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Abstract—Signal processing tools play an important role in
interpreting COVID-19 pandemic data, and thence contribute to
timely and rational decisions. We recently proposed a sequential
test (MAST) designed to detect the passage from a controlled to
a critical regime of the COVID-19 pandemic; and similarly from
critical to controlled. In this paper we provide a performance
assessment and analysis of MAST alerts from official COVID-19
infection data–the number of daily new positives and hospitalized
individuals in several Italian regions.

Index Terms—COVID-19 pandemic, quickest detection, MAST,
pandemic waves.

I. INTRODUCTION

The virus known as SARS-CoV-2 (severe acute respiratory
syndrome coronavirus 2) is the cause of the respiratory ill-
ness responsible for the COVID-19 pandemic. It has changed
our lives and is expected to have a profound long-term impact
worldwide. Containment of the spread of COVID-19 relied
mainly on confinement measures aimed at “flattening the curve”
of infections to avoid overwhelming the healthcare systems.
These measures ranged from travel and social gathering re-
strictions to closures of a significant portion of commercial
activities. Though these measures helped control the spread of
COVID-19, they also created unprecedented economic crises
and caused significant social unrest [1].

The effects stemming from the imposition of restrictive
measures demonstrate the importance of making timely and
rational decisions. Recent studies aimed at providing rigor-
ous methodological support to these decisions involve many
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different scientific fields [2]–[5], and in particular by signal
processing tools, see e.g., [6], [7].

In [8], we proposed a variation of the celebrated Page’s test,
called MAST (mean-agnostic sequential test), which is designed
to detect the transition from a controlled regime, where the
spreading of COVID-19 is limited, to a critical regime, in which
the infection spreads exponentially fast. In [9], we provided a
first analysis of MAST on the sequences of daily new positive
individuals from 14 different countries. In [10], we integrated
MAST within a detection-estimation-forecasting framework
designed to: (i) learn relevant features of the epidemic (e.g.,
the infection rate); (ii) detect as quickly as possible the onset
(or the termination) of an exponential growth of the contagion;
(iii) reliably forecast the epidemic’s evolution [11].

In this work, we consider two COVID-19 time series: the
number of daily new positive individuals, and the current
number of hospitalized individuals. Leveraging the inherent
multiplicative nature of the pandemic evolution, we analyze
the ratio of successive samples of the time series, defined as
follows. For k = 1, 2, . . . , denoting the day index:

xk =
pk+1

pk
, with pk the daily new positive cases,

yk =
hk+1

hk
, with hk the hospitalized individuals.

(1)

We shall assume that the sequences {xk}nk=1 and {yk}nk=1 are
made of conditionally independent samples. To the best of our
knowledge, this is the first study of COVID-19 infection time
series that is based on the ratios of successive time samples,
with the exception of in-progress works by our group [9], [10].

II. DERIVATION OF THE MAST
In the following, we derive the structure of the detector used

in the analysis with reference to the sequence {xk}nk=1. The
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same derivation holds for {yk}nk=1. Let us start by considering
two pandemic regimes, say “controlled” and “critical”, in which
the observations are assumed to be Gaussian distributed xk ∼
N (µi,k, σ) with mean values µ0,k and µ1,k, respectively. The
goal is to detect as soon as possible if a change from the
controlled to the critical regime is present in the sequence of
observations {xk}nk=1. The problem can be cast in a hypothesis
testing framework [12], [13]:

no change : xk ∼ N (µ0,k, σ), k = 1, . . . , n,

change :

{
xk ∼ N (µ0,k, σ), k = 1, . . . , j − 1,

xk ∼ N (µ1,k, σ), k = j, . . . , n,

(2)

where the observations {xk}nk=1 are independent Gaussian
random variables of known variance σ2. The mean values
{µi,k}nk=1, i = 0, 1, are unknown time-varying deterministic
parameters, verifying the constraints: for k = 1, 2, . . . , n,

µ0,k ≤ 1 (controlled regime), (3a)
µ1,k > 1 (critical regime). (3b)

Under the “change” hypothesis, the time instant 1 ≤ j ≤
n + 1 at which the mean value switches from complying
with (3a) to complying with (3b), is modeled as an unknown
deterministic parameter and defines the onset of a flare-up of the
pandemic. Under the “no change” hypothesis, no switch occurs
and the switch index j is formally set to n + 1. Model (2)
contains 2n + 1 unknown parameters: the index j and the
two sequences of the mean values. The problem formulation
fits exactly the classical quickest detection framework, with
additional uncertainty represented by the 2n unknown mean
values. Accordingly, the MAST detector that we are going to
derive is a tailored version of the celebrated Page’s test, see,
e.g., [14], [15].

The generalized likelihood ratio test (GLRT) approach evalu-
ates the likelihood ratio of the two hypotheses by replacing the
unknown parameters with their hypothesis-constrained maxi-
mum likelihood (ML) estimates [12], [13]. For the decision
problem (2), the GLRT statistic takes the expression

sup
1≤j≤n+1

j−1∏
k=1

sup
µ0,k≤1

e−
(xk−µ0,k)2

2σ2

n∏
k=j

sup
µ1,k>1

e−
(xk−µ1,k)2

2σ2

n∏
k=1

sup
µ0,k≤1

e−
(xk−µ0,k)2

2σ2

,

which can be cast in a more convenient form after recognizing
that the ML estimates of the mean values are

µ̂0,k = min(xk, 1), (4a)
µ̂1,k = max(xk, 1), (4b)

yielding

max
1≤j≤n+1

∏
j≤k≤n : xk≤1

e−
(xk−1)2

2σ2

∏
j≤k≤n : xk>1

e
(xk−1)2

2σ2 . (5)

Taking the logarithm of (5), the GLRT decision rule is equiva-
lent to the following test

Tn = max
1≤j≤n+1

n∑
k=j

k: xk>1

(xk − 1)2

2σ2
−

n∑
k=j

k: xk≤1

(xk − 1)2

2σ2

change
>
<

no change

γ,

(6)

and the exponential growth of the pandemic is declared on
day n∗, the first occurrence of threshold crossing, that is,
n∗ = min{n ≥ 1 : Tn > γ}.

It is not hard to show that MAST (analogous to the classi-
cal Page’s test) admits a recursive expression, which makes
it particularly appealing for practical usage in detecting the
pandemic’s exponential growth. After some simple algebraic
manipulations, one gets: T0 = 0 and, for n ≥ 1,

Tn = max

[
0, Tn−1 +

(xn − 1)2

2σ2
sign(xn − 1)

]
, (7)

where sign(z) = 1 for z > 0 and sign(z) = −1 otherwise.
Furthermore, we note that the MAST statistic in (7) can be
formally obtained from the Page’s test statistic by replacing in
the latter the unknown mean with |xn − 1|; details in [8].

We consider two performance figures for the MAST decision
rule:

• the mean delay ∆ = E1

[
n∗ − j

]
, which is the delay in

declaring the pandemic onset under the “change” hypoth-
esis (whence the subscript 1 appended to the expectation),
where j is the true onset of change and n∗ is when the
onset is declared;

• the risk R, which is the reciprocal of the mean time
between two threshold crossings under the “no change”
hypothesis, assuming that, at each crossing, the MAST
decision statistic is reset to zero.

We recall from [8], [9] that the mean delay ∆ varies almost
linearly with the threshold, i.e., ∆ ∝ γ, whereas the logarithm
of the risk logR varies almost linearly with the opposite of
the threshold, i.e., logR ∝ −γ.

It is clear that the previous derivations and definitions can
be repeated mutatis mutandis to detect the passage from (3b)
to (3a), rather than from (3a) to (3b), by defining the “change”
hypothesis in (2) as follows:

change :

{
xk ∼ N (µ1,k, σ), k = 1, . . . , j − 1,

xk ∼ N (µ0,k, σ), k = j, . . . , n.
(8)

The details are omitted and the final result is the “reversed
MAST,” whose iterative form is: T̄0 = 0 and, for n ≥ 1,

T̄n = max

[
0, T̄n−1 +

(xn − 1)2

2σ2
sign(1− xn)

]
. (9)

III. RESULTS

A preliminary performance evaluation of the proposed test
and a comparison with the classical Page’s test are provided
in [8]. Here, we apply the MAST procedure and evaluate its
performance on official COVID-19 data in Italy. Specifically,
we use the sequences of daily new positive individuals and
hospitalized individuals provided, for each Italian region, by
the Italian Civil Protection Department (CPD) [16].
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Fig. 1. (a) Daily new positive individuals in Lombardia region, Italy, since
February 25, 2020, and its averaged version obtained with a 21-days causal
MA filter with uniform weigths (green line). (b) Growth rate of the epidemic
computed from the averaged daily new positive cases (green line); for easier
visualization, we also show its smoothed version obtained through a non-causal
MA filter with uniform weights of length 21 days (magenta line).

A. Time Series Processing

The time series processing is described with reference to the
sequence of daily new positive cases. The same procedure is
also applied to the sequence of hospitalized individuals, with
an important difference that will be mentioned soon.

Figure 1a shows an illustrative sequence, in grey, of daily
new positive cases in the Lombardia region, Italy, from the end
of February, 2020, to the end of February, 2021. These data
present gross errors due, e.g., to missing values and delays
in information reporting, as well as weekly oscillations. For
instance, it is seen that the number of reported cases over the
weekend is systematically smaller than the values recorded on
weekdays. To address these issues, the sequence of daily new
positive cases is smoothed by a 21-day causal moving average
(MA) filter with uniform weights. The smoothed sequence,
shown in green in Fig. 1a, represents the time series {pk}nk=1

in (1). The delay effect of the causal filtering operation is
evident. The sequence of hospitalized individuals is less affected
by gross errors and weekly oscillations and therefore it does
not require the smoothing operation.

The ratio of successive samples of (filtered) daily new pos-
itive individuals, referred to as {xk}nk=1 in (1) — used to
compute the MAST statistics Tn in (7) and T̄n in (9) — is
shown in green in Fig. 1b. As mentioned in Section II, each
element xk of the sequence of observations is modeled as an
independent Gaussian random variable with known variance σ2
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Fig. 2. Analysis for the Lombardia region using the sequence of daily new
positive individuals. We show the MAST statistics Tn and T̄n computed,
starting from April 4, 2020, for the onset detection of the second wave (blue
solid line) and the third wave (yellow solid line), and for the termination
detection of the second wave (red dashed line). The threshold (black dashed
line) corresponds to the risk R = 10−5 days−1. The onset and termination of
the second wave are declared on August 20, and December 3, 2020, respectively.
The onset of the third wave is declared on February 25, 2021.

and unknown mean value. Actually, the variance is not known
a priori but is estimated from the data, using the smoothed ver-
sion of the growth rate sequence {xk}nk=1, shown in Fig. 1b
by the magenta curve. In practical cases, the variance should
be obtained by other means. Regarding the Gaussian assump-
tion, Kolmogorov-Smirnov goodness-of-fit tests pass at 5%
significance level in almost all cases for reasonably rich data
intervals of 60 days. This is so for sequences both of daily new
positive and hospitalized individuals, with sole exceptions of
Calabria and Sardegna, respectively. Over larger intervals, the
validity of the Gaussian assumption is less clear, presumably
because of a slowly changing variance.

B. Results for the Lombardia Region

For the Lombardia region, Fig. 2 depicts the MAST statistics
Tn and T̄n. The former is used to detect the onset of the
second and third epidemic waves, and the latter to detect the
termination of the second wave. The value of the threshold γ
corresponds to the risk R = 10−5 days−1, which means that a
false change of regime is declared, on average, every 270 years.

The statistic Tn is represented by the blue solid line; its
recursive computation starts on April 4, 2020. The onset of
the second wave is declared on August 20, 2020. On this day,
the statistic T̄n used to detect the termination of the second
wave is initiated, and its evolution is reported in dashed red;
the termination of the second wave is detected on December 3,
2020. Finally, the yellow solid line represents the statistic Tn
initiated on December 3, 2020, used for the detection of the
third wave, which is detected on February 25, 2020. The same
analysis is carried for the province of Brescia (smaller area
in Lombardia). From Fig. 3, we observe that this province
is impacted by a total of four waves and the most recent
one is declared on February 10, 2021, that is, 15 days earlier
than the detection at regional level. This result demonstrates
the capability of the MAST to be used at different levels of
granularity, thus allowing the authorities to intervene on small
clusters of the population to contain the contagion.
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Fig. 3. Analysis for the province of Brescia, using the sequence of daily
new positive individuals. We show the MAST statistics Tn and T̄n computed,
starting from April 2, 2020, for the onset detection of the second wave (blue
solid line), the third wave (green solid line), and the fourth wave (yellow solid
line), and for the termination detection of the second wave (red dashed line)
and the third wave (purple dashed line). The threshold (black dashed line)
corresponds to risk R = 10−5 days−1. The most recent wave is declared on
February 10, 2021.
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Fig. 4. MAST performance in terms of risk R versus mean delay ∆, computed
for 11 Italian regions using (a) the sequence of daily new positive individuals
{pk}, and (b) the sequence of hospitalized individuals {hk}.

C. Results for 11 Italian Regions

In this subsection, we analyze the performance and behavior
of MAST using the sequences of daily new positive cases and
hospitalized individuals from 11 Italian regions.

A comparison of the performance in terms of risk R ver-
sus mean delay ∆ is addressed in Fig. 4a for the sequence of
daily new positive cases, and in Fig. 4b for the sequence of
hospitalized individuals. Though the implementation of MAST
does not require knowledge of the mean sequences {µ0,k}nk=1

and {µ1,k}nk=1, the assessment of its performance depends on
the specific scenario, and thus on the mean sequences of the
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Fig. 5. MAST statistics Tn (solid lines) and T̄n (dashed lines) computed for
11 Italian regions using (a) the sequence of daily new positive individuals pk ,
and (b) the sequence of hospitalized individuals hk . The statistics are employed
to detect the onset (Tn) and termination (T̄n) of the COVID-19 second wave.
The dashed horizontal lines represent the smallest and largest thresholds
corresponding to R = 10−5 days−1 for the ensemble of the 11 regions.
Curves are prolonged beyond threshold crossing for clarity.

region under consideration. In addition, for performance assess-
ment, arbitrarily long mean sequences are in principle required.
Therefore, for each Italian region, periodic counterparts of the
estimated mean sequences {µ̂0,k}nk=1 and {µ̂1,k}nk=1 are con-
structed and used to obtain the relationships between ∆ and γ,
and between R and γ, for small values of the threshold γ. This
is achieved by standard Monte Carlo computer experiments,
involving 5 · 104 independent runs for each value of the thresh-
old γ. Then, since the relation between ∆ and γ is almost
exactly linear, and the relation between R and γ is almost ex-
actly exponential, values of the mean delay ∆ and risk R are
extrapolated for arbitrarily large values of the threshold, pro-
viding the curves in Fig. 4a and Fig. 4b. Further details on the
MAST performance evaluation procedure are in [9].

We observe that, accepting the risk R = 10−5 days−1, the
mean delay ∆ is approximately 7 days for Lombardia and 32
days for Puglia, when using the sequence of daily new positive
cases, and below 14 days for Piemonte and approximately
66 days for Puglia, when using the sequence of hospitalized
individuals. Overall, given a specific risk level, the mean delay
is higher with the sequence of hospitalized individuals. As
intuition suggests, during an outbreak, the number of daily
new positive cases increases more quickly than the number of
hospitalized individuals, hence leading to a quicker detection.

Figures 5a and 5b show the statistics Tn (solid lines) and
T̄n (dashed lines) computed for the 11 Italian regions under
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TABLE I
DAY OF DETECTION OF THE ONSET OF THE SECOND WAVE USING THE

SEQUENCE OF DAILY NEW POSITIVE CASES

REGION R = 10−4 R = 10−5 R = 10−6

Calabria June 10 June 10 June 17
Emilia Romagna June 23 June 24 June 24
Lazio July 8 July 8 July 9
Liguria July 18 July 18 July 20
Lombardia August 18 August 20 August 20
Piemonte August 1 August 4 August 5
Puglia July 16 July 17 July 18
Sardegna July 24 July 24 July 27
Sicilia July 1 July 1 July 1
Toscana July 6 July 6 July 7
Veneto June 29 July 1 July 1

consideration using the sequence of daily new positive cases
and the sequence of hospitalized individuals, respectively. In
both cases, Tn is initiated when the first wave vanishes and
is used to detect the onset of the second wave; T̄n is initiated
on September 1, 2020, and is used to detect the termination
of the second wave. Since the threshold, for a given risk
level, is region-dependent, the smallest and largest thresholds
corresponding to the risk R = 10−5 days−1 are shown.

From Fig. 5a, we observe that, when using the sequence of
daily new positive cases, the onset of the second wave is de-
clared for all the regions between June 10, and August 20, 2020.
The day of detection, for each region and for three risk levels,
is provided in Table I. These results emphasize the robustness
of the MAST detector. Indeed, reducing the risk by a factor
10 or 100, comes at the cost of detection delays of a few days.

The termination of the second wave is detected only for 7
of the 11 regions. The earliest detection is for Lombardia on
December 3, 2020, and the latest is for Veneto on January 21,
2021. As for Calabria, Puglia, Sardegna and Sicilia, the statis-
tic T̄n does not cross the threshold; the second wave in these
regions is still ongoing on February 25, 2021.

When using the sequence of hospitalized individuals, we
note from Fig. 5b that the detection of the onset of the second
wave is, as expected, delayed for most of the regions, except
that for Sardegna. A comparison with the detection obtained
with the sequence of daily new positive cases is provided
in Table II, from which we note that the delay— excluding
Sardegna—is of about 31 days. Finally, the termination of the
second wave is not detected for any of the regions.

IV. CONCLUSIONS

A sequential test, termed MAST, has been recently proposed
in [8]. It was designed to detect the transition from a controlled
regime, in which the spread of COVID-19 is limited, to a
critical regime, in which the infection spreads exponentially fast.
Here, we provided a performance assessment and a behavior
analysis of MAST when applied to two different time series of
contagion data from several Italian regions: daily new positive
cases and hospitalized individuals. We observed that when
using the sequence of daily new positive cases, MAST detects
the onset of uncontrolled growth with a mean delay of a few

TABLE II
DAY OF DETECTION OF THE ONSET OF THE SECOND WAVE WITH R = 10−5

REGION DAILY NEW POSITIVE CASES HOSPITALIZED

Calabria June 10 July 31
Emilia Romagna June 24 August 3
Lazio July 8 September 11
Liguria July 18 August 30
Lombardia August 20 September 2
Piemonte August 4 August 30
Puglia July 17 July 24
Sardegna July 24 July 17
Sicilia July 1 July 15
Toscana July 6 August 17
Veneto July 1 July 10

days at relatively low risk levels. As expected, the detection is
delayed when using the sequence of hospitalized individuals:
this can be explained because, during an outbreak, the number
of hospitalized individuals increases more slowly than the
number of daily new positive cases.
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