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Abstract—We propose an efficient implementation of the
stochastic proximal point algorithm (SPPA) for large-scale non-
linear least squares problems. SPPA has been shown to converge
faster and more stable than the celebrated stochastic gradient
descent (SGD) algorithm, and its many variations. However,
the per-iteration update of SPPA itself is defined to be an
optimization problem and has long been considered expensive.
In this paper, we show that for nonlinear least squares problems,
each iteration of SPPA can be carried out efficiently. Using Gauss-
Newton along with the help of the kernel trick, we get an efficient
implementation of the SPPA updates with the same order of
complexity as SGD. The result is encouraging that it admits
more flexible choices of the step sizes under similar assumptions.
The proposed algorithm is elaborated for the problem of matrix
and tensor completion. Real data experiments showcase its
effectiveness in terms of convergence compared to SGD and its
variants.

I. INTRODUCTION

Stochastic (sub)gradient descent (SGD) and its variants
have been widely used in the algorithm design for large-scale
machine learning problems [1]. There are two main reasons for
preferring the stochastic methods. On the one hand, obtaining
the full gradient information may be too costly due to large
size of the data set; on the other hand, in machine learning it
is typically not necessary to solve the formulated problem to
very high accuracy, since the ultimate goal of most tasks is
to generalize well on unseen test data rather than fitting the
training data. As a result, stochastic algorithms such as SGD
have gained tremendous popularity.

Many methods have been developed as extensions of
the plain vanilla SGD algorithm in order to accelerate its
convergence rate. There is a particular line of research which
focuses on reducing the variance of the stochastic gradient,
resulting in the famous algorithms such as SVRG [2] and
SAGA [3], however they suffer from significant time/memory
complexities. Looking at a more recent past, there is another
line of research based on adaptive learning schemes such as
AdaGrad [4] and Adam [5], which are shown to be more
effective in keeping the algorithm fully stochastic and light-
weight.

A. Stochastic proximal point algorithm (SPPA)

In this work, we consider a different type of stochastic
algorithm called the stochastic proximal point algorithm
(SPPA), also known as incremental proximal point method
[6], [7] or stochastic proximal iterations [8]. Consider the
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following optimization problem with the objective function in
the form of a finite sum of component functions

minimize
#cRd

=) 6(6) = L(6). n
i=1

SPPA takes the following simple form:

Algorithm 1 Stochastic proximal point algorithm (SPPA)

1: initialize @, t < 0

2: repeat

3 randomly draw i from {1,...,n}

4 @41 < argming A,£;(60) + (1/2)]|0 — 6, ||
5 te—t+1

6: until convergence

The update rule in line 3 is called the proximal operator of
the function A,¢; evaluated at 6;, and is sometimes denoted
as Prox,,¢, (0;). This is the stochastic version of the proximal
point algorithm, which dates back to Rockafellar [9]. Due
to the abstraction of the per-iteration update rule, SPPA is
not as extensively applicable as SGD. It is also asking for
more information from the problem than merely the first-
order derivatives. However, with the help of more information
inquired, there is also hope that it provides faster and more
robust convergence guarantees.

Convergence analyses of SPPA have been conducted mostly
on convex problems [6], [8], [10]. The studies show that SPPA
is much more robust to instabilities, and converges similar
to SGD for convex problems. Most authors also accept the
premise that the proximal operator is sometimes difficult to
evaluate, and thus proposed variations to the plain vanilla
version to handle more complicated problem structures [11],
[12], [13], [14].

There exists some more recent work focusing on convergence
analyses of SPPA for nonconvex optimization problems [14],
[15], [16]. The analyses performed by [14] and [15] are
based on an imaginary sequence (that is not computed in
practice) {0,} as @, = argming A, L(0)+(1/2)]/6—-86,]?, i.e., the
proximal operator of the full loss function from the algorithm
sequence {6;}. The results show that this imaginary sequence
{6,} converges to a stationary point in expectation. More
recently, [16] as well showed stationary convergence of SPPA
for a specific problem with convex objective and nonconvex
constraints.
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II. SPPA-GN FOR NONLINEAR LEAST SQUARES

The main contribution of this paper is to apply SPPA to a
large family of nonconvex optimization problems and show
that the seemingly complicated proximal operator update can
still be efficiently obtained, namely the nonlinear least squares
(NLS) problem.

A NLS problem takes the following form

1< 1 5
;;E(‘Pi(a)),

where each ¢; is a general nonlinear function with respect
to 0. It is a classical nonlinear programming problem [17],
[18] with many useful applications as of today, including least
squares neural networks [19], where each ¢; corresponds to
the residual of fitting for the ith data sample for regression.
We will show that problems of this form can be efficiently
executed by SPPA, despite its seemingly complication.

In this section we describe how to efficiently evaluate the
proximal operator, which is the core computation of SPPA,
when it is applied to NLS (2). As we will see, the update
rules are surprisingly simple but very powerful, leading to
a per-iteration complexity that is almost as efficient as one
SGD step. However, since it is in the framework of SPPA,
the resulting convergence will be a lot more robust. We also
describe in detail how it can be applied to matrix completion
and tensor completion.

minimize
#cRd

2)

A. General description

To apply SPPA to a general NLS problem, the main challenge
is to efficiently evaluate the proximal operator
0, — argmin (e (@) 4210 - 0,7 G)
0 2 2
Notice that this function itself is a nonlinear least squares
objective, although with only one component function together
with the proximal term.

The traditional wisdom to solve a NLS problem is to apply
the Gauss-Newton (GN) algorithm: at each iteration, we first
take a first-order approximation of the vector-valued function
inside the Euclidean norm, and set the update as the solution
of the approximated linear least squares problem. It is a well-
known algorithm that can be found in many standard textbooks,
e.g., [17], [20], [18].

To apply GN to (3), we first take linear approximation of
@; at the current update 6 as

¢i(0) ~ ¢:(0) + V:(6)'(0 - 0),

and set the solution of the following problem 6* as the next
update

Pl — — — 1
minimize g(sai(m + Vi (0)(6 - 0)* + 5116 - 0:11°. (4

Obviously, (4) has a closed form solution

1 - _ —
0" =6, - (ZI +gigf~) g:(pi(0) —g;(0-6,), (5

Algorithm 2 SPPA-GN

1: initialize @g, t < 0

2: repeat

3 randomly draw i from {1,...,n}

4 0t <0,

5:  repeat

° o6 @i (0)-V i (6)"(6-6,) a
+ i — i —

’ O = b - vaar 41

8:  until convergence

9: 0t+](—0+,t(—t+1
10: until convergence

where we denote g; = Vy;(8) to simplify notation. Notice
that the matrix to be inverted in (5) has a simple “identity
plus rank-one” structure, implying that it can be efficiently
computed in linear time. Using the “kernel trick™ [18, pp.332]

(ATA+a)'AT= AT(AA" + )", (6)
update (5) simplifies to
(0) = Vo (0)(0 - _

A+ Ve (0))1?

As we can see, each GN update only takes O(d) flops, which
is as cheap as that of a SGD step. To fully obtain the proximal
operator (3), one has to run GN for several iterations. However,
thanks to the superlinear convergence rate of GN near its
optimal [20], which is indeed the case if we initiate at 6,
because of the proximal term, it typically takes no more than
5-10 GN updates. The detailed description of the proposed
algorithm, which we term SPPA-GN, for solving general NLS
problems is shown in Algorithm 2.

In the rest of this section, we describe how SPPA-GN can
be applied to two widely used unsupervised learning problems,
matrix completion and tensor completion.

B. Application to matrix completion

In matrix completion, one is given a subset of entries from a
big matrix X € R"*", and the goal is to infer the unseen entries
based on the assumption that the rank of X, k, is much smaller
than its ambient dimension. To do so, a standard problem
formulation is to find factor matrices A € R"™** and B € R"™*
such that X ~ AB" for the given set of data entries [21], [22],
[23]. Specifically, the problem is formulated as

1
Z E(”ij - Xij)?,

(i.j) €8

8
S| ®)

minimize
A.B

where a; and b; are the ith row and jth row of A and B,

respectively, and & denotes the index set of the available entries

for training. After solving (8), we use the product AB™ to

predict the unseen entries from X. Problem (8) is an instance
of NLS.

To apply SPPA-GN for solving (8), we only need to

specify the corresponding V¢;;(A, B). Notice that the (i, j)th
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Algorithm 3 SPPA-GN for matrix completion

Algorithm 4 SPPA-GN for tensor completion

1: initialize A and B, t < 0

2: repeat

3:  randomly draw (i, j) from §

4 a<—a;,b<b;

5 repeat

aTbj + ajb - aTb - Xij
A+ llal? + 1B )12

a«—a;—vyb

a

Y

7
b—b;—va

8:  until convergence
99 aj<—abj—bt—1t+1
10: until convergence

component only involve the ith row of A and the jth row of
B. Let 6 = (a,b) and

ij(0) = a'b - X;j,
it is easy to see that

Vawij =b, Vpeij=a.

We let a; and b; denote the @, that is obtained outside of the
GN iterates, and a and b denote the current GN update. The
scaling factor in front of Vg in line 7 of Algorithm 1 equals
to
aTbj +a;b —-a'b - Xij
AT+ llalP + 1B1P

These suffice to fully characterize SPPA-GN for matrix
completion, as shown in Algorithm 3.

C. Application to tensor completion

A tensor is a data array with more than two indexes, which
has been proven extremely useful for data with multiple
modalities [24], [25], [26]. Simply put, it can be considered
higher-order extension of a matrix.

Similar to matrix completion, the task of tensor completion
is to fit a low-rank tensor to an incomplete data tensor, and
use the low-rank model to predict the values of the unobserved
entries. There are multiple definitions of a tensor rank, such
as the CP-rank and the multi-linear (Tucker) rank, leading to
different tensor completion techniques [27], [28], [29]. In this
paper we focus on the CP-rank derived from the canonical
polyadic decomposition of a tensor [30].

We consider a general order-D tensor X of size I} X
--- X Ip. A tensor has rank K if there are D matrices
AW e RIXK ADP) ¢ RIDXK guch that the (i1, ...,ip)th
entry equals to

k D
1 D .
<af]),...,a§D)> = E | |A(d)(zd,k),
k=1 d=1

where we use (-) to denote the “inner-product” between D

vectors, and algfl) denotes the i th row of the factor matrix A,

We use a boldface letter i to denote the index of a particular

1: initialize AV, ..., APt <0
2: repeat

3:  randomly draw (if,...,ip) from 8

ford=1,...,D do
a(_d) <_a(1) *...*a(d_l) *a(d+l) *...*a(D)

10: end for
Yula? a ™y — -1, ...,a®) - X@
-

4. ford=1,...,D do
5: a(d) — algdd)

6: end for

7:  repeat

8:

9:

11:
7 4+ Sy llaCD|P
12: ford=1,...,D do
13: a® — agj) - ya(_d)
14: end for

15:  until convergence
16: ford=1,...,D do
17: al(j) —a?

18:  end for

190 te—t+1

20: until convergence

entry of X, i.e., i = (if,...,ip). With these notations, we can
formulate the tensor completion problem as

>o({al. . a) - X(i))2 )
ie8

a;
where again § denotes the index set of available entries of the
data tensor X. This is another instance of NLS.

Similar to the matrix case, we only have to specify the
corresponding Vg; to be able to fully execute SPPA-GN. We
use * to denote element-wise multiplication of two vectors,
and define

D =g ...

minimize
AN AP

cald D 4 g@) 4y gD

It is easy to see that
V@ gi = a9,

Furthermore, the scaling factor in front of the gradient in
line 7 of Algorithm 1 equals to

Za(a@.a") — (D - D(a].....a)) - X(0)
5+ 2y a0

The resulting SPPA-GN for tensor completion is fleshed out
in Algorithm 4. As a sanity check, when D = 2, this algorithm
recovers the aforementioned SPPA-GN for matrix completion.

III. EXPERIMENTS

We now show some real data experiments to demonstrate
the effectiveness of the proposed SPPA-GN algorithm applied
to matrix and tensor completions. We compare our proposed
algorithm with three variants of SGD: the original version with
various step strategies, AdaGrad [4], and Adam [5], with the
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default settings suggested in their original paper. We carefully

coded all the algorithms, unless otherwise mentioned, in Python.

All the experiments are performed through Jupyter Notebook
on a Linux Desktop with Intel i7 cores vPro 8th Gen and 16
GB of RAM.

Remark. Since the main theme of this paper is to show that
SPPA, a generic algorithmic framework with abstract definition
of its updates, can be efficiently implemented for nonlinear
least squares, we only compared our method to other stochastic
algorithms for the same formulations (8) and (9). We are aware
that there are other formulations for matrix/tensor completion,
such as those based on convex relaxations [31], [27]. The
purpose of our experiments is not to achieve more accurate
predictions in completion. We try to demonstrate that for
the same basic formulations, SPPA achieves a much faster
convergence rate than other stochastic algorithms.

A. Matrix completion on MovieLens

We test the matrix completion performance on the Movie-
Lens data set [32]. Specifically, all algorithms are test on the
ml-latest-small file, which consists of approximately
100,000 ratings and 3,600 tag applications applied to 9,000
movies by 600 users. The data set is split into training/testing
by the creator. We ran all algorithms by drawing samples from
the training set, and we evaluate the mean squared error on
the test set.

As mentioned before, all algorithms are implemented by
ourselves except for SGD for matrix completion, which is
adopted from Albert Au Yeung’s blog!. In recommendation
systems and collaborative filtering people usually add bias
terms to improve prediction accuracy, which is included in
this implementation. However, for fair comparison, these bias
terms are set to be zeros in our experiment.

The convergence plots on the test set are shown in Figures
1 and 2 for two different ranks. In all Figures, the label “Best
y” shows the constant value that gives the best performance
is y, and the labels 1/t and 1/sqrt(t) show that the step size is
diminishing with rates 1/t and 1/sqrt(t) respectively. As we can
see, SPPA indeed converges the fastest for various step size
choices. Interestingly, the performance of SGD comes second
best, outperforming AdaGrad and Adam. Our experience is that
AdaGrad and Adam did work well on synthetic data set when
the data matrices are indeed approximately low rank. However,
on real data they do not perform as well as one would expect.

B. Tensor completion on Facebook wall posts

We test the tensor completion performance on the Facebook
wall posts data set?, which consists of wall post records of ap-
proximately 47,000 Facebook users over the span of more than
years. We form a 46952 x 46951 x 1592, with the (i, j, k) entry
indicating the number of wall posts user i/ wrote to user j on day
k. This can be treated as a tensor completion problem because
not all user interactions are in the form of public wall posts,

Uhttp://www.albertauyeung.com/post/python-matrix- factorization/
Zhttp://konect.uni-koblenz.de/networks/facebook- wosn-wall
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Fig. 2: MovieLens data with rank 20.

but we might discover unrevealed relationships between people
by fitting a low-rank tensor to the observed wall post counts.

In this case we randomly sampled 10% of the tensor
entries and use them as the test set to evaluate the prediction
performances of various stochastic algorithms. The samples that
train the model are drawn from the rest of the available entries.

The convergence plots for this data set is shown in Figures 3
and 4 for two different ranks. As we can see, the performance
of these algorithms are consistent with how they did in the
matrix case, although the data set has been completely changed.
SPPA with constant step size converges the fastest at the
beginning, although the other algorithms tend to swamp at a
bigger objective value. SPPA performed similarly with different
constant step sizes, the constant step size in Figures 3 and 4
is 0.1. The performance of SPPA with diminishing step size is
closer to the SPPA with constant step size in lower rank setting.
Being the second best, SGD performed comparably better than
other algorithms with constant step size 0.1, converging not
as fast at the beginning, but eventually converging to a more
accurate solution.

IV. CONCLUSION

In this paper we presented an efficient implementation of
the stochastic proximal point algorithm (SPPA) for nonlinear
least squares problems. The specific approach to efficiently
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evaluate the proximal operators is based on the Gauss-Newton
(GN) algorithm with a twist of the kernel trick, hence the name
SPPA-GN. The resulting algorithm has similar per-iteration
complexity to that of SGD, while enjoying faster and more
robust convergence under milder conditions. The algorithm
was elaborated on two important problems, matrix and tensor
completion, with implementation details fully driven in the
paper. Real data experiments on the MovieLens data and

Facebook wall posts data showed the effectiveness of SPPA-
GN.
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