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ABSTRACT

We derive the Cramér-Rao lower bounds (CRB) for paramet-
ric estimation of the number-weighted particle size distribu-
tion (PSD) from multiangle Dynamic Light Scattering (DLS)
measurements. The CRB is a useful statistical tool to inves-
tigate the optimality of the PSD estimators. In the present
paper, a Gaussian mixture (GM) model of the multimodal
PSD is assumed and the associated Fisher information matrix
(FIM) is determined. The usefulness of multiangle DLS in
significantly decreasing the CRB is demonstrated. The mean
square error (MSE) of the PSD GM model parameters estima-
tion by the Bayesian inference method proposed in [1] is com-
pared to the derived CRB for a simulated monomodal PSD.
Results show that the MSE achieves the derived CRBs for the
unbiased estimators of the PSD GM model parameters.

Index Terms— Particle Size Distribution, Multiangle
Dynamic Light Scattering, Cramér-Rao Bound, Inverse Prob-
lem, Bayesian Inference.

1. INTRODUCTION

Dynamic light Scattering (DLS) is a standard technique
frequently used for measuring the size distribution of sub-
micrometric particles dispersed in a dilute dispersion [2].
The main advantages of this technique compared to other
techniques in the same size range come from the fact that
it is non-invasive, fast, and provides an absolute estimate of
particle size. The DLS technique is based on the analysis of
the temporal fluctuations of light scattered by the illuminated
particles at a given angle. These fluctuations are due to the
random Brownian motion of the dispersed particles [2, 3].

DLS involves the analysis of the time autocorrelation
function (ACF) of light intensity scattered at an angle 𝜃. This
time ACF is performed by a digital correlator. The measured
normalized intensity time ACF, g(2)𝜃 (𝜏), may be expressed

in terms of the normalized electric field time ACF, g(1)𝜃 (𝜏),
as [3]

g(2)
𝜃 (𝜏) = 1 + 𝛽∣g(1)

𝜃 (𝜏)∣2, (1)
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where 𝜏 is the time delay and 𝛽(< 1) is an instrumental factor.
For a polydisperse sample of non-interacting spherical

particles, the electric field time ACF, g(1)𝜃 (𝜏), is related to
the number-weighted particle size distribution (PSD), 𝑓(𝐷),
by [4]

g(1)𝜃 (𝜏) =
1

𝑘𝜃

∫ ∞

0

𝑓(𝐷)𝐶𝐼(𝜃,𝐷) exp(−Γ0(𝜃)

𝐷
𝜏)d𝐷, (2)

where 𝐷 is the hydrodynamic diameter and 𝐶𝐼(𝜃,𝐷) is
the number to intensity conversion factor (Mie theory [5]).

Γ0(𝜃) =
16𝜋𝑛2 sin2(𝜃/2)𝑘𝐵T

3𝜆2
0𝜂

with 𝑘𝐵 , T and 𝜆0 are the Boltz-
mann constant, the absolute temperature and the wavelength
of laser light in vacuum, respectively. 𝑛 is the medium refrac-
tive index and 𝜂 is the viscosity. 𝑘𝜃 =

∫∞
0

𝑓(𝐷)𝐶𝐼(𝜃,𝐷)d𝐷
is a weighting coefficient.

Estimating the PSD from DLS measurements involves the
inversion of the integral equation (2). This problem is known
to be an ill-conditioned inverse problem which may possess
no unique solution. Many different methods have been pro-
posed to estimate the PSD from single-angle DLS data [6–
10]. The commonly used are the cumulants method [6] and
CONTIN [7]. These methods work well for monomodal PSD.
However, their robustness and reproducibility are not good [2]
and their capacity to discriminate peaks of multimodal PSDs
is poor especially when the peaks ratio is less than 2.

Multiangle DLS (MDLS), which consists in analysing si-
multaneously the DLS data acquired at different angles, al-
lows to get more information about the sample. MDLS signif-
icantly improves the resolution, robustness and reproducibil-
ity of the PSD estimation [4, 11–13].

In [1], we proposed a Bayesian inference based method
for the estimation of multimodal PSDs from MDLS measure-
ments. The PSD is modelled as a Gaussian mixture (GM)
with an unknown number of modes. The derived posterior
probability distribution of the unknown GM model parame-
ters is sampled using a reversible jump Markov chain Monte
Carlo (RJMCMC) algorithm [14]. The method is able to sep-
arate the PSD modes even if their ratio is less than 2.

In the present paper, we aim at assessing the robustness of
the proposed method [1]. To this end, we derive the Cramér-
Rao Bound (CRB) expressions for parameter estimates of
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the PSD GM model. The CRBs represent the lower bounds
that the mean square error (MSE) of unbiased estimators can
achieve. To our knowledge, no previous works have derived
the CRB expression for the PSD estimation in DLS. First, we
demonstrate the usefulness of multiangle DLS in decreasing
the CRBs. Then, the robustness of the proposed method [1]
is evaluated by comparing the MSE with the derived CRBs.

The paper is organized as follow. Section 2 gives a brief
description of the inversion method proposed in [1]. Section 3
details the derivation of the Fisher information matrix (FIM)
expressions and therefore those of the CRBs, from the log-
likelihood function. Results obtained from simulated data and
comparison of the MSE with the CRB are presented in section
4. Finally, conclusions are drawn in section 5.

2. PROPOSED BAYESIAN INVERSION METHOD

The proposed method in [1] is a multiangle DLS analysis.
The DLS measurements are acquired at different scatter-
ing angles {𝜃𝑟, 𝑟 = 1, . . . , 𝑅} with 𝑅 is the total num-
ber of scattering angles. For each angle 𝜃𝑟, the inten-
sity time ACF g(2)𝜃𝑟

(𝜏) is measured at discrete time delays
{𝜏𝑚, 𝑚 = 1, . . . ,𝑀𝑟} with 𝑀𝑟 is the total number of points.

An additive noise model is proposed to model the mea-
sured intensity time ACFs, g̃(2)

𝜃𝑟
(𝜏𝑚), as follow

g̃(2)𝜃1
(𝜏𝑚) = g(2)

𝜃1
(𝜏𝑚) + 𝑛1(𝑚), 𝑚 = 1, ⋅ ⋅ ⋅ ,𝑀1 ,

...

g̃(2)𝜃𝑟
(𝜏𝑚) = g(2)𝜃𝑟

(𝜏𝑚) + 𝑛𝑟(𝑚), 𝑚 = 1, ⋅ ⋅ ⋅ ,𝑀𝑟 ,
...

g̃(2)𝜃𝑅
(𝜏𝑚) = g(2)𝜃𝑅

(𝜏𝑚) + 𝑛𝑅(𝑚), 𝑚 = 1, ⋅ ⋅ ⋅ ,𝑀𝑅 ,

(3)

where g(2)
𝜃𝑟
(𝜏𝑚) is the noise-free ACF related to the PSD by

(1) and (2). The noise 𝑛𝑟(𝑚) is assumed to be independent
and normally distributed with zero mean and variance 𝜎2

𝑛,𝑟 at
the angle 𝜃𝑟. The PSD modelled by a GM model is expressed
as

𝑓(𝐷) =

𝑘∑
𝑖=1

𝑤𝑖√
2𝜋𝜎𝑖

exp

(
− (𝐷 − 𝜇𝑖)

2

2𝜎2
𝑖

)
, (4)

where 𝑘 is an unknown number of components and 𝑤𝑖, 𝜇𝑖

and 𝜎𝑖 are the weight, mean and standard deviation (STD)
of the 𝑖th normal component (mode), respectively. All these
parameters are to be estimated except 𝑤𝑘 that will take the
value (1−∑𝑘−1

𝑖=1 𝑤𝑖) since we have
∑𝑘

𝑖=1 𝑤𝑖 = 1.

For notation, we use: 𝒘 = [𝑤1, ⋅ ⋅ ⋅ , 𝑤𝑘−1]
𝑇 , 𝝁 =

[𝜇1, ⋅ ⋅ ⋅ , 𝜇𝑘]
𝑇 with 𝜇1 < ⋅ ⋅ ⋅ < 𝜇𝑘, 𝝈 = [𝜎1, ⋅ ⋅ ⋅ , 𝜎𝑘]

𝑇 ,

𝝈2
𝒏 =

[
𝜎2
𝑛,1, ⋅ ⋅ ⋅ , 𝜎2

𝑛,𝑅

]𝑇
and g̃(2) =

[
g̃
(2)𝑇

1 , . . . , g̃
(2)𝑇

𝑅

]𝑇
with g̃

(2)
𝑟 =

[
g̃(2)
𝜃𝑟
(𝜏1), . . . , g̃(2)

𝜃𝑟
(𝜏𝑀𝑟

)
]𝑇

. 𝑇 is the transpose
operator.

By assuming the independence between the angular mea-
surements and taking into account the assumption of indepen-
dent white Gaussian noise, the likelihood function is given by

𝑝
(
g̃(2)∣𝑘,𝒘,𝝁,𝝈,𝝈2

𝒏

)
=

𝑅∏
𝑟=1

(
2𝜋𝜎2

𝑛,𝑟

)−𝑀𝑟
2 exp

(
− 𝜒2

𝑟

2𝜎2
𝑛,𝑟

)
,

(5)
with

𝜒2
𝑟 =

𝑀𝑟∑
𝑚=1

(
g̃(2)𝜃𝑟

(𝜏𝑚)− g(2)
𝜃𝑟
(𝜏𝑚, 𝑘,𝒘,𝝁,𝝈)

)2

. (6)

The inference on the unknown parameters of interest (𝑘,
𝒘, 𝝁 and 𝝈) is performed based on their joint posterior distri-
bution that can be easily computed using the Bayes’ rule and
marginalized with respect to 𝝈2

𝒏, leading to

𝑝
(
𝑘,𝒘,𝝁,𝝈∣g̃(2)

)
∝

𝑅∏
𝑟=1

[
𝜒2
𝑟

]−𝑀𝑟
2

𝑘𝑚𝑎𝑥

𝑘∏
𝑖=1

[
𝜇𝑚𝑎𝑥 ln

(
𝜎𝑚𝑎𝑥

𝜎𝑚𝑖𝑛

)
𝜎𝑖

] , (7)

where 𝑘𝑚𝑎𝑥 is a specified maximum number of components,
𝜇𝑚𝑖𝑛 ≤ 𝜇𝑖 ≤ 𝜇𝑚𝑎𝑥 and 𝜎𝑚𝑖𝑛 ≤ 𝜎𝑖 ≤ 𝜎𝑚𝑎𝑥.

Since the derived posterior distribution (6) is known up
to a multiplicative constant and it is a function of parameters
with variable dimension spaces, a reversible jump MCMC al-
gorithm [1, 14] is used to sample this distribution. The used
prior distributions and the RJMCMC algorithm are detailed
in [1].

The parameters of the GM model of the PSD are estimated
from the generated samples using the maximum a posteriori
estimator for 𝑘, 𝑘 = argmax

𝑘
(𝑝(𝑘∣g̃(2))) and the posterior

expectation conditioned to 𝑘 = 𝑘 for the other parameters,
𝒘̂ = 𝐸[𝑝(𝒘∣𝑘 = 𝑘, g̃(2))], 𝝁̂ = 𝐸[𝑝(𝝁∣𝑘 = 𝑘, g̃(2))] and
𝝈̂ = 𝐸[𝑝(𝝈∣𝑘 = 𝑘, g̃(2))].

3. CRAMÉR-RAO BOUNDS

In this section, we derive the CRBs for the parameters esti-
mation of the PSD GM model with a fixed number of compo-
nents 𝑘. In this multivariate estimation problem, we first need
to calculate the FIM that will be inverted to get the CRBs.

Let 𝜶 = [𝑤1, . . . , 𝑤𝑘−1, 𝜇1, . . . , 𝜇𝑘, 𝜎1, . . . , 𝜎𝑘]
𝑇 de-

notes the vector of the PSD GM model parameters and

Θ =
[
𝜶𝑇 ,𝝈2

𝒏

𝑇
]𝑇

denotes the vector of all parameters.

The FIM, ℐ, associated with this estimation problem is a
(3𝑘−1+𝑅)× (3𝑘−1+𝑅) matrix with elements given by [15]

ℐ𝑖,𝑗 = −𝐸

[
∂2ℓ

(
g̃(2);Θ

)
∂Θ𝑖∂Θ𝑗

]
(8)
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where 𝐸[ ⋅ ] is the expectation operator and ℓ
(
g̃(2);Θ

)
is the

log-likelihood function given from (5) by

ℓ
(
g̃(2);Θ

)
= −

𝑅∑
𝑟=1

𝑀𝑟

2
log

(
2𝜋𝜎2

𝑛,𝑟

)

−
𝑅∑

𝑟=1

1

2𝜎2
𝑛,𝑟

𝑀𝑟∑
𝑚=1

(
g̃(2)𝜃𝑟

(𝜏𝑚)− g(2)
𝜃𝑟
(𝜏𝑚,𝜶)

)2

, (9)

The first partial derivatives are expressed as

∂ℓ
(
g̃(2);Θ

)
∂𝛼𝑖

=

𝑅∑
𝑟=1

1

𝜎2
𝑛,𝑟

𝑀𝑟∑
𝑚=1

[
∂g(2)

𝜃𝑟
(𝜏𝑚,𝜶)

∂𝛼𝑖

×
(

g̃(2)
𝜃𝑟
(𝜏𝑚)− g(2)𝜃𝑟

(𝜏𝑚,𝜶)
)
], (10)

∂ℓ
(
g̃(2);Θ

)
∂(𝜎2

𝑛,𝑟)
=

−𝑀𝑟

2𝜎2
𝑛,𝑟

+
1

2𝜎4
𝑛,𝑟

𝑀𝑟∑
𝑚=1

(̃
g(2)
𝜃𝑟
(𝜏𝑚)− g(2)

𝜃𝑟
(𝜏𝑚,𝜶)

)2

,

(11)
for 𝑖 = 1, . . . , 3𝑘 − 1 and 𝑟 = 1, . . . , 𝑅.

Note that from the noise assumptions (zero mean and vari-
ance 𝜎2

𝑛,𝑟) we have

𝐸
[
g̃(2)𝜃𝑟

(𝜏𝑚)− g(2)
𝜃𝑟
(𝜏𝑚,𝜶)

]
= 0, (12)

𝐸

[(
g̃(2)𝜃𝑟

(𝜏𝑚)− g(2)
𝜃𝑟
(𝜏𝑚,𝜶)

)2
]
= 𝜎2

𝑛,𝑟. (13)

The regularity condition is verified for all parameters

since 𝐸

[
∂ℓ(g̃(2);Θ)

∂𝛼𝑖

]
= 0 and 𝐸

[
∂ℓ(g̃(2);Θ)
∂(𝜎2

𝑛,𝑟)

]
= 0.

The second partial derivatives are expressed as

∂2ℓ
(
g̃(2);Θ

)
∂𝛼𝑖∂𝛼𝑗

=

𝑅∑
𝑟=1

−1
𝜎2
𝑛,𝑟

𝑀𝑟∑
𝑚=1

[
∂g(2)

𝜃𝑟
(𝜏𝑚,𝜶)

∂𝛼𝑖

∂g(2)
𝜃𝑟
(𝜏𝑚,𝜶)

∂𝛼𝑗

− ∂2g(2)
𝜃𝑟
(𝜏𝑚,𝜶)

∂𝛼𝑖∂𝛼𝑗

(
g̃(2)
𝜃𝑟
(𝜏𝑚)− g(2)𝜃𝑟

(𝜏𝑚,𝜶)
)
], (14)

∂2ℓ
(
g̃(2);Θ

)
∂𝛼𝑖∂(𝜎2

𝑛,𝑟)
=

−1
𝜎4
𝑛,𝑟

𝑀𝑟∑
𝑚=1

[
∂g(2)

𝜃𝑟
(𝜏𝑚,𝜶)

∂𝛼𝑖

×
(

g̃(2)
𝜃𝑟
(𝜏𝑚)− g(2)𝜃𝑟

(𝜏𝑚,𝜶)
)
], (15)

∂2ℓ
(
g̃(2);Θ

)
∂(𝜎2

𝑛,𝑟)
2

=
𝑀𝑟

2𝜎4
𝑛,𝑟

− 1

𝜎6
𝑛,𝑟

𝑀𝑟∑
𝑚=1

(̃
g(2)𝜃𝑟

(𝜏𝑚)− g(2)
𝜃𝑟
(𝜏𝑚,𝜶)

)2

,

(16)
∂2ℓ

(
g̃(2);Θ

)
∂(𝜎2

𝑛,𝑟1)∂(𝜎
2
𝑛,𝑟2)

= 0, (17)

for 𝑖, 𝑗 = 1, . . . , 3𝑘−1 and 𝑟, 𝑟1, 𝑟2 = 1, . . . , 𝑅 with 𝑟1 ∕= 𝑟2.

Finally, the resulting expressions of the FIM elements are
given by

ℐ𝛼𝑖,𝛼𝑗
=

𝑅∑
𝑟=1

1

𝜎2
𝑛,𝑟

𝑀𝑟∑
𝑚=1

∂g(2)
𝜃𝑟
(𝜏𝑚,𝜶)

∂𝛼𝑖

∂g(2)𝜃𝑟
(𝜏𝑚,𝜶)

∂𝛼𝑗
, (18)

ℐ𝛼𝑖,𝜎2
𝑛,𝑟

= 0, (19)

ℐ𝜎2
𝑛,𝑟,𝜎

2
𝑛,𝑟

=
𝑀𝑟

2𝜎4
𝑛,𝑟

, (20)

ℐ𝜎2
𝑛,𝑟1

,𝜎2
𝑛,𝑟2

= 0, (21)

for 𝑖, 𝑗 = 1, . . . , 3𝑘−1 and 𝑟, 𝑟1, 𝑟2 = 1, . . . , 𝑅 with 𝑟1 ∕= 𝑟2.

The expression of
∂g(2)𝜃𝑟

(𝜏𝑚,𝜶)

∂𝛼𝑖
is given in appendix A.

Since the elements ℐ𝛼𝑖,𝜎2
𝑛,𝑟

and ℐ𝜎2
𝑛,𝑟1

,𝜎2
𝑛,𝑟2

of the FIM
are zero, we can consider only the block of elements ℐ𝛼𝑖,𝛼𝑗

in the FIM inversion. The Cramér-Rao Bounds of the PSD
GM model parameters, 𝛼𝑖, are given by the formula

CRB(𝛼𝑖) = ℐ−1
𝛼𝑖,𝛼𝑖

. (22)

Note that it is hard to get the analytical expressions of
the CRBs from the derived FIM. In this case, the integrals

computation to calculate
∂g(2)𝜃𝑟

(𝜏𝑚,𝜶)

∂𝛼𝑖
(see (25) in appendix A)

and the FIM inversion should be done numerically.
As it is known, if 𝛼̂𝑖 is any unbiased estimator of the pa-

rameter 𝛼𝑖, CRB(𝛼𝑖) is the lower bound to the mean square
error (MSE) of this estimator and we have

MSE(𝛼̂𝑖) ≥ CRB(𝛼𝑖), (23)

where the mean square error is defined as

MSE(𝛼̂𝑖) = 𝐸[(𝛼̂𝑖 − 𝛼𝑖)
2]. (24)

4. RESULTS AND DISCUSSION

In this section, obtained results with simulated MDLS data
are presented. For sake of space, only results for monomodal
PSD will be presented. The considered PSD is a Gaussian dis-
tribution with a mean 𝜇 = 500 nm and an STD 𝜎 = 10 nm.

MDLS data were simulated by considering latex particles
with refractive index 1.59, dispersed in pure water (refrac-
tive index 1.33 and viscosity 𝜂 = 0.89 mPa.s). The con-
sidered laser light is vertically-polarized with a wavelength
𝜆0 = 638 nm. The temperature is fixed at 298.15 K. For
each angle, the simulated intensity ACF were computed for
160 points of 𝜏 logarithmically spaced between 1 µs and 0.7 s.

First, we illustrate the usefulness of multiangle DLS in
decreasing the CRBs. Figure 1 shows the comparison of the
CRBs for different sets of angles {𝜃𝑟, 𝑟 = 1, . . . , 𝑅}: 1 angle
(90∘), 2 angles (60∘, 90∘) and 7 angles (60∘:10∘:120∘). Fig-
ure 1(a) shows the CRB of the PSD mean estimation while
Figure 1(b) shows that of the PSD STD estimation. The CRBs
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(a) CRB of the PSD mean 𝜇
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(b) CRB of the PSD STD 𝜎

Fig. 1. Comparison of the CRBs for the estimation of a
monomodal PSD (𝜇 = 500 nm, 𝜎 = 10 nm) from MDLS
data with different sets of angles: 1 angle (90∘), 2 angles (60∘,
90∘) and 7 angles (60∘:10∘:120∘).

are determined for different values of the noise standard devi-
ation, 𝜎𝑛,𝑟. For sake of simplicity, the data for all the angles
in each set were supposed to have the same 𝜎𝑛,𝑟 = 𝜎𝑛. For
single-angle DLS, the results show that the lower bounds are
relatively high. The results show also that multiangle DLS
significantly decreases the lower bounds. For MDLS with
only two angles, the CRBs are decreased by a factor ∼ 10−4

and they can be decreased more by increasing the measure-
ments angles. Decreasing the CRBs by multiangle DLS has
been also noticed for multimodal PSDs.

Note that for multimodal PSDs, processing DLS data
from only two angles may not be sufficient for reducing sig-
nificantly the CRBs. The authors of [12] have suggested to
choose at least 5 angles from as wide a range of angles as
possible. This is why the set of scattering angles will be fixed
hereafter to 7 angles between 60∘ and 120∘ with a step of
10∘.

To statistically assess the robustness of the proposed
Bayesian method (RJMCMC) in [1], the performance of the
PSD GM model parameters estimation are evaluated through
simulated data. First, the noise-free time ACFs g(2)𝜃𝑟

(𝜏𝑚)
were simulated from the corresponding PSD using (1) and
(2). Then, the noisy time ACFs g̃(2)

𝜃𝑟
(𝜏𝑗) were simulated

by adding a noise with the same standard deviation, 𝜎𝑛,
for all the scattering angles as in (3). The RJMCMC algo-
rithm has been run with the following settings, 𝑘𝑚𝑎𝑥 = 5,
𝜇𝑚𝑎𝑥 = 2000 nm, 𝜎𝑚𝑖𝑛 = 0.2 nm and 𝜎𝑚𝑎𝑥 = 200 nm.
The parameter estimates are extracted from 200000 sweeps
after a burn-in period of 50000 sweeps.

The performance indexes (Bias and MSE) of the PSD
mean and standard deviation estimates by the RJMCMC were
computed using 500 Monte Carlo simulations of noise for
different values of 𝜎𝑛. The obtained results are reported in
Figure 2. Figure 2(a) shows the relative absolute bias of the
PSD mean estimator, 100∣𝐸[𝜇̂]−𝜇∣

𝜇 . As one can notice, the PSD
mean estimator is unbiased since the bias is almost zero. Fig-
ure 2(b) displays the comparison between the CRB and the
MSE of the PSD mean estimator. The results show that the
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Fig. 2. Performances of the PSD estimation with the RJM-
CMC [1] for a simulated monomodal PSD (𝜇 = 500 nm,
𝜎 = 10 nm) from MDLS data with a set of 7 angles
(60∘:10∘:120∘).

MSE of the PSD mean estimator reaches the CRB.
The relative absolute bias of the PSD standard deviation

(STD) estimator, 100∣𝐸[𝜎̂]−𝜎∣
𝜎 , is shown in Figure 2(c). The

PSD STD estimator is unbiased for 𝜎𝑛 ≤ 10−3. For 𝜎𝑛 >
10−3, the bias increases with increasing 𝜎𝑛. The comparison
between the CRB and the MSE of the PSD STD estimator is
shown in Figure 2(d). For 𝜎𝑛 ≤ 10−3 where the estimator
is unbiased, the MSE is very close to the CRB with a small
difference of 0.6 dB.

The reconstructed PSDs using (4) with the estimated pa-
rameters for different values of 𝜎𝑛 are shown in Figure 2(e)
and compared to the true PSD. For 𝜎𝑛 ≤ 10−3, the estimated
PSD is close to the true PSD. For 𝜎𝑛 > 10−3, the estimated
PSD becomes narrower with increasing 𝜎𝑛.

To sum up, the PSD mean estimator using the proposed
method [1] achieves the CRB for the monomodal PSD. More-
over, the MSE of the PSD STD estimator achieves the CRB
when its bias reaches zero. This illustrates the robustness of
the proposed method.
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5. CONCLUSION

The Cramér-Rao lower Bounds for parametric estimation of
the number-weighted particle size distribution with a Gaus-
sian mixture model from multiangle dynamic light scattering
measurements is derived. It is shown that multiangle DLS
significantly decreases the CRBs. The analysis of simulated
monomodal PSD data using the Bayesian inference method
proposed in [1] was presented. The results have shown that
the MSE of the PSD GM model parameter estimates achieves
the derived CRBs of these parameters. Results on the CRBs
for multimodal PSDs will be presented in future work.

A. APPENDIX

The partial derivative of g(2)𝜃𝑟
(𝜏𝑚,𝜶) with respect to 𝛼𝑖 in the

FIM expression (18) can be derived from (1) and (2):

∂g(2)𝜃𝑟
(𝜏𝑚,𝜶)

∂𝛼𝑖
=

2𝛽

𝑘3𝜃𝑟

∫ ∞

0

𝑓(𝐷)𝐶𝐼(𝜃,𝐷) exp(−Γ0(𝜃)

𝐷
𝜏)d𝐷

× [𝑘𝜃𝑟

∫ ∞

0

∂𝑓(𝐷,𝜶)

∂𝛼𝑖
𝐶𝐼(𝜃,𝐷) exp(−Γ0(𝜃)

𝐷
𝜏)d𝐷

− ∂𝑘𝜃𝑟
∂𝛼𝑖

∫ ∞

0

𝑓(𝐷)𝐶𝐼(𝜃,𝐷) exp(−Γ0(𝜃)

𝐷
𝜏)d𝐷], (25)

where

∂𝑘𝜃𝑟
∂𝛼𝑖

=

∫ ∞

0

∂𝑓(𝐷,𝜶)

∂𝛼𝑖
𝐶𝐼(𝜃𝑟, 𝐷)d𝐷. (26)

From (4) and by changing 𝛼𝑖 by 𝑤𝑖, 𝜇𝑖 or 𝜎𝑖, we have

∂𝑓(𝐷,𝜶)

∂𝑤𝑖
=

1√
2𝜋𝜎𝑖

exp

(
− (𝐷 − 𝜇𝑖)

2

2𝜎2
𝑖

)

− 1√
2𝜋𝜎𝑘

exp

(
− (𝐷 − 𝜇𝑘)

2

2𝜎2
𝑘

)
, (27)

for 𝑖 = 1, . . . , 𝑘 − 1 , and

∂𝑓(𝐷,𝜶)

∂𝜇𝑖
=

𝑤𝑖√
2𝜋𝜎3

𝑖

(𝐷 − 𝜇𝑖) exp

(
− (𝐷 − 𝜇𝑖)

2

2𝜎2
𝑖

)
, (28)

∂𝑓(𝐷,𝜶)

∂𝜎𝑖
=

𝑤𝑖√
2𝜋𝜎2

𝑖

(
−1+ (𝐷 − 𝜇𝑖)

2

𝜎2
𝑖

)
exp

(
− (𝐷 − 𝜇𝑖)

2

2𝜎2
𝑖

)
,

(29)
for 𝑖 = 1, . . . , 𝑘.

REFERENCES

[1] A. Boualem, M. Jabloun, P. Ravier, M. Naiim, and
A. Jalocha, “A reversible jump MCMC algorithm for
Particle Size inversion in Multiangle Dynamic Light
Scattering,” in Signal Processing Conference (EU-
SIPCO), Proceedings of the 22nd European, Sept 2014,
pp. 1327–1331.

[2] International Standard ISO22412, “Particle size analy-
sis - dynamic light scattering (DLS),” 2008.

[3] R. Xu, Particle Characterization: Light Scattering
Methods, Particle Technology Series. Springer, 2000.

[4] J. R. Vega, L. M. Gugliotta, V. D. G. Gonzalez, and
G. R. Meira, “Latex particle size distribution by dy-
namic light scattering: novel data processing for multi-
angle measurements,” Journal of Colloid and Interface
Science, vol. 261, no. 1, pp. 74–81, 2003.

[5] C. F. Bohren and D. R. Huffman, Absorption and scat-
tering of light by small particles, Wiley science paper-
back series. Wiley, 1983.

[6] D. E. Koppel, “Analysis of Macromolecular Polydisper-
sity in Intensity Correlation Spectroscopy: The Method
of Cumulants,” The Journal of Chemichal Physics, vol.
57, no. 11, pp. 4814–4820, 1972.

[7] S. W. Provencher, “A constrained regularization method
for inverting data represented by linear algebraic or in-
tegral equations,” Computer Physcis Communications,
vol. 27, pp. 213–227, 1982.

[8] I. D. Morrison, E. F. Grabowski, and C. A. Herb, “Im-
proved techniques for particle size determination by
quasi-elastic light scattering,” Langmuir, vol. 1, no. 4,
pp. 496–501, 1985.

[9] S. L. Nyeo and B. Chu, “Maximum-entropy analy-
sis of photon correlation spectroscopy data,” Macro-
molecules, vol. 22, no. 10, pp. 3998–4009, 1989.

[10] M. Iqbal, “On photon correlation measurements of
colloidal size distributions using Bayesian strategies,”
Journal of Computational and Applied Mathematics,
vol. 126, pp. 77–89, 2000.

[11] P. G. Cummins and E. J. Staples, “Particle size distribu-
tions determined by a ”multiangle” analysis of photon
correlation spectroscopy data,” Langmuir, vol. 3, no. 6,
pp. 1109–1113, 1987.

[12] G. Bryant and J. C. Thomas, “Improved Particle Size
Distribution Measurements Using Multiangle Dynamic
Light Scattering,” Langmuir, vol. 11, no. 7, pp. 2480–
2485, 1995.

[13] A. Boualem, M. Jabloun, P. Ravier, M. Naiim, and
A. Jalocha, “An improved Bayesian inversion method
for the estimation of multimodal particle size distribu-
tions using multiangle Dynamic Light Scattering mea-
surements,” in Statistical Signal Processing (SSP),
IEEE Workshop on, June 2014, pp. 360–363.

[14] P. J. Green, “Reversible jump Markov chain Monte
Carlo computation and Bayesian model determination,”
Biometrika, vol. 82, no. 4, pp. 711–732, 1995.

[15] H. L. Van Trees, Detection, estimation, and modulation
theory, New York: Wiley, 1968.

23rd European Signal Processing Conference (EUSIPCO)

2270



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AbadiMT-CondensedLight
    /ACaslon-Italic
    /ACaslon-Regular
    /ACaslon-Semibold
    /ACaslon-SemiboldItalic
    /AdobeArabic-Bold
    /AdobeArabic-BoldItalic
    /AdobeArabic-Italic
    /AdobeArabic-Regular
    /AdobeHebrew-Bold
    /AdobeHebrew-BoldItalic
    /AdobeHebrew-Italic
    /AdobeHebrew-Regular
    /AdobeHeitiStd-Regular
    /AdobeMingStd-Light
    /AdobeMyungjoStd-Medium
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AdobeSongStd-Light
    /AdobeThai-Bold
    /AdobeThai-BoldItalic
    /AdobeThai-Italic
    /AdobeThai-Regular
    /AGaramond-Bold
    /AGaramond-BoldItalic
    /AGaramond-Italic
    /AGaramond-Regular
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /AgencyFB-Bold
    /AgencyFB-Reg
    /AGOldFace-Outline
    /AharoniBold
    /Algerian
    /Americana
    /Americana-ExtraBold
    /AndaleMono
    /AndaleMonoIPA
    /AngsanaNew
    /AngsanaNew-Bold
    /AngsanaNew-BoldItalic
    /AngsanaNew-Italic
    /AngsanaUPC
    /AngsanaUPC-Bold
    /AngsanaUPC-BoldItalic
    /AngsanaUPC-Italic
    /Anna
    /ArialAlternative
    /ArialAlternativeSymbol
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialMT-Black
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /ArrusBT-Bold
    /ArrusBT-BoldItalic
    /ArrusBT-Italic
    /ArrusBT-Roman
    /AvantGarde-Book
    /AvantGarde-BookOblique
    /AvantGarde-Demi
    /AvantGarde-DemiOblique
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /BakerSignet
    /BankGothicBT-Medium
    /Barmeno-Bold
    /Barmeno-ExtraBold
    /Barmeno-Medium
    /Barmeno-Regular
    /Baskerville
    /BaskervilleBE-Italic
    /BaskervilleBE-Medium
    /BaskervilleBE-MediumItalic
    /BaskervilleBE-Regular
    /Baskerville-Bold
    /Baskerville-BoldItalic
    /Baskerville-Italic
    /BaskOldFace
    /Batang
    /BatangChe
    /Bauhaus93
    /Bellevue
    /BellGothicStd-Black
    /BellGothicStd-Bold
    /BellGothicStd-Light
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlingAntiqua-Bold
    /BerlingAntiqua-BoldItalic
    /BerlingAntiqua-Italic
    /BerlingAntiqua-Roman
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /BiffoMT
    /BinnerD
    /BinnerGothic
    /BlackadderITC-Regular
    /Blackoak
    /blex
    /blsy
    /Bodoni
    /Bodoni-Bold
    /Bodoni-BoldItalic
    /Bodoni-Italic
    /BodoniMT
    /BodoniMTBlack
    /BodoniMTBlack-Italic
    /BodoniMT-Bold
    /BodoniMT-BoldItalic
    /BodoniMTCondensed
    /BodoniMTCondensed-Bold
    /BodoniMTCondensed-BoldItalic
    /BodoniMTCondensed-Italic
    /BodoniMT-Italic
    /BodoniMTPosterCompressed
    /Bodoni-Poster
    /Bodoni-PosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /Bookman-Demi
    /Bookman-DemiItalic
    /Bookman-Light
    /Bookman-LightItalic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolSeven
    /BookshelfSymbolThree-Regular
    /BookshelfSymbolTwo-Regular
    /Botanical
    /Boton-Italic
    /Boton-Medium
    /Boton-MediumItalic
    /Boton-Regular
    /Boulevard
    /BradleyHandITC
    /Braggadocio
    /BritannicBold
    /Broadway
    /BrowalliaNew
    /BrowalliaNew-Bold
    /BrowalliaNew-BoldItalic
    /BrowalliaNew-Italic
    /BrowalliaUPC
    /BrowalliaUPC-Bold
    /BrowalliaUPC-BoldItalic
    /BrowalliaUPC-Italic
    /BrushScript
    /BrushScriptMT
    /CaflischScript-Bold
    /CaflischScript-Regular
    /Calibri
    /Calibri-Bold
    /Calibri-BoldItalic
    /Calibri-Italic
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Cambria
    /Cambria-Bold
    /Cambria-BoldItalic
    /Cambria-Italic
    /CambriaMath
    /Candara
    /Candara-Bold
    /Candara-BoldItalic
    /Candara-Italic
    /Carta
    /CaslonOpenfaceBT-Regular
    /Castellar
    /CastellarMT
    /Centaur
    /Centaur-Italic
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchL-Bold
    /CenturySchL-BoldItal
    /CenturySchL-Ital
    /CenturySchL-Roma
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /CGTimes-Bold
    /CGTimes-BoldItalic
    /CGTimes-Italic
    /CGTimes-Regular
    /CharterBT-Bold
    /CharterBT-BoldItalic
    /CharterBT-Italic
    /CharterBT-Roman
    /CheltenhamITCbyBT-Bold
    /CheltenhamITCbyBT-BoldItalic
    /CheltenhamITCbyBT-Book
    /CheltenhamITCbyBT-BookItalic
    /Chiller-Regular
    /Cmb10
    /CMB10
    /Cmbsy10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /Cmbx10
    /CMBX10
    /Cmbx12
    /CMBX12
    /Cmbx5
    /CMBX5
    /Cmbx6
    /CMBX6
    /Cmbx7
    /CMBX7
    /Cmbx8
    /CMBX8
    /Cmbx9
    /CMBX9
    /Cmbxsl10
    /CMBXSL10
    /Cmbxti10
    /CMBXTI10
    /Cmcsc10
    /CMCSC10
    /Cmcsc8
    /CMCSC8
    /Cmcsc9
    /CMCSC9
    /Cmdunh10
    /CMDUNH10
    /Cmex10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /Cmff10
    /CMFF10
    /Cmfi10
    /CMFI10
    /Cmfib8
    /CMFIB8
    /Cminch
    /CMINCH
    /Cmitt10
    /CMITT10
    /Cmmi10
    /CMMI10
    /Cmmi12
    /CMMI12
    /Cmmi5
    /CMMI5
    /Cmmi6
    /CMMI6
    /Cmmi7
    /CMMI7
    /Cmmi8
    /CMMI8
    /Cmmi9
    /CMMI9
    /Cmmib10
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /Cmr10
    /CMR10
    /Cmr12
    /CMR12
    /Cmr17
    /CMR17
    /Cmr5
    /CMR5
    /Cmr6
    /CMR6
    /Cmr7
    /CMR7
    /Cmr8
    /CMR8
    /Cmr9
    /CMR9
    /Cmsl10
    /CMSL10
    /Cmsl12
    /CMSL12
    /Cmsl8
    /CMSL8
    /Cmsl9
    /CMSL9
    /Cmsltt10
    /CMSLTT10
    /Cmss10
    /CMSS10
    /Cmss12
    /CMSS12
    /Cmss17
    /CMSS17
    /Cmss8
    /CMSS8
    /Cmss9
    /CMSS9
    /Cmssbx10
    /CMSSBX10
    /Cmssdc10
    /CMSSDC10
    /Cmssi10
    /CMSSI10
    /Cmssi12
    /CMSSI12
    /Cmssi17
    /CMSSI17
    /Cmssi8
    /CMSSI8
    /Cmssi9
    /CMSSI9
    /Cmssq8
    /CMSSQ8
    /Cmssqi8
    /CMSSQI8
    /Cmsy10
    /CMSY10
    /Cmsy5
    /CMSY5
    /Cmsy6
    /CMSY6
    /Cmsy7
    /CMSY7
    /Cmsy8
    /CMSY8
    /Cmsy9
    /CMSY9
    /Cmtcsc10
    /CMTCSC10
    /Cmtex10
    /CMTEX10
    /Cmtex8
    /CMTEX8
    /Cmtex9
    /CMTEX9
    /Cmti10
    /CMTI10
    /Cmti12
    /CMTI12
    /Cmti7
    /CMTI7
    /Cmti8
    /CMTI8
    /Cmti9
    /CMTI9
    /Cmtt10
    /CMTT10
    /Cmtt12
    /CMTT12
    /Cmtt8
    /CMTT8
    /Cmtt9
    /CMTT9
    /Cmu10
    /CMU10
    /Cmvtt10
    /CMVTT10
    /ColonnaMT
    /Colossalis-Bold
    /ComicSansMS
    /ComicSansMS-Bold
    /Consolas
    /Consolas-Bold
    /Consolas-BoldItalic
    /Consolas-Italic
    /Constantia
    /Constantia-Bold
    /Constantia-BoldItalic
    /Constantia-Italic
    /CooperBlack
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /Copperplate-ThirtyThreeBC
    /Corbel
    /Corbel-Bold
    /Corbel-BoldItalic
    /Corbel-Italic
    /CordiaNew
    /CordiaNew-Bold
    /CordiaNew-BoldItalic
    /CordiaNew-Italic
    /CordiaUPC
    /CordiaUPC-Bold
    /CordiaUPC-BoldItalic
    /CordiaUPC-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /CourierX-Bold
    /CourierX-BoldOblique
    /CourierX-Oblique
    /CourierX-Regular
    /CreepyRegular
    /CurlzMT
    /David-Bold
    /David-Reg
    /DavidTransparent
    /Dcb10
    /Dcbx10
    /Dcbxsl10
    /Dcbxti10
    /Dccsc10
    /Dcitt10
    /Dcr10
    /Desdemona
    /DilleniaUPC
    /DilleniaUPCBold
    /DilleniaUPCBoldItalic
    /DilleniaUPCItalic
    /Dingbats
    /DomCasual
    /Dotum
    /DotumChe
    /EdwardianScriptITC
    /Elephant-Italic
    /Elephant-Regular
    /EngraversGothicBT-Regular
    /EngraversMT
    /EraserDust
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /ErieBlackPSMT
    /ErieLightPSMT
    /EriePSMT
    /EstrangeloEdessa
    /Euclid
    /Euclid-Bold
    /Euclid-BoldItalic
    /EuclidExtra
    /EuclidExtra-Bold
    /EuclidFraktur
    /EuclidFraktur-Bold
    /Euclid-Italic
    /EuclidMathOne
    /EuclidMathOne-Bold
    /EuclidMathTwo
    /EuclidMathTwo-Bold
    /EuclidSymbol
    /EuclidSymbol-Bold
    /EuclidSymbol-BoldItalic
    /EuclidSymbol-Italic
    /EucrosiaUPC
    /EucrosiaUPCBold
    /EucrosiaUPCBoldItalic
    /EucrosiaUPCItalic
    /EUEX10
    /EUEX7
    /EUEX8
    /EUEX9
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EuroSig
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /FelixTitlingMT
    /Fences
    /FencesPlain
    /FigaroMT
    /FixedMiriamTransparent
    /FootlightMTLight
    /Formata-Italic
    /Formata-Medium
    /Formata-MediumItalic
    /Formata-Regular
    /ForteMT
    /FranklinGothic-Book
    /FranklinGothic-BookItalic
    /FranklinGothic-Demi
    /FranklinGothic-DemiCond
    /FranklinGothic-DemiItalic
    /FranklinGothic-Heavy
    /FranklinGothic-HeavyItalic
    /FranklinGothicITCbyBT-Book
    /FranklinGothicITCbyBT-BookItal
    /FranklinGothicITCbyBT-Demi
    /FranklinGothicITCbyBT-DemiItal
    /FranklinGothic-Medium
    /FranklinGothic-MediumCond
    /FranklinGothic-MediumItalic
    /FrankRuehl
    /FreesiaUPC
    /FreesiaUPCBold
    /FreesiaUPCBoldItalic
    /FreesiaUPCItalic
    /FreestyleScript-Regular
    /FrenchScriptMT
    /Frutiger-Black
    /Frutiger-BlackCn
    /Frutiger-BlackItalic
    /Frutiger-Bold
    /Frutiger-BoldCn
    /Frutiger-BoldItalic
    /Frutiger-Cn
    /Frutiger-ExtraBlackCn
    /Frutiger-Italic
    /Frutiger-Light
    /Frutiger-LightCn
    /Frutiger-LightItalic
    /Frutiger-Roman
    /Frutiger-UltraBlack
    /Futura-Bold
    /Futura-BoldOblique
    /Futura-Book
    /Futura-BookOblique
    /FuturaBT-Bold
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-Medium
    /FuturaBT-MediumItalic
    /Futura-Light
    /Futura-LightOblique
    /GalliardITCbyBT-Bold
    /GalliardITCbyBT-BoldItalic
    /GalliardITCbyBT-Italic
    /GalliardITCbyBT-Roman
    /Garamond
    /Garamond-Bold
    /Garamond-BoldCondensed
    /Garamond-BoldCondensedItalic
    /Garamond-BoldItalic
    /Garamond-BookCondensed
    /Garamond-BookCondensedItalic
    /Garamond-Italic
    /Garamond-LightCondensed
    /Garamond-LightCondensedItalic
    /Gautami
    /GeometricSlab703BT-Light
    /GeometricSlab703BT-LightItalic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /GeorgiaRef
    /Giddyup
    /Giddyup-Thangs
    /Gigi-Regular
    /GillSans
    /GillSans-Bold
    /GillSans-BoldItalic
    /GillSans-Condensed
    /GillSans-CondensedBold
    /GillSans-Italic
    /GillSans-Light
    /GillSans-LightItalic
    /GillSansMT
    /GillSansMT-Bold
    /GillSansMT-BoldItalic
    /GillSansMT-Condensed
    /GillSansMT-ExtraCondensedBold
    /GillSansMT-Italic
    /GillSans-UltraBold
    /GillSans-UltraBoldCondensed
    /GloucesterMT-ExtraCondensed
    /Gothic-Thirteen
    /GoudyOldStyleBT-Bold
    /GoudyOldStyleBT-BoldItalic
    /GoudyOldStyleBT-Italic
    /GoudyOldStyleBT-Roman
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /GoudyStout
    /GoudyTextMT-LombardicCapitals
    /GSIDefaultSymbols
    /Gulim
    /GulimChe
    /Gungsuh
    /GungsuhChe
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /Helvetica
    /Helvetica-Black
    /Helvetica-BlackOblique
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Condensed
    /Helvetica-Condensed-Black
    /Helvetica-Condensed-BlackObl
    /Helvetica-Condensed-Bold
    /Helvetica-Condensed-BoldObl
    /Helvetica-Condensed-Light
    /Helvetica-Condensed-LightObl
    /Helvetica-Condensed-Oblique
    /Helvetica-Fraction
    /Helvetica-Narrow
    /Helvetica-Narrow-Bold
    /Helvetica-Narrow-BoldOblique
    /Helvetica-Narrow-Oblique
    /Helvetica-Oblique
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Humanist521BT-BoldCondensed
    /Humanist521BT-Light
    /Humanist521BT-LightItalic
    /Humanist521BT-RomanCondensed
    /Imago-ExtraBold
    /Impact
    /ImprintMT-Shadow
    /InformalRoman-Regular
    /IrisUPC
    /IrisUPCBold
    /IrisUPCBoldItalic
    /IrisUPCItalic
    /Ironwood
    /ItcEras-Medium
    /ItcKabel-Bold
    /ItcKabel-Book
    /ItcKabel-Demi
    /ItcKabel-Medium
    /ItcKabel-Ultra
    /JasmineUPC
    /JasmineUPC-Bold
    /JasmineUPC-BoldItalic
    /JasmineUPC-Italic
    /JoannaMT
    /JoannaMT-Italic
    /Jokerman-Regular
    /JuiceITC-Regular
    /Kartika
    /Kaufmann
    /KaufmannBT-Bold
    /KaufmannBT-Regular
    /KidTYPEPaint
    /KinoMT
    /KodchiangUPC
    /KodchiangUPC-Bold
    /KodchiangUPC-BoldItalic
    /KodchiangUPC-Italic
    /KorinnaITCbyBT-Regular
    /KozGoProVI-Medium
    /KozMinProVI-Regular
    /KristenITC-Regular
    /KunstlerScript
    /Latha
    /LatinWide
    /LetterGothic
    /LetterGothic-Bold
    /LetterGothic-BoldOblique
    /LetterGothic-BoldSlanted
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LetterGothic-Slanted
    /LetterGothicStd
    /LetterGothicStd-Bold
    /LetterGothicStd-BoldSlanted
    /LetterGothicStd-Slanted
    /LevenimMT
    /LevenimMTBold
    /LilyUPC
    /LilyUPCBold
    /LilyUPCBoldItalic
    /LilyUPCItalic
    /Lithos-Black
    /Lithos-Regular
    /LotusWPBox-Roman
    /LotusWPIcon-Roman
    /LotusWPIntA-Roman
    /LotusWPIntB-Roman
    /LotusWPType-Roman
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /LucidaSansUnicode
    /Lydian
    /Magneto-Bold
    /MaiandraGD-Regular
    /Mangal-Regular
    /Map-Symbols
    /MathA
    /MathB
    /MathC
    /Mathematica1
    /Mathematica1-Bold
    /Mathematica1Mono
    /Mathematica1Mono-Bold
    /Mathematica2
    /Mathematica2-Bold
    /Mathematica2Mono
    /Mathematica2Mono-Bold
    /Mathematica3
    /Mathematica3-Bold
    /Mathematica3Mono
    /Mathematica3Mono-Bold
    /Mathematica4
    /Mathematica4-Bold
    /Mathematica4Mono
    /Mathematica4Mono-Bold
    /Mathematica5
    /Mathematica5-Bold
    /Mathematica5Mono
    /Mathematica5Mono-Bold
    /Mathematica6
    /Mathematica6Bold
    /Mathematica6Mono
    /Mathematica6MonoBold
    /Mathematica7
    /Mathematica7Bold
    /Mathematica7Mono
    /Mathematica7MonoBold
    /MatisseITC-Regular
    /MaturaMTScriptCapitals
    /Mesquite
    /Mezz-Black
    /Mezz-Regular
    /MICR
    /MicrosoftSansSerif
    /MingLiU
    /Minion-BoldCondensed
    /Minion-BoldCondensedItalic
    /Minion-Condensed
    /Minion-CondensedItalic
    /Minion-Ornaments
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MinionPro-Semibold
    /MinionPro-SemiboldIt
    /Miriam
    /MiriamFixed
    /MiriamTransparent
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MonotypeSorts
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MS-Gothic
    /MSHei
    /MSLineDrawPSMT
    /MS-Mincho
    /MSOutlook
    /MS-PGothic
    /MS-PMincho
    /MSReference1
    /MSReference2
    /MSReferenceSansSerif
    /MSReferenceSansSerif-Bold
    /MSReferenceSansSerif-BoldItalic
    /MSReferenceSansSerif-Italic
    /MSReferenceSerif
    /MSReferenceSerif-Bold
    /MSReferenceSerif-BoldItalic
    /MSReferenceSerif-Italic
    /MSReferenceSpecialty
    /MSSong
    /MS-UIGothic
    /MT-Extra
    /MT-Symbol
    /MT-Symbol-Italic
    /MVBoli
    /Myriad-Bold
    /Myriad-BoldItalic
    /Myriad-Italic
    /MyriadPro-Black
    /MyriadPro-BlackIt
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Light
    /MyriadPro-LightIt
    /MyriadPro-Regular
    /MyriadPro-Semibold
    /MyriadPro-SemiboldIt
    /Myriad-Roman
    /Narkisim
    /NewCenturySchlbk-Bold
    /NewCenturySchlbk-BoldItalic
    /NewCenturySchlbk-Italic
    /NewCenturySchlbk-Roman
    /NewMilleniumSchlbk-BoldItalicSH
    /NewsGothic
    /NewsGothic-Bold
    /NewsGothicBT-Bold
    /NewsGothicBT-BoldItalic
    /NewsGothicBT-Italic
    /NewsGothicBT-Roman
    /NewsGothic-Condensed
    /NewsGothic-Italic
    /NewsGothicMT
    /NewsGothicMT-Bold
    /NewsGothicMT-Italic
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NimbusMonL-Bold
    /NimbusMonL-BoldObli
    /NimbusMonL-Regu
    /NimbusMonL-ReguObli
    /NimbusRomDGR-Bold
    /NimbusRomDGR-BoldItal
    /NimbusRomDGR-Regu
    /NimbusRomDGR-ReguItal
    /NimbusRomNo9L-Medi
    /NimbusRomNo9L-MediItal
    /NimbusRomNo9L-Regu
    /NimbusRomNo9L-ReguItal
    /NimbusSanL-Bold
    /NimbusSanL-BoldCond
    /NimbusSanL-BoldCondItal
    /NimbusSanL-BoldItal
    /NimbusSanL-Regu
    /NimbusSanL-ReguCond
    /NimbusSanL-ReguCondItal
    /NimbusSanL-ReguItal
    /Nimrod
    /Nimrod-Bold
    /Nimrod-BoldItalic
    /Nimrod-Italic
    /NSimSun
    /Nueva-BoldExtended
    /Nueva-BoldExtendedItalic
    /Nueva-Italic
    /Nueva-Roman
    /NuptialScript
    /OCRA
    /OCRA-Alternate
    /OCRAExtended
    /OCRB
    /OCRB-Alternate
    /OfficinaSans-Bold
    /OfficinaSans-BoldItalic
    /OfficinaSans-Book
    /OfficinaSans-BookItalic
    /OfficinaSerif-Bold
    /OfficinaSerif-BoldItalic
    /OfficinaSerif-Book
    /OfficinaSerif-BookItalic
    /OldEnglishTextMT
    /Onyx
    /OnyxBT-Regular
    /OzHandicraftBT-Roman
    /PalaceScriptMT
    /Palatino-Bold
    /Palatino-BoldItalic
    /Palatino-Italic
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Palatino-Roman
    /PapyrusPlain
    /Papyrus-Regular
    /Parchment-Regular
    /Parisian
    /ParkAvenue
    /Penumbra-SemiboldFlare
    /Penumbra-SemiboldSans
    /Penumbra-SemiboldSerif
    /PepitaMT
    /Perpetua
    /Perpetua-Bold
    /Perpetua-BoldItalic
    /Perpetua-Italic
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /PhotinaCasualBlack
    /Playbill
    /PMingLiU
    /Poetica-SuppOrnaments
    /PoorRichard-Regular
    /PopplLaudatio-Italic
    /PopplLaudatio-Medium
    /PopplLaudatio-MediumItalic
    /PopplLaudatio-Regular
    /PrestigeElite
    /Pristina-Regular
    /PTBarnumBT-Regular
    /Raavi
    /RageItalic
    /Ravie
    /RefSpecialty
    /Ribbon131BT-Bold
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-Condensed
    /Rockwell-CondensedBold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /Rockwell-Light
    /Rockwell-LightItalic
    /Rod
    /RodTransparent
    /RunicMT-Condensed
    /Sanvito-Light
    /Sanvito-Roman
    /ScriptC
    /ScriptMTBold
    /SegoeUI
    /SegoeUI-Bold
    /SegoeUI-BoldItalic
    /SegoeUI-Italic
    /Serpentine-BoldOblique
    /ShelleyVolanteBT-Regular
    /ShowcardGothic-Reg
    /Shruti
    /SimHei
    /SimSun
    /SimSun-PUA
    /SnapITC-Regular
    /StandardSymL
    /Stencil
    /StoneSans
    /StoneSans-Bold
    /StoneSans-BoldItalic
    /StoneSans-Italic
    /StoneSans-Semibold
    /StoneSans-SemiboldItalic
    /Stop
    /Swiss721BT-BlackExtended
    /Sylfaen
    /Symbol
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Tci1
    /Tci1Bold
    /Tci1BoldItalic
    /Tci1Italic
    /Tci2
    /Tci2Bold
    /Tci2BoldItalic
    /Tci2Italic
    /Tci3
    /Tci3Bold
    /Tci3BoldItalic
    /Tci3Italic
    /Tci4
    /Tci4Bold
    /Tci4BoldItalic
    /Tci4Italic
    /TechnicalItalic
    /TechnicalPlain
    /Tekton
    /Tekton-Bold
    /TektonMM
    /Tempo-HeavyCondensed
    /Tempo-HeavyCondensedItalic
    /TempusSansITC
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldItalicOsF
    /Times-BoldSC
    /Times-ExtraBold
    /Times-Italic
    /Times-ItalicOsF
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Times-RomanSC
    /Trajan-Bold
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /TwCenMT-Bold
    /TwCenMT-BoldItalic
    /TwCenMT-Condensed
    /TwCenMT-CondensedBold
    /TwCenMT-CondensedExtraBold
    /TwCenMT-CondensedMedium
    /TwCenMT-Italic
    /TwCenMT-Regular
    /Univers-Bold
    /Univers-BoldItalic
    /UniversCondensed-Bold
    /UniversCondensed-BoldItalic
    /UniversCondensed-Medium
    /UniversCondensed-MediumItalic
    /Univers-Medium
    /Univers-MediumItalic
    /URWBookmanL-DemiBold
    /URWBookmanL-DemiBoldItal
    /URWBookmanL-Ligh
    /URWBookmanL-LighItal
    /URWChanceryL-MediItal
    /URWGothicL-Book
    /URWGothicL-BookObli
    /URWGothicL-Demi
    /URWGothicL-DemiObli
    /URWPalladioL-Bold
    /URWPalladioL-BoldItal
    /URWPalladioL-Ital
    /URWPalladioL-Roma
    /USPSBarCode
    /VAGRounded-Black
    /VAGRounded-Bold
    /VAGRounded-Light
    /VAGRounded-Thin
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VerdanaRef
    /VinerHandITC
    /Viva-BoldExtraExtended
    /Vivaldii
    /Viva-LightCondensed
    /Viva-Regular
    /VladimirScript
    /Vrinda
    /Webdings
    /Westminster
    /Willow
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /WoodtypeOrnaments-Two
    /WP-ArabicScriptSihafa
    /WP-ArabicSihafa
    /WP-BoxDrawing
    /WP-CyrillicA
    /WP-CyrillicB
    /WP-GreekCentury
    /WP-GreekCourier
    /WP-GreekHelve
    /WP-HebrewDavid
    /WP-IconicSymbolsA
    /WP-IconicSymbolsB
    /WP-Japanese
    /WP-MathA
    /WP-MathB
    /WP-MathExtendedA
    /WP-MathExtendedB
    /WP-MultinationalAHelve
    /WP-MultinationalARoman
    /WP-MultinationalBCourier
    /WP-MultinationalBHelve
    /WP-MultinationalBRoman
    /WP-MultinationalCourier
    /WP-Phonetic
    /WPTypographicSymbols
    /XYATIP10
    /XYBSQL10
    /XYBTIP10
    /XYCIRC10
    /XYCMAT10
    /XYCMBT10
    /XYDASH10
    /XYEUAT10
    /XYEUBT10
    /ZapfChancery-MediumItalic
    /ZapfDingbats
    /ZapfHumanist601BT-Bold
    /ZapfHumanist601BT-BoldItalic
    /ZapfHumanist601BT-Demi
    /ZapfHumanist601BT-DemiItalic
    /ZapfHumanist601BT-Italic
    /ZapfHumanist601BT-Roman
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


