Brownian motion of the dispersed particles [2,3].
DLS involves the analysis of the time autocorrelation
function (ACF) of light intensity scattered at an angle 6. This
time ACF is performed by a digital correlator. The measured

normalized intensity time ACF, g(;)(r), may be expressed

in terms of the normalized electric field time ACF, gél)(T),
as [3]

g2 (1) =1+l ()%, 1)
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where 7 is the time delay and 3(< 1) is an instrumental factor.

For a polydisperse sample of non-interacting spherical
particles, the electric field time ACF, gél)(T), is related to
the number-weighted particle size distribution (PSD), f(D),

by [4]

') = [ 1DICH6.D) e~ 2 rap. @

where D is the hydrodynamic diameter and Cy(6, D) is
the number to intensity conversion factor (Mie theory [5]).

I'y(0) = mi’sg# with kg, T and )\ are the Boltz-
mann constant, the absolute temperature and the wavelength
of laser light in vacuum, respectively. n is the medium refrac-
tive index and 7) is the viscosity. kg = [~ f(D)C;(6, D)dD
is a weighting coefficient.

Estimating the PSD from DLS measurements involves the
inversion of the integral equation (2). This problem is known
to be an ill-conditioned inverse problem which may possess
no unique solution. Many different methods have been pro-
posed to estimate the PSD from single-angle DLS data [6—
10]. The commonly used are the cumulants method [6] and
CONTIN [7]. These methods work well for monomodal PSD.
However, their robustness and reproducibility are not good [2]
and their capacity to discriminate peaks of multimodal PSDs
is poor especially when the peaks ratio is less than 2.

Multiangle DLS (MDLS), which consists in analysing si-
multaneously the DLS data acquired at different angles, al-
lows to get more information about the sample. MDLS signif-
icantly improves the resolution, robustness and reproducibil-
ity of the PSD estimation [4, 11-13].

In [1], we proposed a Bayesian inference based method
for the estimation of multimodal PSDs from MDLS measure-
ments. The PSD is modelled as a Gaussian mixture (GM)
with an unknown number of modes. The derived posterior
probability distribution of the unknown GM model parame-
ters is sampled using a reversible jump Markov chain Monte
Carlo (RIMCMC) algorithm [14]. The method is able to sep-
arate the PSD modes even if their ratio is less than 2.

In the present paper, we aim at assessing the robustness of
the proposed method [1]. To this end, we derive the Cramér-
Rao Bound (CRB) expressions for parameter estimates of
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the PSD GM model. The CRBs represent the lower bounds
that the mean square error (MSE) of unbiased estimators can
achieve. To our knowledge, no previous works have derived
the CRB expression for the PSD estimation in DLS. First, we
demonstrate the usefulness of multiangle DLS in decreasing
the CRBs. Then, the robustness of the proposed method [1]
is evaluated by comparing the MSE with the derived CRBs.

The paper is organized as follow. Section 2 gives a brief
description of the inversion method proposed in [1]. Section 3
details the derivation of the Fisher information matrix (FIM)
expressions and therefore those of the CRBs, from the log-
likelihood function. Results obtained from simulated data and
comparison of the MSE with the CRB are presented in section
4. Finally, conclusions are drawn in section 5.

2. PROPOSED BAYESIAN INVERSION METHOD

The proposed method in [1] is a multiangle DLS analysis.
The DLS measurements are acquired at different scatter-
ing angles {6,.,r = 1,...,R} with R is the total num-
ber of scattering angles. For each angle 6,, the inten-
sity time ACF gg)(r) is measured at discrete time delays
{Tm, m =1,..., M, } with M, is the total number of points.

An additive noise model is proposed to model the mea-
sured intensity time ACFs, gé?) (Tim), as follow

87 (1) = g5 (i) + na (m),

(2)( ) = (2)(

2o, = &y, Tm) + 1 (M),

87 (1) = &5 (1) + ng(m),

where géi) (i) is the noise-free ACF related to the PSD by
(1) and (2). The noise n,.(m) is assumed to be independent
and normally distributed with zero mean and variance 07217,, at
the angle 6,.. The PSD modelled by a GM model is expressed

as

(D—Nz‘)2>7 @

= Eki . exp <—
— V2mo; 207

where k£ is an unknown number of components and w;, p;
and o; are the weight, mean and standard deviation (STD)
of the ¢th normal component (mode), respectively. All these
parameters are to be estimated except wy, that will take the
value (1 — Zf:ll wj;) since we have Zle w; = 1.

. T
For notation, we use: w = [wy, - ,wg_1] , B =
T . T
[, -] with gy < eoe <, 00 = o, 0u]
T - ~(2)T ek
o-‘rzl = [03,17"' 70-72173] and g(2) = |:g§ ) 77gg{) :|

T
with g!? = [géi) (11), ... ,g‘ef) (TMT)i| T'is the transpose

operator.

2267

By assuming the independence between the angular mea-
surements and taking into account the assumption of indepen-
dent white Gaussian noise, the likelihood function is given by

R X2
( Ok, w, p, 0,0 ) H 27707,r = exp( 20; ),

r=1

&)
with
o 2 2 2
X = Z (gér)(Tm) _gér)(Tm,k7w7N7g’)) . (6
m=1

The inference on the unknown parameters of interest (k,
w, p and o) is performed based on their joint posterior distri-
bution that can be easily computed using the Bayes’ rule and
marginalized with respect to o2, leading to

My

[

==

T p—
max H |:Mma:c In <0maz) O'i:|

Omin

» (1)

where k4. is a specified maximum number of components,
Hmin < Hi < Hmazx and Omin < g; < Omax-

Since the derived posterior distribution (6) is known up
to a multiplicative constant and it is a function of parameters
with variable dimension spaces, a reversible jump MCMC al-
gorithm [1, 14] is used to sample this distribution. The used
prior distributions and the RIMCMC algorithm are detailed
in [1].

The parameters of the GM model of the PSD are estimated
from the generated samples using the maximum a posteriori
estimator for k, k = arg m}ixx(p(k:\g(z))) and the posterior

expectation conditioned to k = k for the other parameters,
w = Ep(wlk = k,g?)], o = Elp(plk = k,§?)] and
Elp(olk = k,g®)).

OA-:

3. CRAMER-RAO BOUNDS

In this section, we derive the CRBs for the parameters esti-
mation of the PSD GM model with a fixed number of compo-
nents k. In this multivariate estimation problem, we first need
to calculate the FIM that will be inverted to get the CRBs.
Let a = [wl,...,wk,l,,ul,...,,uk,al,..‘,ak]T de-
notes the vector of the PSD GM model parameters and

e = [QT a2” ’
The FIM, Z, associated with this estimation problem is a
(3k—1+R) x (3k—1+R) matrix with elements given by [15]

denotes the vector of all parameters.

o (g<2>; @)

90,00, ©
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where E[-] is the expectation operator and ¢ ( OF @) is the
log-likelihood function given from (5) by

r=1
M,
o 2
S o S (826 - g ) ©
r=1 T m=1

The first partial derivatives are expressed as

8g(2) (T, @)

. )_ R 1 M,
80@ _Zﬁz[ 6041'

< (857 () — g7 () )] (10)

H(EP;O) M, 1 A @) 2
ot o, o, 2o B 7o) 8 ).
an
fortr=1,...,3k—landr=1,...,R.
Note that from the noise assumptions (zero mean and vari-
ance O’ ) we have
B |8 () — &) (7w )| =0, (12)

2
2| (@) - o) | =02, a3)

The regularity condition is verified for all parameters

. or(g®;e g?;0)
since F/ |:304):| =0and & |:a((027):| =0.

The second partial derivatives are expressed as

0% (g@;0) N 8g((i)(7'm,a) agg)(Tm,a)
30@80@- h Z 0727,, [ 80[1' 8aj

r=1 T m=1
0%gy. (Tm, )
Oc:Oas (éi)(Tm)_géi)(Tmaa))}v (14)
10

0% (§2:0) M 1 M, 2

n’rmzl
(16)
9%t (g%;0) . .
902, )02, an

fori,j=1,...,3k—landr,ry,7o = 1,..., Rwithry # ro.
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Finally, the resulting expressions of the FIM elements are
given by

M, (2) (2)
1 0gy (T, @) 0gy ' (T, @)
Ial,ocj = E E b = (18)

2 ) . )
o Oay; Oa;
Tove =0, (19)
M,
1-0-121,,7“'0’721,7‘ = 20'%,7«7 (20)
Ty2 o2 =0, (21)
n,r19n,ro
fori,j=1,...,3k—1landr,ri,7o = 1,..., Rwithry # ro.
9el2 )( TomyCe)

The expression of is given in appendix A.

Since the elements Iama%,r and Igfzwj o2, of the FIM
are zero, we can consider only the block of elements Z,, o
in the FIM inversion. The Cramér-Rao Bounds of the PSD
GM model parameters, c;, are given by the formula

CRB(w) =17, (22)
Note that it is hard to get the analytical expressions of
the CRBs from the derived FIM. In this case, the integrals

002 (7 cx
computation to calculate % (see (25) in appendix A)

and the FIM inversion should be done numerically.

As it is known, if &; is any unbiased estimator of the pa-
rameter o;, CRB(«;) is the lower bound to the mean square
error (MSE) of this estimator and we have

MSE(d;) > CRB(«), (23)

where the mean square error is defined as

MSE(&4;) = E[(&; — a;)?]. (24)

4. RESULTS AND DISCUSSION

In this section, obtained results with simulated MDLS data
are presented. For sake of space, only results for monomodal
PSD will be presented. The considered PSD is a Gaussian dis-
tribution with a mean ;¢ = 500 nm and an STD o = 10 nm.
MDLS data were simulated by considering latex particles
with refractive index 1.59, dispersed in pure water (refrac-
tive index 1.33 and viscosity n = 0.89 mPa.s). The con-
sidered laser light is vertically-polarized with a wavelength
Ao = 638 nm. The temperature is fixed at 298.15 K. For
each angle, the simulated intensity ACF were computed for
160 points of 7 logarithmically spaced between 1 ps and 0.7 s.
First, we illustrate the usefulness of multiangle DLS in
decreasing the CRBs. Figure 1 shows the comparison of the
CRBs for different sets of angles {6, r = 1,..., R}: 1 angle
(90°), 2 angles (60°, 90°) and 7 angles (60°:10°:120°). Fig-
ure 1(a) shows the CRB of the PSD mean estimation while
Figure 1(b) shows that of the PSD STD estimation. The CRBs
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Fig. 1. Comparison of the CRBs for the estimation of a
monomodal PSD (¢ = 500 nm, ¢ = 10 nm) from MDLS
data with different sets of angles: 1 angle (90°), 2 angles (60°,
90°) and 7 angles (60°:10°:120°).

are determined for different values of the noise standard devi-
ation, o, ,-. For sake of simplicity, the data for all the angles
in each set were supposed to have the same o, , = o,,. For
single-angle DLS, the results show that the lower bounds are
relatively high. The results show also that multiangle DLS
significantly decreases the lower bounds. For MDLS with
only two angles, the CRBs are decreased by a factor ~ 10~*
and they can be decreased more by increasing the measure-
ments angles. Decreasing the CRBs by multiangle DLS has
been also noticed for multimodal PSDs.

Note that for multimodal PSDs, processing DLS data
from only two angles may not be sufficient for reducing sig-
nificantly the CRBs. The authors of [12] have suggested to
choose at least 5 angles from as wide a range of angles as
possible. This is why the set of scattering angles will be fixed
hereafter to 7 angles between 60° and 120° with a step of
10°.

To statistically assess the robustness of the proposed
Bayesian method (RIMCMC) in [1], the performance of the
PSD GM model parameters estimation are evaluated through
simulated data. First, the noise-free time ACFs gg) (Tin)
were simulated from the corresponding PSD using (1) and
(2). Then, the noisy time ACFs géﬁ’ (17) were simulated
by adding a noise with the same standard deviation, o,
for all the scattering angles as in (3). The RIMCMC algo-
rithm has been run with the following settings, k0 = 5,
bmaz = 2000 nm, 0,5, = 0.2 nm and o4, = 200 nm.
The parameter estimates are extracted from 200000 sweeps
after a burn-in period of 50000 sweeps.

The performance indexes (Bias and MSE) of the PSD
mean and standard deviation estimates by the RIMCMC were
computed using 500 Monte Carlo simulations of noise for
different values of o,,. The obtained results are reported in
Figure 2. Figure 2(a) shows the relative absolute bias of the
PSD mean estimator, 100[E[A =1 - Ag one can notice, the PSD
mean estimator is unbiased since the bias is almost zero. Fig-
ure 2(b) displays the comparison between the CRB and the
MSE of the PSD mean estimator. The results show that the
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Fig. 2. Performances of the PSD estimation with the RIM-
CMC [1] for a simulated monomodal PSD (¢ = 500 nm,
o0 = 10 nm) from MDLS data with a set of 7 angles
(60°:10°:120°).

MSE of the PSD mean estimator reaches the CRB.

The relative absolute bias of the PSD standard deviation
(STD) estimator, w, is shown in Figure 2(c). The
PSD STD estimator is unbiased for o,, < 10~2. For o,, >
1073, the bias increases with increasing o,,. The comparison
between the CRB and the MSE of the PSD STD estimator is
shown in Figure 2(d). For o, < 10~3 where the estimator
is unbiased, the MSE is very close to the CRB with a small
difference of 0.6 dB.

The reconstructed PSDs using (4) with the estimated pa-
rameters for different values of o,, are shown in Figure 2(e)
and compared to the true PSD. For o,, < 1073, the estimated
PSD is close to the true PSD. For ,, > 1072, the estimated
PSD becomes narrower with increasing o,.

To sum up, the PSD mean estimator using the proposed
method [1] achieves the CRB for the monomodal PSD. More-
over, the MSE of the PSD STD estimator achieves the CRB
when its bias reaches zero. This illustrates the robustness of
the proposed method.
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5. CONCLUSION

The Cramér-Rao lower Bounds for parametric estimation of
the number-weighted particle size distribution with a Gaus-
sian mixture model from multiangle dynamic light scattering
measurements is derived. It is shown that multiangle DLS
significantly decreases the CRBs. The analysis of simulated
monomodal PSD data using the Bayesian inference method
proposed in [1] was presented. The results have shown that
the MSE of the PSD GM model parameter estimates achieves
the derived CRBs of these parameters. Results on the CRBs
for multimodal PSDs will be presented in future work.

A. APPENDIX

The partial derivative of gé )(Tm, ) with respect to «; in the
FIM expression (18) can be derived from (1) and (2):

ag@;’”’ / f(D)C1(6, D) exp(— Pol()e) 7)dD
o, [ i 21D:2) 40, D) exp(- "2 ryap
—%Iz;/o f(D)CI(&D)eXp(—F(}()H)r)dD], (25)
where
aa%f; :/Ooo %O[;a)cf(@rﬂ)w (26)

From (4) and by changing «; by w;, p; or o;, we have

— )2
ofDe) 1 (D)
ow; V2ro; 207}
1 (D — Mk-)2>
— —— ], (27
oo exp ( 202 (27)
fori=1,...,k—1,and
Of(D, ) w (D —pwi)?
= D - —_— 2
aﬂz 27'('0' ( ,ul) eXp 20_12 I ( 8)
of(D,a) — w; (D — pi)? (D — pi)?
= —1 I S i 2
80’i 27rgi2 * 02'2 exp 20'1-2 ’
(29)
fort=1,...,k.
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