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Abstract—Finite Rate of Innovation (FRI) theory considers
sampling and reconstruction of classes of non-bandlimited signals
that have a small number of free parameters. The task of
reconstructing continuous FRI signals from discrete samples
is often transformed into a spectral estimation problem and
solved using methods involving estimating signal subspaces. These
techniques tend to break down at a certain peak signal-to-noise
ratio (PSNR). To avoid this inherent breakdown, we consider
an alternative learning-based approach that uses autoencoders
with fixed decoders. We propose to determine the parameters of
the decoders based on the information of the sampling kernel
explicitly. The fixed decoders provide a regularizing effect on the
output of the encoder and lead to a robust network. Simulations
show significant improvements on the breakdown PSNR over
both classical subspace-based methods and our previous work
based on deep neural networks.

Index Terms—Finite rate of innovation, neural network, au-
toencoders, signal reconstruction, deep learning.

I. INTRODUCTION

Classical sampling theory has enabled us to perfectly re-
construct continuous bandlimited signals from their discrete
samples. In recent years, the emergence of finite rate of
innovation (FRI) sampling theory [1]–[6] has extended it to
classes of non-bandlimited signals that have finite degrees of
freedom per unit time. A common example is a stream of K
Diracs, which has a 2K rate of innovations as the signal can
be defined by the amplitudes and locations of the K Diracs.

Fig. 1 illustrates a typical acquisition process that involves
filtering the input continuous signal x(t) with h(t) = ϕ(−t/T )
and sampling at a regular interval t = nT . Perfect recon-
struction of non-bandlimited FRI signals can be achieved by
using specific classes of kernels ϕ(t) (e.g. [1], [2], [4], [5]).
Conventionally, the task is then transformed into a spectral
estimation problem that can be solved by methods such as
Prony’s method with Cadzow denoising [7], [8] and matrix
pencil [9]. These methods make use of the Singular Value
Decomposition (SVD) to estimate signal subspaces. Under
noisy conditions, the reconstruction performance follows the
Cramér-Rao bound in the low noise regime [10], [11] until it
breaks down when the peak signal-to-noise ratio (PSNR) drops
below a certain threshold. The reason is conjectured to be the
subspace swap event [12] which refers to the confusion of
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x(t) h(t) = ϕ(−t/T ) y[n]

t = nT

Fig. 1. Acquisition process that converts continuous time signal x(t) into
discrete time samples y[n] = 〈x(t), ϕ (t/T − n)〉.

the orthogonal subspace with the signal subspace under noisy
conditions [13].

Our aim is to avoid the inherent subspace swap events
in subspace-based methods. In our previous work [14], we
proposed solving the original FRI reconstruction problem
instead of the transformed spectral estimation problem by
directly inferring the locations of the Diracs from the noisy
samples using deep neural networks. Simulation results have
shown improvement over the low PSNR region with a slight
compromise in the high PSNR region. Despite promising
signs that solving the original reconstruction problem using
neural networks allows us alleviate subspace swap events, the
information of the sampling kernel and the knowledge of the
true amplitudes of the Diracs in the training data are yet to be
utilized in learning the network.

Here we propose to reconstruct FRI signals from noisy
samples using autoencoders with fixed decoders to incorporate
both pieces of information. The encoder gφ(·) follows the same
structure as [14] and aims to estimate the locations of the
Diracs from the noisy samples. The fixed decoder fθ(·) is then
used to resynthesize the samples of the FRI signal based on
the estimated locations given the true amplitudes of the Diracs
in the training data. We propose to determine the parameters
of the decoder θ based on the information of the sampling
kernel while learning the parameters of the encoder φ through
backpropagation. The loss function considers the error on both
estimated locations and the corresponding discrete samples.
This provides a regularizing effect on the output of the encoder
network and improves its performance in retrieving the pulse
locations of the FRI signals.

The rest of the paper is organized as follows: In Section II,
we discuss the inherent subspace swap event and breakdown
PSNR in classical FRI methods using the example of recon-
structing a stream of K Diracs. We then present our proposed
approach using autoencoder networks with fixed decoders in
Section III. In Section IV, we compare simulation results of
our technique with classical subspace-based methods and our
previous work. We then conclude in Section V.
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II. BREAKDOWN IN SUBSPACE-BASED METHODS

In this section, we explain the breakdown by going through
the conventional reconstruction methods of the most basic FRI
signal, a stream of K Diracs. To compare with the subspace-
based techniques in their optimal settings, in this paper, we
consider the reconstruction of a τ -periodic stream of K Diracs:

x(t) =
∑
l∈Z

K−1∑
k=0

akδ(t− tk − lτ), (1)

where {ak ∈ R}K−1
k=0 , {tk ∈ R}K−1

k=0 are the amplitudes and
locations of the Diracs respectively. To sample the continuous
signal x(t), we use an exponential reproducing kernel ϕ(t)
that can reproduce complex exponentials:∑

n∈Z
cm,nϕ(t− n) = ejωmt, (2)

with ωm = ω0 +mλ for m = 0, 1, ..., P . Assuming sampling
period T = τ/N , it is possible to map the acquired samples

y[n] =

〈
x(t), ϕ

(
t

T
− n

)〉
=

K−1∑
k=0

akϕ

(
tk
T
− n

)
, (3)

into a sum of exponentials:

s[m] =

N−1∑
n=0

cm,ny[n] =

K−1∑
k=0

ak
∑
n∈Z

cm,nϕ

(
tk
T
− n

)

=

K−1∑
k=0

ake
jω0tk/T︸ ︷︷ ︸
bk

ejλtk/T︸ ︷︷ ︸
uk

m

=

K−1∑
k=0

bku
m
k . (4)

The amplitudes of the Diracs {ak}K−1
k=0 are mapped to the

amplitudes of the exponentials {bk}K−1
k=0 while the locations

of Diracs {tk}K−1
k=0 are transformed to {uk}K−1

k=0 . This forms a
spectral estimation problem that can be solved using subspace-
based methods. Particularly, we are interested in retrieving the
locations of the Diracs {tk}K−1

k=0 due to its non-linear nature
in the problem seen in (4). On the contrary, the problem of
retrieving the amplitudes of the Diracs is linear, which means
that given the locations of the Diracs, we can directly estimate
the amplitudes.

Previous works such as [3] have shown that subspace-
based methods achieve optimal reconstruction performance
defined by the Cramér-Rao bound yet break down at a certain
PSNR threshold. It is conjectured [13] that the breakdown
in subspace-based methods is due to the confusion between
noise and signal subspaces in performing spectral estimation.
In [12], a mathematical relationship was drawn between the
breakdown PSNR and the relative distance between neighbor-
ing Diracs ∆tk/T with ∆tk = tk+1 − tk. For instance, when
there are two Diracs of same amplitude (K = 2, a0 = a1),
the necessary condition for the subspace swap event is when

PSNR < 10 log10

8
(
P
2 + 1

)
ln
(
P
2 + 1

)(
P
2 + 1− sin(λ2 (P2 +1)∆t0/T )

sin(λ2 ∆t0/T )

)2 . (5)
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Fig. 2. Relationship between breakdown PSNR and the distance between
Diracs in the case of K = 2, N = 21 = P + 1 and λ = 2π

N
(after [12]).

t̂0
t̂1...

t̂K−1

Encoder
gφ

Decoder
fθ
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ŷ[N − 1]

{ak}K−1
k=0

Fig. 3. The encoder maps the input noisy samples {ỹ[n]}N−1
n=0 to the

estimated locations {t̂k}K−1
k=0 of the Diracs. In the training phase, since

the true amplitudes of training data are known, they are directly fed into
the decoder. Given the estimated locations and true amplitudes, the decoder
resynthesizes the noiseless samples {ŷ[n]}N−1

n=0 . Since the pulse shape is
known, the parameters θ of the decoder are fixed and do not require learning.
The parameters φ of the encoder are instead learned and the goal is to
minimize the loss function in (10). In the evaluation phase, we only need
the encoder to provide us the estimated locations. Given the locations,
the amplitudes can be directly estimated using least squares method fitting{
ϕ
(
t̂k/T − n

)}N−1

n=0
to {ỹ[n]}N−1

n=0 from the relationship described in (3).

This is visualized in Fig. 2, which shows that the smaller the
distance between two nearby Diracs, the higher the breakdown
PSNR will be. Thus, the subspace swap event occurring inher-
ently in current FRI techniques precludes us from recovering
FRI signals with a higher resolution under strong noise.

III. PROPOSED METHOD

In this section, we present an FRI reconstruction approach
using autoencoders. We propose to construct the autoencoder
using encoders learned through backpropagation and fixed
decoders. We start by describing their functionality before
delving into the architecture and loss function design in detail.
A block diagram of the proposed system in shown in Fig. 3.

A. Encoder Design and Network Architecture

For the encoder gφ(·) : RN → RK , we use the same
architecture as in our previous work in [14], which infers
the locations of Diracs directly from the noisy samples, i.e.
t̂k = gφ (ỹ[n]). This is because the occurrence of the subspace
swap event analyzed in [12] is inherent to subspace-based
reconstruction methods. By directly inferring the locations, we
hope to avoid the subspace swap events.
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Fig. 4. Encoder network architecture to perform inference from the observed
noisy samples {ỹ[n]}N−1

n=0 to the locations of Diracs {tk}K−1
k=0 .

As shown in Fig. 4, the encoder consists of 3 convolutional
layers followed by 3 fully connected (FC) layers of sizes
100, 100, N respectively. Each of the convolutional layers has
100 filters of size 3. Rectified linear unit (ReLU) is used as
the activation function between each two layers.

B. Decoder Design and Network Architecture

The decoder fθ(·) : RK → RN transforms the estimated
locations back to the denoised samples using fully connected
networks and ReLU, i.e. ŷ[n] = fθ(t̂k) = fθ (gφ (ỹ[n])).
While it is possible to learn a decoder through backpropa-
gation, we propose to use an explicit construction approach
to determine the parameters of the decoder network based on
the sampling kernel and the true amplitudes of the pulses.
During training, the fixed decoder provides an implicit and
accurate regularization on the estimated pulse locations of the
encoder network and will, therefore, improve the learning of
the encoder network. During testing, only the encoder is used
to estimate the pulse locations from the noisy samples.

As works such as [15]–[17] have suggested the capability
of ReLU networks being turned into universal approximator
of any arbitrary function of compact support, the decoder can
follow the same framework and be used as an approximator
of ϕ(t). Theoretically, the approximation framework in [15],
[16] allows us to approximate any kernel with an arbitrary and
non-uniform resolution with ReLU networks. In this paper, we
will focus on piecewise linear interpolation of ϕ(t) with a step
size of ∆. The process of approximating ϕ(t) with a compact
support L can be described as:

ϕ̂∆(t) =

I−1∑
i=0

diReLU(t− i∆), (6)
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1

Fig. 5. A comparison of an arbitrary sampling kernel ϕ(t) and its corre-
sponding piecewise linear approximation ϕ̂∆(t) using ReLU networks with
a uniform step size of ∆ = 1/2.

TABLE I
DYNAMICS AND NUMBER OF OUTPUTS AT EACH LAYER OF THE DECODER

Layer Output at Each Layer # of Outputs

Input
{
t̂k
}K−1

k=0
K

FC1
{
t̂k
T

− n
}K−1,N−1

k=0,n=0
KN

FC2+ReLU
{

ReLU
(
t̂k
T

− n− i∆
)}K−1,N−1,I−1

k=0,n=0,i=0
KNI

Output
{
ŷ[n] =

∑K−1
k=0 akϕ̂∆

(
t̂k
T

− n
)}N−1

n=0
N

t̂0

ϕ̂∆

(
t̂0
T

− 0
)

ϕ̂∆

(
t̂0
T

− 1
)

ŷ[0]

ŷ[1]

1/T 0

1/T-1
0∆

-1∆

-2∆

0∆
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d2
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x
Weight w
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Fig. 6. An example of decoder architecture for acquiring N = 2 samples
from sampling a stream of K = 1 Dirac using approximated sampling kernel
ϕ̂∆(t) with I = 3 linear segments.

with

di =
ϕ ((i+ 1)∆)− ϕ(i∆)

∆
− di−1 and d0 = 0. (7)

As the amplitudes are known for the training phase, we
can substitute (6) into (3) and express the estimated samples
{ŷ[n]}N−1

n=0 as

ŷ[n] =

K−1∑
k=0

akϕ̂∆

(
t̂k
T
− n

)
(8)

=

K−1∑
k=0

ak

I−1∑
i=0

diReLU
(
t̂k
T
− n− i∆

)
. (9)

By utilizing I ReLU units, we are effectively dividing the
sampling kernel into I linear segments. Therefore, the total
number of linear segments is given by I = L/∆. Fig. 5
displays an example of approximating an arbitrary kernel using
ReLU networks. When step becomes infinitely small ∆→ 0,
ϕ̂∆(t) will ultimately converge to the original sampling kernel
ϕ(t). A special note here is that both amplitudes and the
sampling kernel information are only required during training.
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(a) Prony’s method with Cadzow de-
noising.

(b) Direct inference using DNN [14]
(equivalent to training with only
the encoder).

(c) Our proposed autoencoder with
its encoder initialized from the
trained model in (b).

(d) Our proposed method in (c) cou-
pled with gradient descent using
least-squares fitted amplitudes.

Fig. 7. Average standard deviation of the retrieved locations of a stream of Diracs (N = 21,K = 2) over 1000 realizations at each PSNR-∆t0 pair using
different methods. The red dotted line refers to the breakdown PSNR using subspace-based methods shown in Eq. (5) [12].

In evaluation stage, we would only need the encoder to infer
the locations of Diracs from the noisy samples.

To implement this framework, the decoder consists of 3
fully connected hidden layers of sizes KN,KNI,N respec-
tively. The detailed dynamics is listed in Table I, which
performs the transformation from {t̂k}K−1

k=0 to {ŷ[n]}N−1
n=0 .

Here {t̂k}K−1
k=0 are the estimated locations produced by the

encoder. An example decoder for N = 2,K = 1, I = 3
is also shown in Fig. 6. As the decoder is modeled from
approximating the true sampling kernel ϕ(t), the weights and
the biases of the decoder will be fixed and frozen during
training.

C. Loss Function

Contrary to standard autoencoders, since we would like
our recovered samples to be denoised, the loss function
is the squared error between the output estimated samples
{ŷ[n]}N−1

n=0 and the ground truth noiseless samples {y[n]}N−1
n=0 .

Furthermore, we impose a constraint on the bottleneck by
including the squared error between the estimated locations{
t̂k
}K−1

k=0
and the ground truth locations {tk}K−1

k=0 . Together,
the resultant loss function can be written as

L(̂t) =

N−1∑
n=0

(ŷ[n]− y[n])
2

+

K−1∑
k=0

(
t̂k − tk

)2
. (10)

Backpropagation with Adam optimizer [18] is used for
learning the encoder, while the decoder remains fixed to ensure
the latent variable refers to the estimated location of the Diracs.

IV. SIMULATION RESULTS

In this section, we compare the performance of our proposed
autoencoders with the subspace-based Prony’s method with
Cadzow denoising [7], [8], as well as with our previous work
that performs direct inference of FRI parameters from the
noisy samples. The evaluation metric is the average standard
deviation of the retrieved locations of Diracs, defined as:

SDavg =
1

K

K−1∑
k=0

√√√√∑J−1
j=0

(
t̂
(j)
k − tk

)2

J
, (11)

where t̂(j)k and J are the j-th estimation and the number of
realizations respectively.

The simulation focuses on a basic setting of reconstructing
a periodic stream of 2 Diracs with tk ∈ [−0.5, 0.5) and ak ∈
R+. The number of samples and signal period are set to N =
21 and τ = 1, respectively.

For a fair comparison with the classical subspace-based
methods, we consider optimal settings for the subspace-based
methods [12]. Thus, we choose the sampling kernel ϕ(t) to
be an exponential reproducing kernel of maximum order and
minimum-support (eMOMS) [4] that can reproduce P+1 = N
exponentials with ω0 = −Pπ

P+1 and λ = 2π
P+1 . For the decoder,

we opt for a high resolution of ∆ = 1/64, meaning that for
every sampling period T , we approximate the sampling kernel
by 64 linear pieces. As the sampling kernel is of support N ,
this results in a total of I = N/∆ = 1344 linear segments.

To observe the performance of different reconstruction
methods under noisy conditions, the samples y[n] are cor-
rupted with additive white Gaussian noise at different noise
levels. An autoencoder is then trained for each PSNR ∈
[−5, 70] dB with a step of 5 dB. The training set for each
network consist of 106 training data with tk ∈ U(−0.5, 0.5)
and ak ∈ U(0.5, 10) for k = 0, 1, where U(a, b) denotes
uniform distribution between a and b.

In order to compare our results with the breakdown PSNR
shown in Fig. 2, in the evaluation stage, we further assume
constant amplitudes for two Diracs with a0 = a1 = 2. We then
fix the first Dirac at t0 = 0.1 and change ∆t0 ∈ [10−0.5, 10−3]
evenly on a logarithmic scale with a step of 10−0.25. For each
pair of PSNR and ∆t0, Monte Carlo simulations with 1000
realizations have been performed.

Fig. 7 shows the respective reconstruction performance of
subspace-based method, our previous work in direct inference
network [14], which is equivalent to training the encoder only,
and our newly proposed autoencoder. The encoder network of
the autoencoder in Fig. 7c is initialized using the trained model
of direct inference network not only for a fairer comparison but
also to improve the stability of the network. The breakdown
PSNR plotted in Fig. 2 is overlaid as the red dotted line to aid
the visualization. As discussed in Section II, we can see that
the performance of Prony’s method with Cadzow denoising
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(a) Direct inference using DNN [14].
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(b) Autoencoder with encoder initialized from the trained model in Fig. 7b.

Fig. 8. Scatter plot of the retrieved locations over 100 realizations, where the horizontal lines indicate the true locations at t0 = 0.1 and t1 = 0.1 + 10−2.

suffers from an abrupt deterioration at the red dotted line.
This demonstrates the breakdown in performance due to the
inherent subspace swap event in subspace-based methods. On
the other hand, both DNN-based methods maintains a con-
sistent performance across different ∆t0. For instance, when
∆t0 = 10−2, the autoencoders break down at around PSNR =
5 dB whereas Prony’s method breaks down at PSNR = 40 dB.
It shows that solving the original FRI reconstruction problem
instead of the transformed spectral estimation problem enables
us to recover FRI signals with a higher resolution under strong
noise. Nonetheless, this comes with a slight compromise in
the low noise region, which can be eased when our proposed
method is coupled with gradient descent, as shown in Fig. 7d.

A key comparison is between our previous work in direct
inference using DNN with our newly proposed autoencoder.
As seen from Fig. 7b and Fig. 7c, the autoencoder outperforms
the direct inference method globally. While the autoencoder
provides a significant improvement over the breakdown PSNR
in strong noise, it also provides a slightly more accurate
reconstruction performance at low noise regimes above red
line indicating the breakdown PSNR. For better visualization,
we take a closer look at a representative case. Fig. 8 shows the
scatter plot when the distance of the Diracs are ∆t0 = 10−2,
meaning that the Diracs are close together. We can observe that
the direct inference method breaks down at around PSNR = 20
dB, while the newly proposed autoencoder only breaks down
at PSNR = 5 dB. It shows that the addition of fixed decoders
improves the performance of the learned encoder networks in
reconstructing the locations of the Diracs.

V. CONCLUSION

This paper addresses the breakdown of performance in
reconstruction of FRI signals caused by the so-called sub-
space swap event in traditional subspace-based methods under
noisy conditions. We proposed a reconstruction method using
autoencoders with fixed decoders to learn from training data
pairs. Simulation results show that our proposed autoencoder
can reconstruct FRI signals at a low PSNR region where the
existing FRI methods would break down, while also present a
significant general improvement over our previous work that
performs direct inference of FRI parameters using DNN. The
slight performance compromise in high PSNR region can also
be alleviated when our proposed approach is coupled with
gradient descent.
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