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Abstract—Maultiplicative updates are widely used for nonneg-
ative matrix factorization (NMF) as an efficient computational
method. In this paper, we consider a class of constrained
optimization problems in which a polynomial function of the
product of two matrices is minimized subject to the nonnegativity
constraints. These problems are closely related to NMF because
the polynomial function covers many error function used for
NMEF. We first derive a multiplicative update rule for those
problems by using the unified method developed by Yang and
Oja. We next prove that a modified version of the update rule
has the global convergence property in the sense of Zangwill
under certain conditions. This result can be applied to many
existing multiplicative update rules for NMF to guarantee their
global convergence.

I. INTRODUCTION

Nonnegative matrix factorization (NMF) [1], [2] is a tech-
nique to decompose a given nonnegative matrix X € R"*"
into two nonnegative matrices W = (Wy,) € R7*" and
H = (Hy;) € R*", where R, denotes the set of nonnegative
numbers, in such a way that W H is approximately equal to
X . NMF is usually formulated as an optimization problem of
the form:

minimize D(X |WH) 0
subject to W > 0,5, H > 0,4y,

where 0., %, (0,xn, resp.) is the m X r (r X n, resp.) matrix
of all zeros and the inequality holds componentwise. The
objective function D(X || W H) represents an error between
X and W H. Euclidean distance and I-divergence are widely
used for the error function but various other divergences can
also be used (see Reference [3] for example). Strictly speaking,
some of those functions are not defined for all points in the
feasible region of (1). Hence, for the sake of convenience, we
consider them as extended real-valued functions, that is, we
add the value +oo to their range.

Multiplicative update rules, that were first proposed by Lee
and Seung [2], [4] for Euclidean distance and I-divergence, are
widely used as a simple and efficient computational method
for finding local optimal solutions of (1). The basic idea
behind this approach is that the new solution is obtained by
minimizing an auxiliary function at the current solution, which
is strictly convex. Recently, Yang and Oja [3] extended this
idea and developed a unified method for deriving multiplicative
update rules for eleven error functions including Euclidean
distance and I-divergence.
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As is well known, each multiplicative update rule decreases
the value of the corresponding error function monotonically.
However, this does not mean the convergence of the se-
quence of solutions. One may easily understood this claim
by observing the fact that if (W*, H*) is a solution to the
equation WH = X then all pairs given by (¢cW*,1H?*)
where c is a positive constant are also solutions. In addition,
the multiplicative update rules have a serious drawback that
they are not defined for all pairs of nonnegative matrices. To
avoid this problem, some authors have proposed to modify the
original multiplicative update rules so that all entries of W
and H are kept positive [S]-[7]. Furthermore, some authors
proved that if this modification is used then the sequence of
solutions contains at least one convergent subsequence and the
limit of any convergent subsequence is a stationary point of
the corresponding optimization problem [5], [8]-[10].

In this paper, we focus our attention on the case where
the objective function D(X | W H), which is denoted as
D(W, H) for simplicity, is expressed as

D(W, H)
dy da
me (WH);} Zbgw (WH);?
2
where ay,¢;,dy (t = 1,2) are nonzero constants, by; (t =

1,2;4 =1,2,...,m;j = 1,2,...,n) are nonnegative con-
stants. (W H),; is the (4, j)-th entry of the matrix WH €
R™*™  We should note that many error functions used for
NMF can be expressed in the form of (2) if we apply

. 2t —1
Inz = lim
pn—0+ M

to logarithmic functions. In fact, nine among eleven error
functions considered in [3] are covered by (2) (see Table I
for more details). The objective of this paper is to find a set
of conditions on the constants under which a multiplicative
update rule can be derived by the unified approach of Yang
and Oja [3] and a modified multiplicative update rule has
the global convergence property mentioned above. By doing
so, it is expected that a general sufficient condition directly
applicable to many error functions are obtained.
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TABLE 1.

LIST OF ERROR FUNCTIONS THAT CAN BE EXPRESSED IN THE FORM OF THE OBJECTIVE FUNCTION OF (2) (SEE REFERENCE [3] FOR MORE

DETAILS). FOR EACH FUNCTION, THE VALUES OF THE CONSTANTS ARE PRESENTED, WHERE X IS THE (4, j)-TH ENTRY OF THE NONNEGATIVE MATRIX
X THAT HAS TO BE APPROXIMATED BY W H, AND 4 IS A SUFFICIENTLY SMALL POSITIVE NUMBER.

Error function ai b1ij c1 dy as bai; Co do
Euclidean distance 1 1 2 1 -2 Xij 1 1
I-divergence 1 1 1 1 - i Xij U 1
Dual I-divergence m X" 14p 1 HT“ 1 1 1
Itakura-Saito divergence 7/% Xi“j —u 1 1 Xij -1 1
a-divergence

Da>0a#l 1 1 1 U —amms X5 1-a 1

2) <0 —ama X§ l-a 1 1 1 1 1
B-divergence (3 # 0, —1) e 1 1+8 1 -3 Xij B 1
Kullback-Leibler divergence i 1 1 I —i Xij 7 1
~-divergence (y # 0, —1) #(Iiv) 1 1+ — Xij v m
Rényi divergence (p > 0,p # 1) . 1 1 m _,u,(llfp) X5 1—p p

II1.

For the ¢-th term (¢ € {1,2}) of the right-hand side of (2),
we define three functions as

MAIN RESULT

fr(@) = aix®, g(x) = az®™ and hy(z) = apdpz.  (3)
We also define ¢ and ¢ as
cedy, if fi(x) and g¢(x) are convex,
)1 if fi(z) is convex and g;(x) is concave,
O = ¢, if fi(x) is concave and h;(x) is convex,
1, if fi(z) and h:(x) are concave.
“)

Applying the method proposed by Yang and Oja [3] to the
objective function (2), we obtain a multiplicative update rule,
which is formally described as

Wit = (W HO), 5)
HITY =y (wD g O) (6)

where (WO, H®) is the solution after  iterations, W is
the (i, k)-th entry of W), H,glj) is the (k, j)-th entry of H",
and the functions u;;, and vy; are defined by

dzfl

W l ClQCQdQ (qu bgpq(WH);fI)
ik | — 1=
arcydy (qu bipg(WH )5%1)

1
> b2ig(WH) 2™ Hy | 717 o
X
> brig(WH)S ™  Hyg

uik(W, H)

and
do—1
CLQCQCZQ (qu bgpq(WH);ﬁ]>
di—1
aicidy (qu blpq(WH)zc)}J)

1
Sl WHYE W 755
Z blPJ(WH);; 1ka .

’Ukj(W,H) ﬁkj [—
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Note that u;;, and vy; are not always well-defined. For
example, if fi(z) = ajz® is convex, gi(x) = ayz¥ is
concave, and both fo(z) = agz® and hy(x) = asder®? are
concave then it follows from (4) that ¢; = ¢2 = 1. In the
following theorem, we give a sufficient condition for w;; and
vi; to be well-defined for all positive matrices W and H.

Theorem 1: Suppose that the constants in (2) satisfy the
following three conditions:

arcrdy > 0 > ascads, )

c1dy > cods, (10)

b1;; > 0 for all ¢ and j. (11)

Then the functions w;, (i = 1,2,...,m;k=1,2,...,r) and

vg; (k=1,2,...,m7=1,2,...,n) are well-defined and take
nonnegative values for all positive matrices W and H.

The proof sketch for Theorem 1 will be given in Section IV.

Note that even though the condition in Thoerem 1 is
satisfied, the functions w;, and vy; are not defined for all
nonnegative matrices. In order to avoid this problem, we take
the same approach as in References [6] and [7], that is, we
consider the modified multiplicative update rule:

Wi
(I+1)
ij

12)
13)

max (e, uik(W(l), H(l))) ,

= max (e,vkj(W(lH),H(l)))
where € is any positive constant. It is apparent from these
equations that every entry of W) and H® is not less than
e for all [. Thus it is natural to consider, instead of (1), the
modified optimization problem:

minimize D(W, H)

subject to W > €1,y H > €l,5p, (14)

where 1,,x, (1,xn, resp.) is the m X r (r X n, resp.) matrix
of all ones. In the following, the feasible region and the
set of stationary points of (14) are denoted by F. and S,
respectively.
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The following theorem gives a sufficient condition for the
modified multiplicative update rule described by (12) and (13)
has the global convergence property.

Theorem 2: Suppose that the constants in (2) satisfy (9),
(10), (11) and
dy > 12> ds. (15)

Then for any positive constant ¢ and any initial solution
(WO H©O) ¢ F. the sequence {(WW HV)}>  gen-
erated by (12) and (13) contains at least one convergent
subsequence and the limit of any convergent subsequence
belongs to S..

The proof sketch for Theorem 2 will be given in Section V.

Let us see which error functions in Table I satisfy the
conditions (9), (10), (11) and (15). It is easy to see that for
Euclidean distance, I-divergence, a-divergence with o > 0 and
«a # 1, and S-divergence, all of the four conditions hold. As for
Dual I-divergence, Itakura-Saito divergence and a-divergence
with a < 0, all of the four conditions hold if X is positive!. On
the other hand, for the last three error functions, at least one of
the four conditions does not hold. In case of Kullback-Leibler
divergence, (10) does not hold because c1d; = codo. As for -
divergence and Rényi divergence, (15) does not hold because
d1 = da = 1 < 1. The problem of these three error functions
were recently pointed out by Seki and Takahashi [11].

III. DERIVATION OF MULTIPLICATIVE UPDATE RULE

In this section, we derive the multiplicative update rule de-
scribed by (5)—(8) by applying the method of Yang and Oja [3]
to (2). To do that, we first need to construct an auxiliary func-
tion [4] of (2). Here, D(W,H, W, H) is called an auxiliary
function of (2) if it satisfies D(W,H, W ,H) > D(W,H)
forall (W, H,W,H) € R"[" x Rrﬁ_" X Rmxr x R\ and
DWW, H W H) = (W H) for all (W, H) € RTY" x
R’ where R is the set of all positive real numbers.

Let the ¢-th term of (2) be denoted by D;(W, H), and let
Dy{(W,H, W, H ) be any auxiliary function of it. Then it is

easily seen that D1(W ,H, W H) + Dy(W H, w H) is
an auxiliary function of (2).NUsAing the method of Yang and
Oja, we obtain D;(W ,H, W H) as follows.

1) If both fi(z) and g;(x) are convex in Ry, then
Dy(W,H, W H) is given by

di—1

Z btij(ﬁ;ﬁ)f;
ij
x Z

2) If fi(x) is convex and g;(7) is concave in R, then
Dy(W,H,W_ H) is given by

th” (WH)S; ™!

zk:Hk: 1 cedy chkfdf Hz;df )

di—1

arcydy me (WH)S!

If X is not positive, we only have to replace all zeros in X with €.

440

X me WH ”_1(WH)”- + constant. (16)

3) If ft(x) is concave and hy(z) is convex in Ry then
Dy(W,H,W_ H) is given by

di—1
atdt th”(w.ﬁ/):;
ij
<2
4) 1If both fi(z) and hi(x) are concave in Ry then
Dy(W,H,W , H) is given by (16).

Z beij(WH)S: ™!

1 ct Ct ct
Zka] Wi ij + constant .

The three types of auxiliary functions shown above can be
unified into a single formula as

Dt(WaHv ﬁ//aﬁ)

di—1
aicid ~— . .
— % thij(WH)Z.; me (WH)s: ™
Cf 1 A7 IT — ¢ t
X me] WH (Wikaj) (Wikaj) (]7)

k

where qbt is defined by (4).
The multiplicative update for W is obtained by solving
0D, 0D,
Wi, Wik
for W;;.. For t =1 and 2, we have

(W7ﬁvﬁ/aﬁ)

(W,H.W,H)=0 (18)

0D,
Wiy,

de—1
(w, H,W, ﬁ) = acpdy <Z btpq(ﬁv/ﬁ);tq>

pq
< > meq (WH)5. " Hy, .

Hence the solution to (18) is formally expressed as

—— do—1
. asCads (qu bgpq(WH)gf])
Wik, = Wi|— ——— T
arcidy (qu blpq(WH)?q)
s rr\c2—1 17 1
xz‘lb”q(vff)fl]f’“q] ¢1¢2. (19)
Zq bliq(WH)ié Hpq

Similarly, the multiplicative update for Hj; is obtained by
solving

0D,
OH,, OHy,

for Hy;. For t =1 and 2, we have

(W,H.W,H)+ —>(W,H,W,H)=0 (20)

0Dy
OH,;

di—1
(W7 H, ﬁ;, ﬁ) = arcydy (Z btpq(ﬁ;ﬁ)zcniz>

Pq

H
< kj) thpj WH (:t 1W
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Hence the solution to (20) is formally expressed as

- CLQCQdQ (qu bzpq(WN/E);Z)

Hy; | — ——
arerdy (32, b (WH)5: )

— — — 1
ol (WH Wy 50
Zp blpj (WH);}_lwpk

do—1

di—1

IV. PROOF SKETCH FOR THEOREM 1

In addition to the three conditions (9)—(11), suppose that
@1 # ¢2. Then the functions u;;, and vy; are well-defined and
take nonnegative values for all positive matrices W and H.
Hence, in order to prove Theorem 1, we only need to show
that ¢1 # ¢ under the three conditions.

Lemma 1: If the constants in (2) satisfy (9) and (10) then
1> @2

Proof: Under the assumption (9) the following eight
statements hold true (the proof is omitted due to the limitation
of space).

1) If both fi(x) = ajz® and gi(z) = a;x% are
convex in Ry then ¢1 = ¢1d; > 1 holds.

2) If fi(x) is convex and g;(x) is concave in R, then
¢1 =1 and c1d; < 1 hold.

3) If fi(x) is concave and hi(x) = a1dyz° is convex
in Ry, then ¢y > 1, dy <1 and ¢; > 1 hold.

4) If both fi(x) and hq(x) are concave in R, then
¢1 =1 and ¢;d; < 1 hold.

5) If both fo(z) = agz® and go(z) = agx®2? are
convex in R then ¢ = c¢1d; < 1 holds.

6) If fa(x) is convex and go(z) is concave in R, then
¢2 = 1 and cody > 1 hold.

7) If fa(z) is concave and ho(z) = asdax is convex
in Ry then ¢ = co <1 hold.

8) If both fy(x) and ho(x) are concave in Ry then
¢2 = 1 and cody > 1 hold.

From these statements, we easily see that ¢; > 1 and ¢ < 1
hold under the assumption (9). In the following, we show that
if 1 = ¢ = 1 then c1d; < cads which contradicts (10).

If ;1 = 1 then there are four possible cases:

1) Both fi(x) and g;(x) is convex and c;d; = 1,
2)  fi(x) is convex and gy (z) is concave,

3) Both fi(z) and hy(z) is concave,

4)  fi(x) is concave, hi(x) is convex and ¢; = 1.

In the second, third and fourth cases, the inequality c;d; < 1
holds from the second, fourth, third statements, respectively,
given above. If ¢ = 1 then there are three possible cases:

1)  fa(zx) is convex and go(x) is concave,
2) Both fo(x) and ha(x) is concave,
3)  fa(x) is concave, ho(x) is convex and ¢y = 1.

In the first and second cases, the inequality cods > 1 holds
from the sixth and eighth statements given above. In the third
case, we can prove by contradiction that cody = do > 1.
Suppose that do < 1. Then either i) ag > 0 and 0 < dy < 1
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or ii) as < 0 and d2 < 0 must hold in order for f(z) to be
concave. Thus ascods must be always positive. However, this
contradicts (9). |

V. PROOF SKETCH FOR THEOREM 2
We hereafter express (12) and (13) as
w1 uw® HO),
HD V(W(Z'H),H(l))
for simplicity, and define the mapping A : F. — F as

A(W(l), H(l))
=W HY), vow" H),HY).

It follows from Zangwill’s global convergence theorem [12]
that Theorem 2 is valid if the following three statements hold
true under the conditions (9), (10), (11) and (15).

1)  All points in the sequence {(W " H®)}< ‘belong
to a compact set in F..

2)  There exists a function z : F. — R such that
2(AW,H)) < 2(W,H) if ( W,H) ¢ S, and
z(AW,H)) < z(W,H) if ( W,H) € S..

3) The mapping A is continuous in F; \ S..

The second statement can be proved in a similar way as in [9].
Let us next consider the third statement. If the constants in (2)
satisfy (9), (10) and (11) then wu;, and vy; are continuous in
Fe. Also, for any positive constant ¢, the function max(e, -)
is continuous in F.. Therefore, the right-hand side of (12) is
continuous in JF. because it is the composition of w,;; and
max(e, -), and the right-hand side of (13) is continuous in F,
because it is the composition of vy; and max(e, ).

To prove that the first statement holds true, we make use
of the following lemma.

Lemma 2 (Katayama et al. [13]): Let € be any positive
constant. If a mapping f : [e,00) — R satisfies

Ve >e,  flz) <ca”

for some ¢ > 0 and v < 1 then for any initial value z(© > €
the sequence {z(}°, generated by

2+ = max (e, f(x(l)))
is contained in a closed and bounded set.

By using this lemma, we obtain the following result.

Lemma 3: Let € be any positive constant. If the constants
in (2) satisfy (9), (10), (11) and (15) then for any initial
solution (W) H(©)) ¢ F, the sequence {(W " HW)},
generated by (12) and (13) is contained in a closed and
bounded set.

Proof: It suffices for us to show that u;; and vg; in the
multiplicative update rule described by (12) and (13) satisfies
the conditions of Lemma 2. In the following, we consider
only u;, because vy; can be discussed in the same way. First,
because d; — 1 > 0 and dy — 1 < 0, we have

(qu b2pq(WH)gZ) da—1

(S biraWH) "
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. (quziq(WH)fé)d2_l
()"
5, b5y H(WH)
S HE Y
S bz, (W H);
T LM WHE) Y
5 b (W H)2 = .
T W WH) Y

We also have

24 bQZq(WH)CQ_lHkq zzq (WH);2™ (23)
Zq bliq(WH)z?;_lHkq bl%q '

From (22) and (23) we have

pda—1 (WH)CQ(dz—l)

ascads 21q
< Wi |—
N | aad: Z pdr—1 (WH)fé(dl_ )

lig

b2 ¢11¢>2
(W H)e e
Z b WH)
— ca(da—1
- W 702026122 bgfq 1(WH)1'§( b
o ik aic d di—1 Cl(dl—l)
16161 bliq (WH)Zq

1
b1 —P2

b 1S —
3

1is

do—1 ca(d2—1)
< W 70262612 b2iq (WH)iq
> ik a101d1 E : bdl_l(WH)cl(dl—l)
q lig iq
1
b P1— P2
2 (WH)2
blzq
1
b1—P2
< W 02026122 b21q
= ik | c1di—cod
141 —C20a2
ajcid; 1w(WH)
1
b1 — P2
< W 0262d22 b2zq
< ik | —
dy—cad
aijcidy 11q(€Wk)cl 1—c2d
1
c1dy —cady b1 — P2
P1— P2

1—
= W‘k

K2

agCady Z b27,q
d1 _cidi—cad
a101d1 p bliqe 1d1—cad2

Because c1d; — cads is positive due to assumption (10) and
¢1 — @2 is also positive due to Lemma 1, the constant 1 —
(c1dy—cads) /(g1 — ) is less than 1. In addition, the constant

1
b b1 —d2

7026212 Z 2iq
di _cidi—cod
crerly <= by} ecrd—cadz

depends neither on W nor on H. Therefore, f;;, satisfies the
conditions of Lemma 2. [ |
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VI. CONCLUSION

For a class of constrained optimization problems which
include many NMF optimization problems as special cases, we
have given a sufficient condition under which a multiplicative
update rule can be obtained. We have also given a sufficient
condition under which a modified version of the multiplicative
update rule has the global convergence property. A future
problem is to extend the results of this paper to the case where
the objective function has more than two terms.
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