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Abstract—We introduce a highly efficient online nonlinear re-
gression algorithm. We process the data in a truly online manner
such that no storage is needed, i.e., the data is discarded after
used. For nonlinear modeling we use a hierarchical piecewise
linear approach based on the notion of decision trees, where the
regressor space is adaptively partitioned based directly on the
performance. As the first time in the literature, we learn both the
piecewise linear partitioning of the regressor space as well as the
linear models in each region using highly effective second order
methods, i.e., Newton-Raphson Methods. Hence, we avoid the well
known over fitting issues and achieve substantial performance
compared to the state of the art. We demonstrate our gains over
the well known benchmark data sets and provide performance
results in an individual sequence manner guaranteed to hold
without any statistical assumptions.

Index Terms—Hierarchical tree, big data, online learning,
piecewise linear regression, Newton method.

I. INTRODUCTION

Nonlinear regression problem is one of the most important
topics in the machine learning and signal processing literatures
and arises in several different applications such as signal
modeling [1], [2], financial market [3] and trend analyses
[4], intrusion detection [5] and recommendation [6]. However,
the traditional regression techniques show less than adequate
performance in real-life applications having big data since (1)
data acquired from diverse sources are too large in size to be
efficiently processed or stored by conventional signal process-
ing and machine learning methods [7]; (2) the performance
of the conventional methods is further impaired by the highly
variable properties, structure and quality of data acquired at
high speeds [7].

In this context, to accommodate these problems, we intro-
duce online regression algorithms that process the data in
an online manner, i.e., instantly, without any storage, and
then discard the data after using and learning [8]. Hence our
methods can constantly adapt to the changing statistics or
quality of the data so that they can be robust and prone to
variations and uncertainties [8]. From a unified point of view,
in such problems, we sequentially observe a real valued vector
sequence xp, T, ... and produce a decision (or an action) y
at each time t based on the past xi,xs,...,x;. After the
desired output y; is revealed, we suffer a loss and our goal is
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to minimize the accumulated (and possibly weighted) loss as
much as possible while using a limited amount of information
from the past.

To this end, for nonlinear regression we use a hierarchi-
cal piecewise linear model based on the notion of decision
trees, where the space of the regressor vectors, x1, &2, ..., IS
adaptively partitioned and continuously optimized in order to
enhance the performance [2], [9]. We note that the piecewise
linear models are extensively used in the signal processing
literature to mitigate the overtraining issues that arise due to
using nonlinear models [2]. However their performance in real
life applications are less than adequate since their successful
application highly depends on the accurate selection of the
piecewise regions that correctly model the underlying data
[10]. Clearly, such a goal is impossible in an online setting
since either the best partition is not known, i.e., the data arrives
sequentially, or in real life applications the statistics of the
data and the best selection of the regions change in time. To
this end, as the first time in the literature, we learn both the
piecewise linear partitioning of the regressor space as well as
the linear models in each region using highly effective second
order methods, i.e., Newton-Raphson Methods [11]. Hence, we
avoid the well known over fitting issues by using piecewise
linear models, however, since both the region boundaries as
well as the linear models in each region are trained using
the second order methods we achieve substantial performance
compared to the state of the art [11]. We demonstrate our gains
over the well known benchmark data sets extensively used in
the machine learning literature. We also provide theoretical
performance results in an individual sequence manner that are
guaranteed to hold without any statistical assumptions [12]. In
this sense, the introduced algorithm addresses computational
complexity issues widely encountered in big data application
while providing superior guaranteed performance in a strong
deterministic sense.

II. PROBLEM DESCRIPTION

In this paper, all vectors are column vectors and represented
by lower case boldface letters. For matrices, we use upper
case boldface letters. The #2-norm of a vector x is given by
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|z||= vVzTx where T denotes the ordinary transpose. The
identity matrix with n X n dimension is represented by I,,.

We work in an online setting, where we estimate a data
sequence y; € IR at time ¢ > 1 using the corresponding
observed feature vector x; € IR™ and then discard x; without
any storage. Our goal is to sequentially estimate y; using x;
as

Ut = fir(®r)

where f;(-) is a function of past observations. In this work,
we use piecewise linear functions, due to their capability of
approximating most nonlinear models. In order to construct
a piecewise linear model, we partition the space of regressor
vectors into, say K, distinct regions S}, where Uszl St =
R™ and S;" N S]* = () when i # j. In each region, we use
a linear regressor, i.e., J; = 'wg?ia:t + ¢¢,i, where w, ; is the
linear regression vector, ¢, ; is the offset and Jt,; 1s the estimate
corresponding to the i*" region. We represent §; ; in a more
compact form as §; = w{,x;, by denoting @, = [&] : 1]7
and wy; = [w]; : ¢ )"

There are two major problems when using piecewise lin-
ear models: i) determining the piecewise regions such that
the partitions do not cause the well known overfitting and
underfitting issues [9] and ii) to find out the linear model
that best fits the data in each distinct region in a sequential
manner [10]. In this paper, we solve both of these problems
using highly effective and completely adaptive second order
piecewise linear regressors. In order to have a measure on how
well the determined piecewise linear model fits the data, we
use instantaneous squared loss, i.e., €2 = (y; — 9;)* as our
cost function. Our goal is to specify the partitions and the
corresponding linear regressor weights at each iteration such
that the total regressor error is minimized.

III. HIGHLY EFFICIENT TREE BASED SEQUENTIAL
PIECEWISE LINEAR PREDICTOR

In this section, we introduce a highly effective algorithm
constructed by piecewise linear models. The presented al-
gorithm provide efficient learning even for highly nonlinear
data models. Moreover, continuous updating based on the
upcoming data ensures our algorithms to achieve outstanding
performance for online frameworks. We use a tree notion to
partition the regression space, which provides a systematic
way to determine the regions [2], [9]. We illustrate this method
in Fig. 1 for 2-dimensional case to clarify the technique. In
general, for the m-dimensional space partitioning, we define
the differentiable separator functions represented by py i,

1
14 e TN

Pk = (D

where n;, € R™ is the normal vector, k denotes the region
label and ¢, is embedded in the last entry of n, ;. To get
a highly versatile and data adaptive partitioning, we train the
region boundaries by updating corresponding normal vectors.
Specific to the case shown in Fig. 1, suppose, the observed
feature vectors x; = [z : xt’g]T come from a bounded
set {Q} such that —A < x¢1,242 < A for some A > 0.

_,;‘ —”x
t,1

Fig. 1: Tree Based Partitioning of The Regression Space

At first, we have the whole space as a single set {Q2}. Then
we use a single separation function, which is a line in this
case, to partition this space into subspaces {0} and {1} such
that {0} U {1} = {Q}. In the following steps, the partition
technique is quite different. Since we have two distinct sub-
spaces after the first step, we work on them separately, i.e.,
the partition process continues recursively in each subspace
independent of the others. When we add two more hyperplanes
separating the sets {0} and {1}, we get four distinct subspaces
{00}, {01}, {10} and {11} where their union forms the initial
regression space. Therefore, adding one more hyperplane has
an effect on just a single region, not on the whole space. We
use an identifier called the depth, which determines how deep
the partition is, e.g. depth of the model shown in Fig. 1 is
2. In particular, the number of different regions generated by
the depth-d models are given by 2¢. Hence, the number of
distinct regions increases in the order of O(2%). For the tree
based partitioning, we use the finest model of a depth-d tree.
The finest partition consists of the regions generated at the
deepest level, e.g. regions {00}, {01}, {10} and {11} shown
in Fig. 1.

Following the model given in Fig. 1, say, we have three
different separator functions, p; o, pt,0,0:,1 € IR, which are
defined by n, o, 10,141 € RR? respectively. For the region
{00}, the corresponding estimate is given by

" T
Yt,00 = Wy 90Tt

where w; o9 € R? is the regression vector of the region {00}.
Since we have the estimates of all regions, the final estimate
is given by

Ut = Pe,0Pe,09¢,00 + Pe.o(l — peo)feo1
+ (I =peo)peibeio + (1 —pro)(d —pei)fein (2
when we observe the feature vector x;. This result can be
extended to the depth-d models with d > 2.

We adaptively update the weights associated with each
partition based on the overall performance. Boundaries of the
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regions are also updated to reach the best partitioning. We
use the second order algorithms, e.g. Online Newton Step
[13], to update both separator functions and region weights.
To accomplish this, the weight vector assigned to the region
{00} is updated as

1
B p—3
Wiy1,00 = W00 — 5 A; Ve

B

2
—1
= Wy 00 + —ePt,0Pt,0A; Ty

B

where (3 is the step size, V is the gradient operator w.r.t. wy oo
and A; is an m X m matrix defined as

3)

t
A=) V,V] +el, (4)
i=1
where € > 0 is used to ensure that A; is positive definite, i.e.,
A; > 0, and invertible. Right selection of € is discussed in
[13]. Here, the matrix A; is related to the Hessian of the error
function, implying that the update rule uses the second order
information [13].
Region boundaries are also updated in the same manner.
For example, the direction vector specifying the separation
function p; o in Fig. 1, is updated as

1
Np1,0 =N0 — —Aj 1V6?

n

2 . .
=nyn+ ;et Dt,00¢,00 + (1 = De,0)Tr01 (5)

. . _10pt0
—peadeio — (1= pe1)den] A 3nt’Q
t,

where 7 is the step size to be determined, V is the gradient
operator w.r.t. n; o and A; is given in (4). Partial derivative
of the separation function p; o W.r.t. n; o is given by

—xTn, o
8]7:&,(2 e

o (1+e TiMea)2’
All separation functions are updated in the same manner. The

final estimate of this algorithm is given by the following
generic formula

(6)

i
g =Y VR0 @
j=1

where R, is the set of all region labels with length d in the
increasing order, i.e., Ry = {0,1} or Ry = {00,01, 10,11},
and R4(j) represents the j'* entry of the set R;. Weighted
estimate of each region is found as

d
’ll)t,r = gt,r Hﬁt,ri (8)

i=1
where r; denotes the first ¢ — 1 character of label r as a string,
ie.,r={0101},r3 = {01} and r; = {Q}, which is the empty
string {Q}. Here, p; ,, is defined as

R Dt,r;
P, = { ! 9)
1-— pt,ri

We reformulate the update rules defined in (3) and (5) and
present generic expressions for both regression weights and
region boundaries. The generic update rule for the regression
weights are given by

1
1,2
Wiy1,r = Wiy — BAt Vet

2 1 O
=w,, + —e, At
WA D,
24 3(thd () Hpth ()i >
-1
=W, + BEtAt Z awt -
Jj=1 ’
d
=W+ 5etAt 'z, Hpt,n
i=1
(10)
and the region boundaries are updated as
1 _
N1,k = Ntk — ;At 1Vef
2 —1 OUr Opek
_ = A 1 s
Mk T Uet ‘ apt k OT
2 by Ra(5) } 0Dy 1;
=Ny, + —e A [
! n ! ]z; aptk ant,k
= Ntk
d
o oliin)
L 2ea > e raG il;ll PR ] Itk
Ui ¢ L= b RaG) Op i ong
= Nk
5 _gd—£(k) d
= A71 7(0(k)+1) A
+n6t t -Zytr p”(“)ntk
j=1 =1
7%k
(11)

where 7 is the label string generated by concatenating separa-
tion function identifier k£ and the label kept in j*" entry of the
set Riq_y(k))» i-€., ¥ = [k; Ria—sr))(j)] and £(k) represents
the length of binary string k, e.g. £(01) = 2. Since we use the
logistic regression function, we can use the following equality
to calculate the partial derivative of p; j W.r.t. n g,

3Pt,k
a’nt7k

= pek(1 — per)xs (12)
In order to avoid taking the inverse of an m X m matrix,
A,, at each iteration in (10) and (11), we generate a recursive
formula using matrix inversion lemma for A, ! given as
ANV VTAL
A=A R (13)
1+ Vi A LV,
where V; 2 Ve? wurt. the corresponding variable. The
complete algorithm is given in Algorithm 1 with all updates
and initializations.
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Algorithm 1: Finest Model Partitioning

1
—1 .
1 Ay~ EL”’

2 fort < 1tondo
3 :ljt <— O;
4 | for j <+ 1to2¢do
5 r <+ Rq(j);
6 G wi @
7 wt,r — .@t,r;
8 ’yt,r — ]-;
9 for i < 1 to d do
10 if 7(7) < 0 then
11 ‘ pt,m — pt,m’
12 else
13 L ﬁt,ri — 1 - pt,ri;
14 th,r — 77[;15,7”13t,7",;;
15 L ’Yt,r — ’Yt.,rﬁt,r,;;
16 | U< Ut Vs
17 for i < 1 to 2¢ — 1 do
18 k<« P(1);
19 for j < 1 to 2¢-¢(¥) do
20 r < concat[k : Rg_ory(5)];
21 Qg | < (—1)’““(’“)“)(wt,r/ﬁt,k);
22 €t < Yt — gt;
23 | for j < 1to2¢do
24 r <+ Rq(j);
25 Vtm $— *26t’yt7rmt;
-1
-1 -1 At—lvt Tv At lr
26 At,r «— Atfl,r - T —
14+ V; Af 1 TVM
1
27 Wiy1,r < Wepr — EAM Vir
28 for i < 1 to 2¢ — 1 do
29 k + P(1);
30 Vik < —2e 0 1y, k(l — P, k)wt,
A_ Vv kV Al
- A;;%At_jlk 1,k Vit t,k tlk,
’ ’ 1+ VUCAFL,CVM.
1
32 N1k < Nk — 5At7;ivt,k;

The constructed algorithm partitions the regressor space into
2¢ regions for the depth-d tree model. Hence, we perform
O(2%) weight update at each iteration. Suppose that the
regressor space is m-dimensional, i.e., ; € R™. For each
update, the proposed algorithm requires O(m?) multiplication
and addition resulting from a matrix-vector product, since we
apply second order update methods. Therefore, the resulting
complexity is given by O(m?29).

Theorem 1. Ler {y;},>1 and {x;}1>1 denote the randomly
chosen real-valued data sequences. If ||V (y;—0:.»)?|| < G and
|lw;, — w,||* < A% conditions hold for some G, A > 0 and

0,07 0,12 0,025

0,06 (iii) (iv) (v) o1 (iv) (iii)

002
(v)
0,05 W (ii) 008 (iii) )
0,04 (Il) 0,015
0,06 (iv)
0,03 001 (ii)
0,02 004 (i)
0,005
0,01 0,02 I
0 0 0

Kinematics

Cumulative Errors

C. Housing Elevators

Fig. 2: Time accumulated error rates of the algorithms i) FMP, ii)
DAT, iii) VE iv) FNFE v) EMFNF for the real benchmark data sets.

exp(—a(ys — 9i.r)?) is concave for a > 0, then the estimate
Uy generated by following Algorithm 1, satisfies the following
logarithmic bound:

>

t=1

n

. T, \2

min e e T RS
w,.eR™ tﬂ(y r )

5 (GA+;> mlog(n)

ytr -

In Theorem 1, we emphasize that for the each region
estimate, the regret at iteration n has a logarithmic upper
bound. The proof of this theorem is accomplished by following
the similar steps given in [13].

IV. SIMULATIONS

In this section, we evaluate the performance of the proposed
algorithm. The first set of simulations involves the well known
real and synthetic benchmark data sets extensively used in the
machine learning literature. We then consider the regression
of a signal generated by a piecewise linear model whose par-
titions do not match the initial partitioning of the algorithms.
Throughout this section, "FMP” represents Finest Model Par-
titioning algorithm, "DAT” stands for Decision Adaptive Tree
[14], ”CTW” is used for Context Tree Weighting [10], "GKR”
represents Gaussian-Kernel regressor [15], "VF” represents
Volterra Filter [16], ”FNF” and "EMFNEF” stand for the Fourier
and Even Mirror Fourier Nonlinear Filter [17] respectively.

We first consider the regression of a benchmark real-life
problem that can be found in many data set repositories such
as: California Housing and Kinematics with 8-dimensional
regressor spaces and Elevators with 18-dimensional regressor
space [18]. For the California Housing problem, we set the
learning rates to 0.004 for FMP, 0.01 the DAT, 0.05 for the
VE, 0.005 for the FNF and the EMFNEF. For the Kinematics
and Elevators data sets, the learning rates are set to 0.01
for the DAT, 0.01 for the VF, the FNF and the EMFNF
algorithms. For the FMP algorithm, it is set to 0.0625 for
the Kinematics and 0.03 for the Elevators data sets. Fig.
2 illustrates the normalized time accumulated error rates of
the stated algorithms. We emphasize that the proposed FMP
algorithm significantly outperforms the state of the art for all
the real life data sets given here.

We now consider the case where the desired data is gen-
erated by a piecewise linear model that mismatches with the
initial partitioning of the proposed algorithms. Specifically, we
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Error Performance of the Proposed Algoritms

— 8 —FMP
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Data Length (n)
Fig. 3: Regression error performances for the mismatched partition-
ing case using piecewise linear model given by (14).

use the following piecewise linear model to generate the data
sequence,

w{wt + vy ,$$n0 > 0.5 and thnl >—0.5

G = wi% + vy ,wino > 0.5 and mgnl < —0.5 (14)
wy Tt + v,z no < 0.5 and z; ny > —0.5
wlz, +v ,xlng<0.5and /' ny < —0.5

where w; = [1,1]T, wy = [1,-1]T, ny = [2,-1]T,

ny; = [-1,1]7 and ny = [2,1]7. The feature vector x; =
[2¢1,7:2]7 is composed of two jointly Gaussian processes
with [0,0]7 mean and I variance. v; is a sample taken from
a Gaussian process with zero mean and 0.1 variance. The gen-
erated data sequence is represented by ¢;. The learning rates
maximizing the performance of each algorithm are determined
as 0.04 for the FMP, 0.005 for the CTW and the FNF, 0.025
for the EMFNF and the VF, 0.5 for the GKR.

In Fig. 3, we demonstrate the normalized time accumulated
error performance of the proposed algorithms. We emphasize
that the CTW algorithm performs significantly worse, since
the partitions do not match. Besides, the adaptive algorithms,
FMP and DAT achieve considerably better performance, since
these algorithms update their partitions in accordance with
the data distribution. Fig. 3 exhibits that the FMP notably
outperforms its competitors and even the DAT algorithm, since
this algorithm exactly matches its partitioning to the partitions
of the piecewise linear model given in (14) using second order
update methods.

V. CONCLUDING REMARKS

In this paper, we introduce a highly efficient and effective
nonlinear regression algorithm for online learning problems
suitable for big data applications. We process only the cur-
rently available data for regression and then discard it, i.e.,
there is no need for storage. For nonlinear modeling, we
use piecewise linear models, where we partition the regressor
space using linear separators and fit linear regressors to each

partition. As the first time in the literature, we adaptively
update both the region boundaries and the linear regressors
in each region using the second order methods, i.e., Newton-
Raphson Methods. We illustrate that the proposed algorithm
attains outstanding performance compared to the state of art
even for the highly nonlinear data models. We also provide
the individual sequence results demonstrating the guaranteed
regret performance of the introduced algorithms without any
statistical assumptions.
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