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Abstract—The iterative reweighted Lasso is an efficient frame-
work to recover a sparse signal from a noisy linear measurement.
Applying the statistical mechanical approach, we investigate the
performance of the iterative reweighted Lasso by evaluating
the mean squared error of the estimates. Regions where the
reweighting becomes effective are revealed. Our analysis allows
us to investigate property of functions that define the weight.

I. INTRODUCTION

The compressed sensing is a framework that is to find a
sparse solution to underdetermined linear systems [1]. The
iterative /; reweighting algorithms [2] have been paid attention
as methods to refine estimates in the field of compressed
sensing [3]-[15]. These algorithms are to solve the ¢; min-
imization problems while the shape of the ¢; ball is changed,
and can outperform the ¢; minimization without reweighting.
The reweighting methods were applied to Lasso [16], and its
convergence property has been already analyzed [17]. In this
paper, we focus on the iterative reweighted Lasso discussed by
Fosson [17], and investigate its performance by evaluating the
mean squared error of the estimates in the iterative process
theoretically. We also discuss the property of functions that
determine the weight within the numerical analysis of our
theoretical results.

II. PRELIMINARIES
A. Problem Settings

Let ¢y € RY be an unknown sparse vector to be estimated.
We consider the following linear measurement system:

y = Azo +n, (1)

where y € RP, A € RP*N and n € RP denote a
measurement, a measurement matrix, and a noise vector,
respectively. In the framework of compressed sensing, the
main problem is to infer x( for a given measurement y and a
given measurement matrix A. We here suppose that each entry
of the measurement matrix A = (a; ;) follows the normal
distribution with mean zero and variance 1/N independently,
ie., a;; - (0,1/N), and each entry of the noise vector
n = (n,) also follows the normal distribution with mean 0

. . iid.
and variance 08, ie,n, ~ (0,03).

B. {1 minimization and Lasso

In the noiseless case, the following ¢; minimization [1]
is commonly applied to infer the original vector: & =
argmingcpn ||zf]1 s.t. y = Az. On the other hand, when
the measurement is noisy, the least absolute shrinkage and
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selection operator (Lasso) [16] is widely employed for this
estimation problem:

@ = argmin(||y — Az[|3 + A1), 2)
ccRN
where A € R, denotes the amplitude of the regularization
term.

C. Iterative Reweighted (1 minimization

We first briefly summarize the iterative reweighted (1 min-
imization (IRLI) proposed by Candes et al. [2]. In the ¢;
minimization, the estimates is given as a vector at which the
minimum ¢; ball touches a feasible set {x : y = Ax}. The
weighted /1 minimization is a method to resolve a minimiza-
tion problem by changing the shape of the ¢; ball based on the
estimate &; = argmin,, ||z||; s.t. y = Ax. The weighted /-
norm is defined by ||wTx||; for x € RV, where w € R" is
a given weight vector. By defining the weight vector w using
@ properly, the weighted ¢; ball can be sharply pinched at
the original vector to be estimated x(. If the first estimate
&, is good enough, the estimate given by the weighted ¢;
minimization i.e., &5 = argmin,, ||w ' ||; s.t. y = Ax can be
expected to improve. The iterative reweighted /1 minimization
is a method that repeats this process.

At the t-th iteration, the weight is determined using a
function wy, which is referred to as the weight function. It
is commonly chosen as

wi(z) = (Ja| + )7, 3)

for all ¢, where ¢ € R, is a constant to avoid that the
weight diverges [2]. The weight function w, is entrywise
applied to a vector, i.e., wi(x) = (we(z1), - ,wi(xn)) " for
x=(z1, " ,TN)

D. Iterative Reweighted Lasso

Next, we explain the iterative reweighted Lasso (IRLasso)
discussed by Fosson [17]. In this paper, we focus on this
IRLasso. The reweighting scheme can be also applied to
Lasso, which is for noisy measurements, in the same way
as IRL1. The algorithm of the IRLasso is summarized in
Algorithm 1. Here, 1,,x,, denotes an m x n all-1 matrix.

III. ANALYSIS

We analyze typical performance of IRLasso using the statis-
tical mechanical approach, which is an asymptotic method that
quantites of interest are obtained by evaluating a state that the
free energy density that corresponds to a given cost function
is minimized [18], [19]. IRL1 has been already analyzed [9],
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Algorithm 1 Iterative Reweighted Lasso (IRLasso)

Input: Measurement vector y € RY, measurement matrix
A € RPXN_ the amplitude of the regularization term
A € Ry, the number of iterations 7', and a sequence of
weight functions wy, - - -, wyp.
Output: Estimate 2 € RY.
1: Set ’u)l(ff?o) =1nx1-
2: for t =1to T do
3 Solve &; = argmin(|jy — Az ||2+ \||ws (Z—1) "2e]|1).
xR
4: end for

5: return L.

and we follow their analysis. Since this analysis is one of
asymptotics, we take the large system limit where P, N — oo
while the ratio « is kept finite to keep the problem nontrivial.
The ratio a = P/N is referred to as the compression rate.

According to the method of the statistical mechanics, we
first define a cost function in IRLasso, which is called the
Hamiltonian:

Hy(zly, A, 1) = |ly — Aze]|3 + Mwe(@—1) "1 (4)
The Boltamann distribution of this system is
pe(aely, A, meo1) = Z; " exp[=BHi(xi|y, A, 1)), ()

where (; (> 0) denotes a parameter that is called the inverse
temperature, and Z; denotes a normalization constant that is
defined by

th/ eXP[—ﬁth(CCHy,A7$t71)]dfﬂt7 (6)
]RN

which is referred to as the partition function. In the limit where
B¢ — oo, the Boltzmann distribution p; takes a non-zero values
only at the points that the Hamiltonian takes its minimum
value. It should be noted that the Hamiltonian depends on
the estimates of the previous iteration via the weight in the
weighted ¢;-norm. Therefore, the expectation must be taken
over the estimates of all previous iterations x1,:-- ,Z7_1 to
evaluate fr that is the free energy density of the system at the
T-th iteration. When the limits 8, — oo, -+, Br_1 — o0 are
taken in this order, the Boltzmann distributions p1,--- ,pr_1
concentrate. Then, the free energy density fr can be obtained
as

= 1l - lim lim ——E InZ
fT 5Tl£>noo 51l£>nocNE>noo ﬂTN Aso,1, ’mt*l’n[n T]
-1
= 1 - lim  lim ——F Inzr —lnzF-t
/BTILHDO ﬂllinocNgnoo BrN A,Zﬂg,n[n 1 n ]7

)

where Z] = HL Zy which is the partition function of the
joint system of &1, -- ,TT.

Applying the replica method [18], [19], [20], [21], i.e.,
my e v Eazen [In ZT] = lim,_0 o limy e

~ WEaz,n[(Z])"], we can evaluate the quantity

(BrN) " E Az, n[ln ZT] which appers in (7). This quantity
can be written as

1 ,
5o WA alZ])"]

1 n e \T
=——mhE,, / ( dxde Pirllwe (@i 1) thl)
gy e [ (T 1T
n T
< Ean [exp(—zzﬁnmwz —yua)” ®)

a=1t=1

To calculate this quantity (8), we introduce the following
parameters:

r=N"lz]xo € R, )
m® = N1X4Txy e RTXL, (10)
P* = N-1x4T x4 ¢ RT*T, (11)
Q"' = NT'XgT X} e R™*T (a #1), (12)

where we here defined X% = (x¢,--- ,z%) € RV*T. For
example, for a function g, we can rewrite g(N~lz]xo) to
fR 5(mgm0 — Nr)g(r)dr. In (8), all parameters r, m®, P¢,
and Q%° can be used in a same way. Let

u$, = /Bo{auX§ — axolixr) +nulicr) € RT(13)

where we use the notation /8 = (v/B1,- - ,VBr) € RXT,

and o denotes the Hadamard product, i.e, an entrywise product.
Here, a,, € RNV is the p-th row vector of the measurement
matrix A. Letting wr , = (wp .-+, uf ) € RY™>"T the £o-
norm term that is appeared in the second exponential function
in 1(38) can be represented as S ST Bi|| Azt — y|3 =
=1 uT,uu;ﬁ-

All rows a,, of the measurement matrix A are independent
each other. In the large-system limit where P, N — oo while
a = P/N is kept finite, the vector ur,, follows an nT-
dimensional multivariate Normal distribution with mean 0 and
covariance matrix X by the central limit theorem: wp , ~
N(0,%). The covariance matrix ¥ € R"T*"T" consists of
n x n blocks, and its (a,b)-block X" = Ea n[uf’ uf | €

RTXT can be obtained by
sab _ Bo(P*—M*—M*T+R+S;), a=b,
= BO(Qa’b*]\/[a*MaT+R+SO), a?‘ébv

where B = \/BT\/B, M* = m®1lixr, R = rlpyr, and
So = angxT. For sufficiently large P and N, the second
expectation in (8) can be evaluated as

n T a
Eamlexp(=2 01 2t BellAmf — y”%)}
P
= ]EUT,ly‘“ JuT, P [exp(— Z;L:I uT,Mu’:IE,H)}

T])P — |I+ 22|—P/2’

(14)

= (Eu~nosle™™" (15)
by applying the Gaussian integral.

To proceed further, we assume the replica symmetry that
means that the parameters do not depend on the replica
index a, ie., m® = m, P* = P, Q%" = Q for Va,b €
{1,---,n}. Using (15), the replica symmetric assumption,
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and the saddle-point method [22], the quantity (8) becomes
N oo (—BrN) T INEA 200 [(Z1)"] = extrg (A+B), with

A=(=ppN) " In|I +25|77/2, (16)

B =(—BrN) ' InE,, U (H 11 dm?e_ﬁw\llwz(m‘t‘_l)thHl)
t

a

5(a:g:c0—Nr){Hé(X%Ta:Ome“)d(X%TX%fNP“)}

(T o0 xt-noe} .

a b#a

a7

where extr denotes the extremization operator, and we put
© = {r,m, P,Q} for abbreviation. For any matrices X =
(2;,;) and C = (c¢; j), we define the Dirac delta function as
(5(X — C) = Hi,j (5({Ei7j — CZ‘J’).

First, we calculate the term A. Using (14) and the replica
symmetric assumption, we have

A =a(287) ' In{|I+2Bo(P-Q)|" !
|[4+2Bo(P—Q)+2nBo(Q—M—M" +R+50)|},(18)

where M = ml;xr. We next evaluate the term B. Us-
ing the Fourier integral form of the Dirac delta function

§(x) = (2mi)~ [7 die®, the Dirac delta functions in (17)
becomes
5(a] @0 — Nr) = [ fcrwdzo-Nr),
dm§ me mme _Nm@
Ht 27:1 i oo t)

S(XETX2~NP) =T, I, | “DoeoPiu(at Tai =N P2

dQsz Qa b( aT b NQ:?)
2w

(g
S(X4Txg — Nm?) =
(
(

5 X%TXZ) Qa,b) :Hs Ht
where m® = (m{), P* = (P¢,), and Q™" = (QZ?) Using
these equations, the replica symmetric assumption, and the
saddle-point method [22], the term B becomes

B= —’ - extrg (—7r —2nm ' m —ntrPT P —n(n—1)trQ ' Q

+ 1n1Ewo{ [, [ dz5) exp[— 32, 32, Belw(af_y)af|
+izd +2), #4may + >, 24T Pxé
+ 0 Ve T QTE]Y), (19)

where we put 6= {#,m, P,Q} and &% = (x¢,--- ,x%)".

In the reference [9], it has been shown that the off-diagonal
entries of P — () and () — P asymptotically vanish relatively to
its diagonal ones as 3; — oo, -+ -, 7 — 0o. As a result, this
property causes that the order parameter matrices P, P, Q,
and ) can be regarded as diagonal ones asymptotically, i.e.,
even if we treat that P, P, @), and ) are diagonal, we can
obtain the same result. Although this property must be shown,
in this analysis we just assume that the matrices P, P, (), and
@ are diagonal.

To evaluate the operator extr, we need to solve the saddle-
point equations. Some parameters diverges to infinity as 5, —
oo. To avoid this divergence, the terms that includes (; in
A and B must be O(8;). Thus, we introduce the variable

transformations: 1h; = 277%/@,]% = Q(Qtt — Ptt)/ﬁt,
xtt = Bt(Pit — Qut), and Xy = 2Q4; /87, which gives
limNﬁoo(_ﬁTN)ilEmO [ln ZlT}

Yimy oo (=87 N) Y InE,, [(Z1)™]

=2 T o2 4(r—2my+Pe) N PP,
~ Br eXtr@(Zt:l{ﬁtaoTX;u —‘,—Btmtmt_ﬂt tt2 tt

+ Bt + S In(14+2x1)} — 5 Bay [for Dz In{ fpr d2r
exp[—3 23:1 B Pya? + 23:1 Bi(zev/ Xt + zomig) e
= o Bl wi (1) w1},

.

where © = {m, P, X,m,P,x} and &7 = (21, -+ , 7).

Substituting (20) into (7), we can calculate the free energy
density fr. Taking the limit 5, — oo, , By — o0 in this
order, the integrals on z1,- - - , zp converges to corresponding
minimization problems. All of them except the integrals on
xp are cancelled in the free energy density fr, and the
past estimates affect the free energy density only via the
weight of the weighted ¢;-norm. Finally, we arrive at the
free energy density of the estimate at the 7'-th iteration:
fT = CXtI”@T ]:T(eT) with

= lim,,on~

(20)

Fr(©r)
:ag§+(r—2mT+PTT)+m m _ PrrPrr
1+ 2x7r o 2
N 14
+%+Ezo {/Dzrﬁingp”x%_{m/%
T

+ trao far +/\|wT(m;71(ZT71))-TT‘>:|a (21)

where Dz = Hthl Dz, Dz = (27T)_1/2€_Zf2/2d2t, and O
= {mr, Prr,xTT, "1, PrT, XTT}. The mean-squred error
of the estimate at the 7-th iteration can be evaluated by

MSE = r — 2mr + Prr, where m7 and Prr are solutions to

: : .. OFr _ OFr _ OFr _ OFr
the saddle-point equations, i.e., Bne = DPrr = Drrr = Drim
_ 8]:7* _ OFr __

= = % = 0, which are the stationary point equations.
The functlon x; () in (21) corresponds to the estimate at the
t-th iteration. It can be obtained by

x; (z¢) :argrr;gin( P,fact — {Zf\/Xt + mfxo};rf
S

Al s Ge)ad). @)
Since this equation has a recursive form, we have to solve
zi(z1), -+ , x4 (zr) in this order. According to Algorithm 1,
w1 (23(20)) = 1 must hold. Therefore, we do not need to
calculate x§(z0).

IV. RESULTS

Using (21) and (22), we can evaluate our theoretical MSE of
the estimate of IRLasso at the 7T'-th iteration. It is shown that
the order parameters r, mp, and Pprp are given as values that
minimizes the free energy density averaged over A, xg, and
n, ie., r =Eq (||zo|2), mr = Ea zyn(z)@0), and Prr =
]EA_,mO,n(w;mT). We then have MSE at the T-th iteration as
MSE(T) = ]EA,wo,n(HwO — iET”%) =r—2mgp + Prr.

Since we need information of the estimate at the (¢ — 1)-th
iteration to calculate MSE of the estimate at the ¢-th iteration,
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(a) t = 1. Left: theory. Right: simulation. N = 1000. Average over 10 trials.
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(b) t = 2. Left: theory. Right: simulation. N = 1000. Average over 10 trials.
Fig. 1. MSE at the first and the second iterations. Horizontal axis: signal density p. Vertical axis: compression rate c.

the result has a recursive form. The calculation to obtain MSE
of the estimate at the T-th iteration is as follows: 1) Set ¢ = 0;
2) t «+ t + 1; 3) Calculate my, Py, Xtt» ’I’ht, Py, and )A(tt by
solving the saddle-point equations; 4) If ¢ < T', go back to the
step 2; 5) Calculate MSE(T') = r — 2mr + Prr, which is the
result.

Figure 1 shows comparisons between our theory and numer-
ical simulations. As a distribution of the original vector to be
estimated @, the Bernoulli-Gauss distribution p,, (z) = (1 —
p)d(x) + p(2m)~1/2e=*/2 is applied here. The parameter p
is referred to as the signal density. Note that r = E,, [23] = p
holds in this case. The horizontal axis is the signal density
p, and the vertical axis is the compression rate o. We set
wi(z) = (Jz| + 0.1)7! for all ¢ as the weight function. The
other parameters are A = 0.1, 03 = 0.1, and T = 2. We can
confirm that the theoretical results are in good agreement with
the numerical simulations.

In the region where MSE is small enough, the estimate
at the first iteration is very close to the original vector
xg. Therefore, the weight for the second iteration can be
appropriately chosen. As a result, the estimate at the second
iteration is improved. On the other hand, in the region where
MSE is not so small, the weight for the second iteration cannot
be appropriately prepared, which causes that the estimate at
the second iteration becomes worse than the result of the ¢;
minimization without the reweighting.

V. DISCUSSION

Let us consider property of the optimal weight function.
Using the result of our analysis, we can consider the weight
function that minimizes the typical MSE. Since the weight
functions are continuous, it might be hard to optimize a
sequence of the weight functions wq,--- ,wr. Instead, we
treat the case where the form of the weight function is fixed
to wi(z) = (|z|+€)~* Vit only, and consider how to optimize
the parameters a and € as the first step. The distribution of the
original vector is set to the Bernoulli-Gauss distribution.

We first discuss the dependency on a. The other parameters
are € = 0.1, A = 0.001, and 08 = 0. Figure 2 (a) shows the
dependency of MSE on a for a fixed ¢ in the case where the
estimate at the first iteration is used to determine the weight.
It can be confirmed that ¢ = 1, which is commonly used, is
not optimal, where when the parameter a gives the minimum
MSE, it is called optimal. We confirmed that the optimal value
of a depends on the parameters such as the compression rate o
and the signal density p. Figure 2 (b) shows the dependency of
MSE on a for a fixed ¢ in the case where the original vector to
be estimated x( is used to determine the weight. The weight
defined by the original vector oy can most sharply pinch the
weighted ¢ ball at 3. We can evaluate MSE of this scheme
theoretically in the same way to the calculation for 7' = 1.
Since the estimate is close to the original vector in the region
where MSE is small enough, the optimal @ is almost same.
However, when MSE is not small, there is a difference between
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MSE

(a) Based on the estimate at the second iteration.

(b) Based on the original vector to be estimated.

Fig. 2. MSE for wi(z) = (Jz| +€)~* e=0.1, « = 0.9, and p € {0.1,0.2,---,0.9} (in order from the bottom). Circles: optimal a.

them.

We have also evaluated the dependency on e and have
confirmed that the optimal value of € also depends on the
parameters. It should be noted that this analysis must be
adopted to other types of measurement matrices, e.g., the
rotation invariant matrices [23] and matrices with non-zero-
mean entries [24], [25].

VI. SUMMARY

We analyzed the mean squared error of the estimates of
the iterative reweighted Lasso by the replica analysis which
is one of the statistical mechanical approach. Regions where
the reweighting becomes effective were revealed. We showed
that the weight function wy(z) = (|z|+0.1)~! is not optimal,
and the optimal weight function depended on the parameters
such as the compression rate and the signal density. Our theory
can give property of suitable weight functions. To obtain the
optimal weight function is one of our future works.
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