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Abstract—We develop a time-varying normalizing flow (TVNF)
for explicit generative modeling of dynamical signals. Being
explicit, it can generate samples of dynamical signals, and
compute the likelihood of a (given) dynamical signal sample. In
the proposed model, signal flow in the layers of the normalizing
flow is a function of time, which is realized using an encoded
representation that is the output of a recurrent neural network
(RNN). Given a set of dynamical signals, the parameters of
TVNF are learned according to maximum-likelihood approach
in conjunction with gradient descent (backpropagation). Use of
the proposed model is illustrated for a toy application scenario
- maximum-likelihood based speech-phone classification task.

Index Terms—Generative learning, recurrent neural networks,
neural networks, normalizing flows

I. INTRODUCTION

Generative models and their deep variants can be catego-
rized in two main classes: implicit and explicit [1]. An explicit
generative model has an analytical functional form, enables
tractable computation of likelihood of a sample and can
generate samples from the underlying probability distribution
(also called target distribution). On the other hand, an implicit
distribution allows sample generation, but computation of
likelihood is not easy. A prominent example of implicit gen-
erative model is generative adversarial networks (GANs) [2].
GAN is based on deep neural networks (DNN). On the other
hand, examples of explicit distributions are Gaussian models,
Gaussian mixture models (GMM), DNN based normalizing
flows (NF) [3], [4], etc. Due to use of DNN, NF and its variants
are capable of modeling complicated probability distributions
[5]. The above mentioned examples of explicit and implicit
models are used to learn distributions of static signals.

In this article, we consider explicit generative modeling of
a dynamical signal - a time-series signal with time-varying
statistics. The probability distribution of the dynamical sig-
nal is assumed to be continuous, unknown and need to be
learned from real data. Recent works considered modeling
of a dynamical signal using a time-varying GMM whose
parameters are time-varying; the parameters are provided by
a recurrent neural network (RNN) [6], [7]. Our ansatz is that
use of Gaussians in GMM has a limited capability to model
an arbitrary distribution. This motivates us to explore the
use of NF in lieu of GMM, and develop a powerful explicit
generative model in conjunction with RNN. The development
leads to time-varying NF (TVNF). Due to the use of NF, the

proposed TVNF is expected to model arbitrarily complicated
distributions better than time-varying GMM (TVGMM).

Our main contribution in this article is the development of
TVNF, where we engineer a time-varying signal flow inside
the layers of NF. The time-varying signal flow is realized using
an encoding obtained from past samples of the dynamical
signal. This encoding serves as a side-information and is
computed recursively using an RNN. We train TVNF using
the principle of maximum-likelihood (ML) approach, where
the parameters are learned using gradient descent (backpropa-
gation). We demostrate the performance of TVNF using a toy
example - a speech phone classification task.

Finally we mention that there is a key difference between
the TVGMM of [6], [7] and the proposed TVNF. Unlike those
works where GMM parameters are time-varying, we do not
vary NF parameters over time. Instead, we incorporate time-
varying transformations in the signal flow of an NF. These
transformations consist of scaling and translation operations
in NF that are parameterized using an RNN.

A. Relevant literature

The authors in [8] use an NF with continuous-time transfor-
mations for modeling dynamical signals. They use a dynamical
model for continuous latent variables. We do not use such a
scheme in TVNF. For the case of discrete latent variables,
NFs and their mixture models have been used together with
hidden Markov models (HMMs) in [9], [10]. In case of a
setup where observations are indirectly measured, traditional
methods utilising Kalman filters have been used for modeling
tasks involving continuous latent variables [11]. RNNs have
been used quite extensively in modeling sequential data for
several classification and regression tasks [12]–[14]. They have
been also used in conjunction with Kalman filters to yield deep
Kalman filters, shown in [15].

II. TIME-VARYING NORMALIZING FLOW

In this section, we describe our proposed TVNF model,
which is built on two main ideas: first, modeling the unknown,
conditional distribution p(xt|x1 . . .xt−1) at time instant t
using an explicit generative model F (·). In this work, we use a
normalizing flow as an explicit generative model. We denote
the flow as a function NF (·;Ψ) having a set of learnable
parameters denoted by Ψ. Next, using the information from
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t − 1 past data points, viz. x1 . . .xt−1 to incorporate time-
varying transformations into NF . This side information is
encoded using an RNN Φ (·;θθθϕϕϕ), with a set of learnable
parameters denoted by θθθϕϕϕ. For a given sample sequence
x1:T = [x1,x2, . . . ,xT ], we wish to compute the joint
distribution in terms of conditionals as follows:

p (x1:T ) =

T∏
t=1

p(xt|x1 . . .xt−1). (1)

Here we model p(xt|x1 . . .xt−1) using a combination of
NF(·) and RNN Φ (·;θθθϕϕϕ). If x̃t ∼ p(xt|x1 . . .xt−1), and

xt = NF (zt;Φ(x1:t−1;θθθϕϕϕ),Ψ) , s.t. zt ∼ N (0, III) , (2)

then xt
d
= x̃t, i.e. the two variables xt and x̃t are similarly

distributed. The function NF (·) uses the value at the present
time instant xt and the output of the encoding RNN from the
past time points x1:t−1 to model the conditional distribution.
Note that zt represents the input Gaussian noise to generate
xt using NF (·). A schematic representation of our proposed
architecture is shown in Fig. 1. Before delving into describing
TVNFs in further detail, we provide a brief overview as
a background of normalizing flows (NF) and some details
regarding the choice of our encoding RNNs.

A. Brief overview of normalizing flows

A normalizing flow is a DNN-based model and defined by a
bijective mapping f : X → Z where X ,Z ∈ RD and denote
the data space and latent space respectively. As a result of
bijectivity, there also exists an inverse mapping g : Z → X ,
i.e. g = f−1. For a data point x ∈ X , the value of p (x) can
be computed exactly using the change of variable formula:

p (x) = p (z)

∣∣∣∣det
(
∂z

∂x

)∣∣∣∣
= p (f (x))

∣∣∣∣det
(
∂f (x)

∂x

)∣∣∣∣. (3)

In most cases, the base density (denoted by p (z)) is a known,
tractable probability density function such as a multivariate
Gaussian. We call a single transformation from X to Z (or
vice-versa) a flow layer. It is a common practice to combine
several such flow layers for modeling richer and more complex
probability distributions [5]. This can be done as follows:

z = h[0]
g[1]

⇌
f [1]

h[1]
g[2]

⇌
f [2]

h[2]
g[3]

⇌
f [3]

h[3] . . .
g[L]

⇌
f [L]

h[L] = x, (4)

where each h[i] ∈ RD, i = {0, 1, 2, . . . , L}, L denotes the
number of flow-layers. Thus from (4), the function g defining
the normalizing flow is given as:

g (·) = g[L] ◦ g[L−1] ◦ g[L−2] ◦ · · · ◦ g[1]. (5)

If each individual transformation g[i] is bijective, then the
composition of bijective transformations results in g being
bijective as well. Similar arguments hold for the function f ,
since f [i] = (g[i])−1. The Jacobian in (3) can also be computed
inexpensively by appropriate choice of the functions f (or
equivalently g).

B. Implementation of encoding RNNs using GRUs

A crucial aspect of our TVNF is the side-information
provided at each flow layer by the RNN Φ (·;θθθϕϕϕ) as shown
in Fig. 1. The encoded vector et at time instant t is obtained
recursively by utilising the previous et−1 and the current xt

as
et = Φ (et−1,xt;θθθϕϕϕ) . (6)

A variety of RNNs known as gated recurrent units (GRUs) are
designed to control information flow through the use of gates
[16]. In subsection II-E, we show that the learning problem
involves learning the parameters of the GRU as well as the
normalizing flow.

C. Details of the proposed TVNF

We now proceed to describe our TVNF model in further
detail. We use a variety of coupling flows called RealNVP [3]
as our choice of NF . We assume that our input here xt is
multidimensional. In case of the RealNVP flow, the input xt is
split into two halves xt,A,xt,B , i.e. if xt =

[
xt,A xt,B

]⊤ ∈
RD, then xt,A ∈ Rd,xt,B ∈ RD−d, where d > 0 and usually
d = D/2. In our proposed architecture, we wish to model the
function gt : Z → X for a single flow-layer as

xt,A = zt,A

xt,B = zt,B ⊙ exp (st) + µt,
(7)

where ⊙ represents element-wise multiplication, the slope st,
and the intercept µt are considered to be functions of zt,A
and an encoding of x1:t−1 denoted by et (6). Introducing the
encoding ensures that the scaling and translation operations in
(7) become time-varying. We use a neural network NN(·) to
compute st,µt as

st,µt = NN (zt,A, et;Ψ) . (8)

NN (·) can be a shallow feed forward neural network having
parameters Ψ. Similarly we can define the function ft : X →
Z as:

zt,A = xt,A

zt,B = (xt,B − µt)⊙ exp (−st) .
(9)

D. Defining the neural network NN (·)
The backbone behind the functions defined in (7), (9) is the

neural network NN (·) shown in Fig. 2. It is a function whose
parameters Ψ constitute the set {Wq,Lq,Vs,Vµ, cq, cs, cµ},
with Wq ∈ Rl×N , Lq ∈ Rl×D, Vs,Vµ ∈ RD×l, cq ∈
Rl, cs ∈ RD, cµ ∈ RD. Here N, l denote the size of the
encoding vector and number of hidden units respectively. The
variable qt ∈ Rl is a non-linear transform of the sum of Wqet
and Lq(b⊙ xt), where b is an element-wise mask. Masking
is done to ensure alternate dimensions get subjected to equal
amount of transformations [3]. The slope st and the intercept
µt are calculated as:

qt = ReLU (Wqet + Lq(b⊙ xt) + cq) ,

st = tanh(Vsqt + cs),

µt = Vµqt + cµ.

(10)
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x
1
:t
�

1
<latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit><latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit><latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit><latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit>

x
1
:t
�

1
<latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit><latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit><latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit><latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit>

� (x1:t�1;✓✓✓���)
<latexit sha1_base64="CCHNCaRa/2GvyQq9J5WghMbFWh0="></latexit><latexit sha1_base64="CCHNCaRa/2GvyQq9J5WghMbFWh0="></latexit><latexit sha1_base64="CCHNCaRa/2GvyQq9J5WghMbFWh0="></latexit><latexit sha1_base64="CCHNCaRa/2GvyQq9J5WghMbFWh0="></latexit>

et
<latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit><latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit><latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit><latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit>

� (g1:t�1 (z1:t�1) ;✓✓✓���)
<latexit sha1_base64="Zk2j6HG6SxeCeTTA+97h+R8IbU0="></latexit><latexit sha1_base64="Zk2j6HG6SxeCeTTA+97h+R8IbU0="></latexit><latexit sha1_base64="Zk2j6HG6SxeCeTTA+97h+R8IbU0="></latexit><latexit sha1_base64="Zk2j6HG6SxeCeTTA+97h+R8IbU0="></latexit>

xt
<latexit sha1_base64="tqp8HINTOCY5HpdD7wQQimie6bw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0GOKjW3Lo7B1klXkFqUKA5qH75w5ilEVfIJDWm57kJ9jOqUTDJZxU/NTyhbEJHvGepohE3/WyeeUbOrDIkYaztU0jm6u+NjEbGTKPATuYZzbKXi/95vRTD634mVJIiV2xxKEwlwZjkBZCh0JyhnFpCmRY2K2FjqilDW1PFluAtf3mVtC/qnlv37i9rjZuijjKcwCmcgwdX0IA7aEILGCTwDK/w5qTOi/PufCxGS06xcwx/4Hz+AI/skgM=</latexit><latexit sha1_base64="tqp8HINTOCY5HpdD7wQQimie6bw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0GOKjW3Lo7B1klXkFqUKA5qH75w5ilEVfIJDWm57kJ9jOqUTDJZxU/NTyhbEJHvGepohE3/WyeeUbOrDIkYaztU0jm6u+NjEbGTKPATuYZzbKXi/95vRTD634mVJIiV2xxKEwlwZjkBZCh0JyhnFpCmRY2K2FjqilDW1PFluAtf3mVtC/qnlv37i9rjZuijjKcwCmcgwdX0IA7aEILGCTwDK/w5qTOi/PufCxGS06xcwx/4Hz+AI/skgM=</latexit><latexit sha1_base64="tqp8HINTOCY5HpdD7wQQimie6bw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0GOKjW3Lo7B1klXkFqUKA5qH75w5ilEVfIJDWm57kJ9jOqUTDJZxU/NTyhbEJHvGepohE3/WyeeUbOrDIkYaztU0jm6u+NjEbGTKPATuYZzbKXi/95vRTD634mVJIiV2xxKEwlwZjkBZCh0JyhnFpCmRY2K2FjqilDW1PFluAtf3mVtC/qnlv37i9rjZuijjKcwCmcgwdX0IA7aEILGCTwDK/w5qTOi/PufCxGS06xcwx/4Hz+AI/skgM=</latexit><latexit sha1_base64="tqp8HINTOCY5HpdD7wQQimie6bw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0GOKjW3Lo7B1klXkFqUKA5qH75w5ilEVfIJDWm57kJ9jOqUTDJZxU/NTyhbEJHvGepohE3/WyeeUbOrDIkYaztU0jm6u+NjEbGTKPATuYZzbKXi/95vRTD634mVJIiV2xxKEwlwZjkBZCh0JyhnFpCmRY2K2FjqilDW1PFluAtf3mVtC/qnlv37i9rjZuijjKcwCmcgwdX0IA7aEILGCTwDK/w5qTOi/PufCxGS06xcwx/4Hz+AI/skgM=</latexit>

et
<latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit><latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit><latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit><latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit>

zt = ft (xt)
<latexit sha1_base64="mGEJMOy6CuGySenVAKRwj8zTcHs=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh1UxIp6EYounFZwT6gKWEynbRDJw9mbsQa+iNu/BU3LhRx4Ub8GydtCtp6YODcc+5l7j1eLLgCy/o2lpZXVtfWCxvFza3tnV1zb7+pokRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wlje8yvzWHZOKR+EtjGLWDUg/5D6nBLTkmlUnIDDw/PRh7AK+wLPS16UjmA/lmXKfKZL3B3DimiWrYk2AF4mdkxLKUXfNT6cX0SRgIVBBlOrYVgzdlEjgVLBx0UkUiwkdkj7raBqSgKluOrlujI+10sN+JPULAU/U3xMpCZQaBZ7uzFZV814m/ud1EvDPuykP4wRYSKcf+YnAEOEsKtzjklEQI00IlVzviumASEJBB1rUIdjzJy+S5mnFtir2TbVUu8zjKKBDdITKyEZnqIauUR01EEWP6Bm9ojfjyXgx3o2PaeuSkc8coD8wvn4AFd+jJQ==</latexit><latexit sha1_base64="mGEJMOy6CuGySenVAKRwj8zTcHs=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh1UxIp6EYounFZwT6gKWEynbRDJw9mbsQa+iNu/BU3LhRx4Ub8GydtCtp6YODcc+5l7j1eLLgCy/o2lpZXVtfWCxvFza3tnV1zb7+pokRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wlje8yvzWHZOKR+EtjGLWDUg/5D6nBLTkmlUnIDDw/PRh7AK+wLPS16UjmA/lmXKfKZL3B3DimiWrYk2AF4mdkxLKUXfNT6cX0SRgIVBBlOrYVgzdlEjgVLBx0UkUiwkdkj7raBqSgKluOrlujI+10sN+JPULAU/U3xMpCZQaBZ7uzFZV814m/ud1EvDPuykP4wRYSKcf+YnAEOEsKtzjklEQI00IlVzviumASEJBB1rUIdjzJy+S5mnFtir2TbVUu8zjKKBDdITKyEZnqIauUR01EEWP6Bm9ojfjyXgx3o2PaeuSkc8coD8wvn4AFd+jJQ==</latexit><latexit sha1_base64="mGEJMOy6CuGySenVAKRwj8zTcHs=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh1UxIp6EYounFZwT6gKWEynbRDJw9mbsQa+iNu/BU3LhRx4Ub8GydtCtp6YODcc+5l7j1eLLgCy/o2lpZXVtfWCxvFza3tnV1zb7+pokRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wlje8yvzWHZOKR+EtjGLWDUg/5D6nBLTkmlUnIDDw/PRh7AK+wLPS16UjmA/lmXKfKZL3B3DimiWrYk2AF4mdkxLKUXfNT6cX0SRgIVBBlOrYVgzdlEjgVLBx0UkUiwkdkj7raBqSgKluOrlujI+10sN+JPULAU/U3xMpCZQaBZ7uzFZV814m/ud1EvDPuykP4wRYSKcf+YnAEOEsKtzjklEQI00IlVzviumASEJBB1rUIdjzJy+S5mnFtir2TbVUu8zjKKBDdITKyEZnqIauUR01EEWP6Bm9ojfjyXgx3o2PaeuSkc8coD8wvn4AFd+jJQ==</latexit><latexit sha1_base64="mGEJMOy6CuGySenVAKRwj8zTcHs=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh1UxIp6EYounFZwT6gKWEynbRDJw9mbsQa+iNu/BU3LhRx4Ub8GydtCtp6YODcc+5l7j1eLLgCy/o2lpZXVtfWCxvFza3tnV1zb7+pokRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wlje8yvzWHZOKR+EtjGLWDUg/5D6nBLTkmlUnIDDw/PRh7AK+wLPS16UjmA/lmXKfKZL3B3DimiWrYk2AF4mdkxLKUXfNT6cX0SRgIVBBlOrYVgzdlEjgVLBx0UkUiwkdkj7raBqSgKluOrlujI+10sN+JPULAU/U3xMpCZQaBZ7uzFZV814m/ud1EvDPuykP4wRYSKcf+YnAEOEsKtzjklEQI00IlVzviumASEJBB1rUIdjzJy+S5mnFtir2TbVUu8zjKKBDdITKyEZnqIauUR01EEWP6Bm9ojfjyXgx3o2PaeuSkc8coD8wvn4AFd+jJQ==</latexit>

f
[1]
t (·; 1)

<latexit sha1_base64="cTqgx4jDGpxD3qjt469Ls0xvb+s=">AAACHnicbVDLSsNAFJ34rPVVdelmsAh1UxJRFNwU3bisYB+QxDCZTtqhkwczN0IJ+RI3/oobF4oIrvRvnLYRtPXAhcM593LvPX4iuALT/DIWFpeWV1ZLa+X1jc2t7crOblvFqaSsRWMRy65PFBM8Yi3gIFg3kYyEvmAdf3g19jv3TCoeR7cwSpgbkn7EA04JaMmrnDohgYEfZEHuwV1mW27uCBZAzaG9GC7wj+00Fc89y5G8P4Ajr1I16+YEeJ5YBamiAk2v8uH0YpqGLAIqiFK2ZSbgZkQCp4LlZSdVLCF0SPrM1jQiIVNuNnkvx4da6eEglroiwBP190RGQqVGoa87x9eqWW8s/ufZKQTnbsajJAUW0emiIBUYYjzOCve4ZBTESBNCJde3YjogklDQiZZ1CNbsy/OkfVy3zLp1c1JtXBZxlNA+OkA1ZKEz1EDXqIlaiKIH9IRe0KvxaDwbb8b7tHXBKGb20B8Yn98Y0aMM</latexit><latexit sha1_base64="cTqgx4jDGpxD3qjt469Ls0xvb+s=">AAACHnicbVDLSsNAFJ34rPVVdelmsAh1UxJRFNwU3bisYB+QxDCZTtqhkwczN0IJ+RI3/oobF4oIrvRvnLYRtPXAhcM593LvPX4iuALT/DIWFpeWV1ZLa+X1jc2t7crOblvFqaSsRWMRy65PFBM8Yi3gIFg3kYyEvmAdf3g19jv3TCoeR7cwSpgbkn7EA04JaMmrnDohgYEfZEHuwV1mW27uCBZAzaG9GC7wj+00Fc89y5G8P4Ajr1I16+YEeJ5YBamiAk2v8uH0YpqGLAIqiFK2ZSbgZkQCp4LlZSdVLCF0SPrM1jQiIVNuNnkvx4da6eEglroiwBP190RGQqVGoa87x9eqWW8s/ufZKQTnbsajJAUW0emiIBUYYjzOCve4ZBTESBNCJde3YjogklDQiZZ1CNbsy/OkfVy3zLp1c1JtXBZxlNA+OkA1ZKEz1EDXqIlaiKIH9IRe0KvxaDwbb8b7tHXBKGb20B8Yn98Y0aMM</latexit><latexit sha1_base64="cTqgx4jDGpxD3qjt469Ls0xvb+s=">AAACHnicbVDLSsNAFJ34rPVVdelmsAh1UxJRFNwU3bisYB+QxDCZTtqhkwczN0IJ+RI3/oobF4oIrvRvnLYRtPXAhcM593LvPX4iuALT/DIWFpeWV1ZLa+X1jc2t7crOblvFqaSsRWMRy65PFBM8Yi3gIFg3kYyEvmAdf3g19jv3TCoeR7cwSpgbkn7EA04JaMmrnDohgYEfZEHuwV1mW27uCBZAzaG9GC7wj+00Fc89y5G8P4Ajr1I16+YEeJ5YBamiAk2v8uH0YpqGLAIqiFK2ZSbgZkQCp4LlZSdVLCF0SPrM1jQiIVNuNnkvx4da6eEglroiwBP190RGQqVGoa87x9eqWW8s/ufZKQTnbsajJAUW0emiIBUYYjzOCve4ZBTESBNCJde3YjogklDQiZZ1CNbsy/OkfVy3zLp1c1JtXBZxlNA+OkA1ZKEz1EDXqIlaiKIH9IRe0KvxaDwbb8b7tHXBKGb20B8Yn98Y0aMM</latexit><latexit sha1_base64="cTqgx4jDGpxD3qjt469Ls0xvb+s=">AAACHnicbVDLSsNAFJ34rPVVdelmsAh1UxJRFNwU3bisYB+QxDCZTtqhkwczN0IJ+RI3/oobF4oIrvRvnLYRtPXAhcM593LvPX4iuALT/DIWFpeWV1ZLa+X1jc2t7crOblvFqaSsRWMRy65PFBM8Yi3gIFg3kYyEvmAdf3g19jv3TCoeR7cwSpgbkn7EA04JaMmrnDohgYEfZEHuwV1mW27uCBZAzaG9GC7wj+00Fc89y5G8P4Ajr1I16+YEeJ5YBamiAk2v8uH0YpqGLAIqiFK2ZSbgZkQCp4LlZSdVLCF0SPrM1jQiIVNuNnkvx4da6eEglroiwBP190RGQqVGoa87x9eqWW8s/ufZKQTnbsajJAUW0emiIBUYYjzOCve4ZBTESBNCJde3YjogklDQiZZ1CNbsy/OkfVy3zLp1c1JtXBZxlNA+OkA1ZKEz1EDXqIlaiKIH9IRe0KvxaDwbb8b7tHXBKGb20B8Yn98Y0aMM</latexit>

f
[L]
t (·; L)

<latexit sha1_base64="CwA+GNPaDeNkgFdbmyr2t1hIyfw=">AAACHnicbVDLSsNAFJ34rPVVdelmsAh1UxJRFNwU3bjoooJ9QBPDZDpph04ezNwIJeRL3PgrblwoIrjSv3HSVtDWAxcO59zLvfd4seAKTPPLWFhcWl5ZLawV1zc2t7ZLO7stFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb3hVe6375lUPApvYRQzJyD9kPucEtCSWzq1AwIDz0/9zIW7tFt3MlswHyo27UVwgX9su6F45tZtyfsDOHJLZbNqjoHniTUlZTRFwy192L2IJgELgQqiVNcyY3BSIoFTwbKinSgWEzokfdbVNCQBU046fi/Dh1rpYT+SukLAY/X3REoCpUaBpzvza9Wsl4v/ed0E/HMn5WGcAAvpZJGfCAwRzrPCPS4ZBTHShFDJ9a2YDogkFHSiRR2CNfvyPGkdVy2zat2clGuX0zgKaB8doAqy0BmqoWvUQE1E0QN6Qi/o1Xg0no03433SumBMZ/bQHxif329No0I=</latexit><latexit sha1_base64="CwA+GNPaDeNkgFdbmyr2t1hIyfw=">AAACHnicbVDLSsNAFJ34rPVVdelmsAh1UxJRFNwU3bjoooJ9QBPDZDpph04ezNwIJeRL3PgrblwoIrjSv3HSVtDWAxcO59zLvfd4seAKTPPLWFhcWl5ZLawV1zc2t7ZLO7stFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb3hVe6375lUPApvYRQzJyD9kPucEtCSWzq1AwIDz0/9zIW7tFt3MlswHyo27UVwgX9su6F45tZtyfsDOHJLZbNqjoHniTUlZTRFwy192L2IJgELgQqiVNcyY3BSIoFTwbKinSgWEzokfdbVNCQBU046fi/Dh1rpYT+SukLAY/X3REoCpUaBpzvza9Wsl4v/ed0E/HMn5WGcAAvpZJGfCAwRzrPCPS4ZBTHShFDJ9a2YDogkFHSiRR2CNfvyPGkdVy2zat2clGuX0zgKaB8doAqy0BmqoWvUQE1E0QN6Qi/o1Xg0no03433SumBMZ/bQHxif329No0I=</latexit><latexit sha1_base64="CwA+GNPaDeNkgFdbmyr2t1hIyfw=">AAACHnicbVDLSsNAFJ34rPVVdelmsAh1UxJRFNwU3bjoooJ9QBPDZDpph04ezNwIJeRL3PgrblwoIrjSv3HSVtDWAxcO59zLvfd4seAKTPPLWFhcWl5ZLawV1zc2t7ZLO7stFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb3hVe6375lUPApvYRQzJyD9kPucEtCSWzq1AwIDz0/9zIW7tFt3MlswHyo27UVwgX9su6F45tZtyfsDOHJLZbNqjoHniTUlZTRFwy192L2IJgELgQqiVNcyY3BSIoFTwbKinSgWEzokfdbVNCQBU046fi/Dh1rpYT+SukLAY/X3REoCpUaBpzvza9Wsl4v/ed0E/HMn5WGcAAvpZJGfCAwRzrPCPS4ZBTHShFDJ9a2YDogkFHSiRR2CNfvyPGkdVy2zat2clGuX0zgKaB8doAqy0BmqoWvUQE1E0QN6Qi/o1Xg0no03433SumBMZ/bQHxif329No0I=</latexit><latexit sha1_base64="CwA+GNPaDeNkgFdbmyr2t1hIyfw=">AAACHnicbVDLSsNAFJ34rPVVdelmsAh1UxJRFNwU3bjoooJ9QBPDZDpph04ezNwIJeRL3PgrblwoIrjSv3HSVtDWAxcO59zLvfd4seAKTPPLWFhcWl5ZLawV1zc2t7ZLO7stFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb3hVe6375lUPApvYRQzJyD9kPucEtCSWzq1AwIDz0/9zIW7tFt3MlswHyo27UVwgX9su6F45tZtyfsDOHJLZbNqjoHniTUlZTRFwy192L2IJgELgQqiVNcyY3BSIoFTwbKinSgWEzokfdbVNCQBU046fi/Dh1rpYT+SukLAY/X3REoCpUaBpzvza9Wsl4v/ed0E/HMn5WGcAAvpZJGfCAwRzrPCPS4ZBTHShFDJ9a2YDogkFHSiRR2CNfvyPGkdVy2zat2clGuX0zgKaB8doAqy0BmqoWvUQE1E0QN6Qi/o1Xg0no03433SumBMZ/bQHxif329No0I=</latexit>

ft (·) = g�1
t (·)

<latexit sha1_base64="tQy4GDp7C+XGX30T+vcF9cKVaCg=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6Eoi5cVrAPaGKYTCft0MmDmRuhhP6QG39FBBcVcetvOGkraOuBgcM55zL3Hj8RXIFljY3C0vLK6lpxvbSxubW9Y+7uNVWcSsoaNBaxbPtEMcEj1gAOgrUTyUjoC9byB9e533pkUvE4uodhwtyQ9CIecEpAS55544QE+n6QBSMPHMECqDi0G4Mjea8Px/gS/wR6OvCQndijxZRnlq2qNQFeJPaMlNEMdc98dboxTUMWARVEqY5tJeBmRAKngo1KTqpYQuiA9FhH04iETLnZ5NoRPtJKFwex1C8CPFF/T2QkVGoY+jqZr67mvVz8z+ukEFy4GY+SFFhEpx8FqcAQ47w63OWSURBDTQiVXO+KaZ9IQkEXXNIl2PMnL5LmadW2qvbdWbl2NaujiA7QIaogG52jGrpFddRAFD2hFzRG78az8WZ8GJ/TaMGYzeyjPzC+vgEPcakz</latexit><latexit sha1_base64="tQy4GDp7C+XGX30T+vcF9cKVaCg=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6Eoi5cVrAPaGKYTCft0MmDmRuhhP6QG39FBBcVcetvOGkraOuBgcM55zL3Hj8RXIFljY3C0vLK6lpxvbSxubW9Y+7uNVWcSsoaNBaxbPtEMcEj1gAOgrUTyUjoC9byB9e533pkUvE4uodhwtyQ9CIecEpAS55544QE+n6QBSMPHMECqDi0G4Mjea8Px/gS/wR6OvCQndijxZRnlq2qNQFeJPaMlNEMdc98dboxTUMWARVEqY5tJeBmRAKngo1KTqpYQuiA9FhH04iETLnZ5NoRPtJKFwex1C8CPFF/T2QkVGoY+jqZr67mvVz8z+ukEFy4GY+SFFhEpx8FqcAQ47w63OWSURBDTQiVXO+KaZ9IQkEXXNIl2PMnL5LmadW2qvbdWbl2NaujiA7QIaogG52jGrpFddRAFD2hFzRG78az8WZ8GJ/TaMGYzeyjPzC+vgEPcakz</latexit><latexit sha1_base64="tQy4GDp7C+XGX30T+vcF9cKVaCg=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6Eoi5cVrAPaGKYTCft0MmDmRuhhP6QG39FBBcVcetvOGkraOuBgcM55zL3Hj8RXIFljY3C0vLK6lpxvbSxubW9Y+7uNVWcSsoaNBaxbPtEMcEj1gAOgrUTyUjoC9byB9e533pkUvE4uodhwtyQ9CIecEpAS55544QE+n6QBSMPHMECqDi0G4Mjea8Px/gS/wR6OvCQndijxZRnlq2qNQFeJPaMlNEMdc98dboxTUMWARVEqY5tJeBmRAKngo1KTqpYQuiA9FhH04iETLnZ5NoRPtJKFwex1C8CPFF/T2QkVGoY+jqZr67mvVz8z+ukEFy4GY+SFFhEpx8FqcAQ47w63OWSURBDTQiVXO+KaZ9IQkEXXNIl2PMnL5LmadW2qvbdWbl2NaujiA7QIaogG52jGrpFddRAFD2hFzRG78az8WZ8GJ/TaMGYzeyjPzC+vgEPcakz</latexit><latexit sha1_base64="tQy4GDp7C+XGX30T+vcF9cKVaCg=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6Eoi5cVrAPaGKYTCft0MmDmRuhhP6QG39FBBcVcetvOGkraOuBgcM55zL3Hj8RXIFljY3C0vLK6lpxvbSxubW9Y+7uNVWcSsoaNBaxbPtEMcEj1gAOgrUTyUjoC9byB9e533pkUvE4uodhwtyQ9CIecEpAS55544QE+n6QBSMPHMECqDi0G4Mjea8Px/gS/wR6OvCQndijxZRnlq2qNQFeJPaMlNEMdc98dboxTUMWARVEqY5tJeBmRAKngo1KTqpYQuiA9FhH04iETLnZ5NoRPtJKFwex1C8CPFF/T2QkVGoY+jqZr67mvVz8z+ukEFy4GY+SFFhEpx8FqcAQ47w63OWSURBDTQiVXO+KaZ9IQkEXXNIl2PMnL5LmadW2qvbdWbl2NaujiA7QIaogG52jGrpFddRAFD2hFzRG78az8WZ8GJ/TaMGYzeyjPzC+vgEPcakz</latexit>

NF (·)
<latexit sha1_base64="aWeL05XyW7VsfN+UxIApvBG7ndU=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LgniSCvYDmlA2m027dLMJuxOhhN68+Fe8eFDEq3/Bm//GTZuDtj4YeLw3w8w8P+FMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZ9bGinAnaAgacdhNJceRz2vFHV7nfeaBSsVjcwzihXoQHgoWMYNBS3zx0IwxDgnl2ez1xOQ2h5pIgBleywRBO+mbVrttTWIvEKUgVFWj2zS83iEkaUQGEY6V6jp2Al2EJjHA6qbipogkmIzygPU0FjqjysukfE+tYK4EVxlKXAGuq/p7IcKTUOPJ1Z361mvdy8T+vl0J44WVMJClQQWaLwpRbEFt5KFbAJCXAx5pgIpm+1SJDLDEBHV1Fh+DMv7xI2qd1x647d2fVxmURRxkdoCNUQw46Rw10g5qohQh6RM/oFb0ZT8aL8W58zFpLRjGzj/7A+PwBHC2ZcQ==</latexit><latexit sha1_base64="aWeL05XyW7VsfN+UxIApvBG7ndU=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LgniSCvYDmlA2m027dLMJuxOhhN68+Fe8eFDEq3/Bm//GTZuDtj4YeLw3w8w8P+FMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZ9bGinAnaAgacdhNJceRz2vFHV7nfeaBSsVjcwzihXoQHgoWMYNBS3zx0IwxDgnl2ez1xOQ2h5pIgBleywRBO+mbVrttTWIvEKUgVFWj2zS83iEkaUQGEY6V6jp2Al2EJjHA6qbipogkmIzygPU0FjqjysukfE+tYK4EVxlKXAGuq/p7IcKTUOPJ1Z361mvdy8T+vl0J44WVMJClQQWaLwpRbEFt5KFbAJCXAx5pgIpm+1SJDLDEBHV1Fh+DMv7xI2qd1x647d2fVxmURRxkdoCNUQw46Rw10g5qohQh6RM/oFb0ZT8aL8W58zFpLRjGzj/7A+PwBHC2ZcQ==</latexit><latexit sha1_base64="aWeL05XyW7VsfN+UxIApvBG7ndU=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LgniSCvYDmlA2m027dLMJuxOhhN68+Fe8eFDEq3/Bm//GTZuDtj4YeLw3w8w8P+FMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZ9bGinAnaAgacdhNJceRz2vFHV7nfeaBSsVjcwzihXoQHgoWMYNBS3zx0IwxDgnl2ez1xOQ2h5pIgBleywRBO+mbVrttTWIvEKUgVFWj2zS83iEkaUQGEY6V6jp2Al2EJjHA6qbipogkmIzygPU0FjqjysukfE+tYK4EVxlKXAGuq/p7IcKTUOPJ1Z361mvdy8T+vl0J44WVMJClQQWaLwpRbEFt5KFbAJCXAx5pgIpm+1SJDLDEBHV1Fh+DMv7xI2qd1x647d2fVxmURRxkdoCNUQw46Rw10g5qohQh6RM/oFb0ZT8aL8W58zFpLRjGzj/7A+PwBHC2ZcQ==</latexit><latexit sha1_base64="aWeL05XyW7VsfN+UxIApvBG7ndU=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LgniSCvYDmlA2m027dLMJuxOhhN68+Fe8eFDEq3/Bm//GTZuDtj4YeLw3w8w8P+FMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVhLZIzGPZ9bGinAnaAgacdhNJceRz2vFHV7nfeaBSsVjcwzihXoQHgoWMYNBS3zx0IwxDgnl2ez1xOQ2h5pIgBleywRBO+mbVrttTWIvEKUgVFWj2zS83iEkaUQGEY6V6jp2Al2EJjHA6qbipogkmIzygPU0FjqjysukfE+tYK4EVxlKXAGuq/p7IcKTUOPJ1Z361mvdy8T+vl0J44WVMJClQQWaLwpRbEFt5KFbAJCXAx5pgIpm+1SJDLDEBHV1Fh+DMv7xI2qd1x647d2fVxmURRxkdoCNUQw46Rw10g5qohQh6RM/oFb0ZT8aL8W58zFpLRjGzj/7A+PwBHC2ZcQ==</latexit>
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Fig. 1. Schematic representation of a TVNF. The figure shows the transformations for likelihood computation, denoted by ft (·) (top) and for generating
samples, denoted by gt (·) (bottom). NF is composed of L individual transformations / flow layers. Every lth transformation is parameterized by Ψl and
receives the encoding of past samples et as a side-information from the RNN Φ.

� (x1:t�1;✓✓✓���)
<latexit sha1_base64="CCHNCaRa/2GvyQq9J5WghMbFWh0="></latexit><latexit sha1_base64="CCHNCaRa/2GvyQq9J5WghMbFWh0="></latexit><latexit sha1_base64="CCHNCaRa/2GvyQq9J5WghMbFWh0="></latexit><latexit sha1_base64="CCHNCaRa/2GvyQq9J5WghMbFWh0="></latexit>

x1:t�1
<latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit><latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit><latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit><latexit sha1_base64="reoS9uQTGc3SfXvFmHh2Q2oiKic=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwY8mIoLgqunFZwT6gDWUynbRDJ5MwcyMtIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48eCa3Ddb6u0tr6xuVXeruzs7u0f2IfVto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpf7nSemNI/kI8xi5oVkJHnAKQEjDexqPyQw9oN0mg1SfAPnOBvYNbfuzuGsElyQGirQHNhf/WFEk5BJoIJo3cNuDF5KFHAqWFbpJ5rFhE7IiPUMlSRk2kvn2TPn1ChDJ4iUeRKcufp7IyWh1rPQN5N5Ur3s5eJ/Xi+B4NpLuYwTYJIuDgWJcCBy8iKcIVeMgpgZQqjiJqtDx0QRCqauiikBL395lbQv6tit44fLWuO2qKOMjtEJOkMYXaEGukdN1EIUTdEzekVvVma9WO/Wx2K0ZBU7R+gPrM8fsQyUMQ==</latexit>

et
<latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit><latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit><latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit><latexit sha1_base64="LAkVDtTlsPO6NtUVoSq8J4bmJiI=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMpnetEMnkzAzUUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4seDauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUwyaLRKQ6PtUouMSm4UZgJ1ZIQ19g25/c5H77EZXmkbw30xj7IR1JHnBGjZUeeiE1Yz9IMRukJhtUqm7NnYEsE68gVSjQGFS+esOIJSFKwwTVuuu5semnVBnOBGblXqIxpmxCR9i1VNIQdT+dpc7IqVWGJIiUfdKQmfp7I6Wh1tPQt5N5Sr3o5eJ/XjcxwVU/5TJODEo2PxQkgpiI5BWQIVfIjJhaQpniNithY6ooM7aosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wc/WZL8</latexit>

qt
<latexit sha1_base64="XDZHF0OHjGl//b8GpPHj/NsSLSI=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfUAby2Q6aYdOJnHmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjx4JrdJxvq7Syura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1kKNg3VgxEvqCdfzJde53HpnSPJJ3OI2ZF5KR5AGnBI103w8Jjv0gfcgGKWaDas2pOzPYy8QtSA0KNAfVr/4woknIJFJBtO65ToxeShRyKlhW6SeaxYROyIj1DJUkZNpLZ6kz+8QoQzuIlHkS7Zn6eyMlodbT0DeTeUq96OXif14vweDSS7mME2SSzg8FibAxsvMK7CFXjKKYGkKo4iarTcdEEYqmqIopwV388jJpn9Vdp+7entcaV0UdZTiCYzgFFy6gATfQhBZQUPAMr/BmPVkv1rv1MR8tWcXOIfyB9fkDUcWTCA==</latexit><latexit sha1_base64="XDZHF0OHjGl//b8GpPHj/NsSLSI=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfUAby2Q6aYdOJnHmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjx4JrdJxvq7Syura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1kKNg3VgxEvqCdfzJde53HpnSPJJ3OI2ZF5KR5AGnBI103w8Jjv0gfcgGKWaDas2pOzPYy8QtSA0KNAfVr/4woknIJFJBtO65ToxeShRyKlhW6SeaxYROyIj1DJUkZNpLZ6kz+8QoQzuIlHkS7Zn6eyMlodbT0DeTeUq96OXif14vweDSS7mME2SSzg8FibAxsvMK7CFXjKKYGkKo4iarTcdEEYqmqIopwV388jJpn9Vdp+7entcaV0UdZTiCYzgFFy6gATfQhBZQUPAMr/BmPVkv1rv1MR8tWcXOIfyB9fkDUcWTCA==</latexit><latexit sha1_base64="XDZHF0OHjGl//b8GpPHj/NsSLSI=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfUAby2Q6aYdOJnHmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjx4JrdJxvq7Syura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1kKNg3VgxEvqCdfzJde53HpnSPJJ3OI2ZF5KR5AGnBI103w8Jjv0gfcgGKWaDas2pOzPYy8QtSA0KNAfVr/4woknIJFJBtO65ToxeShRyKlhW6SeaxYROyIj1DJUkZNpLZ6kz+8QoQzuIlHkS7Zn6eyMlodbT0DeTeUq96OXif14vweDSS7mME2SSzg8FibAxsvMK7CFXjKKYGkKo4iarTcdEEYqmqIopwV388jJpn9Vdp+7entcaV0UdZTiCYzgFFy6gATfQhBZQUPAMr/BmPVkv1rv1MR8tWcXOIfyB9fkDUcWTCA==</latexit><latexit sha1_base64="XDZHF0OHjGl//b8GpPHj/NsSLSI=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KCfUAby2Q6aYdOJnHmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjx4JrdJxvq7Syura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1kKNg3VgxEvqCdfzJde53HpnSPJJ3OI2ZF5KR5AGnBI103w8Jjv0gfcgGKWaDas2pOzPYy8QtSA0KNAfVr/4woknIJFJBtO65ToxeShRyKlhW6SeaxYROyIj1DJUkZNpLZ6kz+8QoQzuIlHkS7Zn6eyMlodbT0DeTeUq96OXif14vweDSS7mME2SSzg8FibAxsvMK7CFXjKKYGkKo4iarTcdEEYqmqIopwV388jJpn9Vdp+7entcaV0UdZTiCYzgFFy6gATfQhBZQUPAMr/BmPVkv1rv1MR8tWcXOIfyB9fkDUcWTCA==</latexit>

st
<latexit sha1_base64="4a4lp52I0NrmxLWkMUwKWm+VOKk=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMplO2qGTSZi5UUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4sRQGXffbWVldW9/YLG2Vt3d29/YrB4ctEyWa8SaLZKQ7PjVcCsWbKFDyTqw5DX3J2/7kJvfbj1wbEal7nMa8H9KREoFgFK300Aspjv0gNdkgxWxQqbo1dwayTLyCVKFAY1D56g0jloRcIZPUmK7nxthPqUbBJM/KvcTwmLIJHfGupYqG3PTTWeqMnFplSIJI26eQzNTfGykNjZmGvp3MU5pFLxf/87oJBlf9VKg4Qa7Y/FCQSIIRySsgQ6E5Qzm1hDItbFbCxlRThraosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjDQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wdU15MK</latexit><latexit sha1_base64="4a4lp52I0NrmxLWkMUwKWm+VOKk=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMplO2qGTSZi5UUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4sRQGXffbWVldW9/YLG2Vt3d29/YrB4ctEyWa8SaLZKQ7PjVcCsWbKFDyTqw5DX3J2/7kJvfbj1wbEal7nMa8H9KREoFgFK300Aspjv0gNdkgxWxQqbo1dwayTLyCVKFAY1D56g0jloRcIZPUmK7nxthPqUbBJM/KvcTwmLIJHfGupYqG3PTTWeqMnFplSIJI26eQzNTfGykNjZmGvp3MU5pFLxf/87oJBlf9VKg4Qa7Y/FCQSIIRySsgQ6E5Qzm1hDItbFbCxlRThraosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjDQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wdU15MK</latexit><latexit sha1_base64="4a4lp52I0NrmxLWkMUwKWm+VOKk=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMplO2qGTSZi5UUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4sRQGXffbWVldW9/YLG2Vt3d29/YrB4ctEyWa8SaLZKQ7PjVcCsWbKFDyTqw5DX3J2/7kJvfbj1wbEal7nMa8H9KREoFgFK300Aspjv0gNdkgxWxQqbo1dwayTLyCVKFAY1D56g0jloRcIZPUmK7nxthPqUbBJM/KvcTwmLIJHfGupYqG3PTTWeqMnFplSIJI26eQzNTfGykNjZmGvp3MU5pFLxf/87oJBlf9VKg4Qa7Y/FCQSIIRySsgQ6E5Qzm1hDItbFbCxlRThraosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjDQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wdU15MK</latexit><latexit sha1_base64="4a4lp52I0NrmxLWkMUwKWm+VOKk=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMplO2qGTSZi5UUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4sRQGXffbWVldW9/YLG2Vt3d29/YrB4ctEyWa8SaLZKQ7PjVcCsWbKFDyTqw5DX3J2/7kJvfbj1wbEal7nMa8H9KREoFgFK300Aspjv0gNdkgxWxQqbo1dwayTLyCVKFAY1D56g0jloRcIZPUmK7nxthPqUbBJM/KvcTwmLIJHfGupYqG3PTTWeqMnFplSIJI26eQzNTfGykNjZmGvp3MU5pFLxf/87oJBlf9VKg4Qa7Y/FCQSIIRySsgQ6E5Qzm1hDItbFbCxlRThraosi3BW/zyMmmd1zy35t1dVOvXRR0lOIYTOAMPLqEOt9CAJjDQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wdU15MK</latexit>

Wq
<latexit sha1_base64="uBv0xn8df60XJL6vFPypATfesTA=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9gHtWDJppg3NZMYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JPjx4Jr4zjfqLSyura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1DDeCdWPFSOgL1vEn17nfeWRK80jemWnMvJCMJA84JcZK9/2QmLEfpJ1skD5kg2rNqTsz4GXiFqQGBZqD6ld/GNEkZNJQQbTuuU5svJQow6lgWaWfaBYTOiEj1rNUkpBpL52lzvCJVYY4iJR90uCZ+nsjJaHW09C3k3lKvejl4n9eLzHBpZdyGSeGSTo/FCQCmwjnFeAhV4waMbWEUMVtVkzHRBFqbFEVW4K7+OVl0j6ru07dvT2vNa6KOspwBMdwCi5cQANuoAktoKDgGV7hDT2hF/SOPuajJVTsHMIfoM8fJUyS6w==</latexit><latexit sha1_base64="uBv0xn8df60XJL6vFPypATfesTA=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9gHtWDJppg3NZMYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JPjx4Jr4zjfqLSyura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1DDeCdWPFSOgL1vEn17nfeWRK80jemWnMvJCMJA84JcZK9/2QmLEfpJ1skD5kg2rNqTsz4GXiFqQGBZqD6ld/GNEkZNJQQbTuuU5svJQow6lgWaWfaBYTOiEj1rNUkpBpL52lzvCJVYY4iJR90uCZ+nsjJaHW09C3k3lKvejl4n9eLzHBpZdyGSeGSTo/FCQCmwjnFeAhV4waMbWEUMVtVkzHRBFqbFEVW4K7+OVl0j6ru07dvT2vNa6KOspwBMdwCi5cQANuoAktoKDgGV7hDT2hF/SOPuajJVTsHMIfoM8fJUyS6w==</latexit><latexit sha1_base64="uBv0xn8df60XJL6vFPypATfesTA=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9gHtWDJppg3NZMYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JPjx4Jr4zjfqLSyura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1DDeCdWPFSOgL1vEn17nfeWRK80jemWnMvJCMJA84JcZK9/2QmLEfpJ1skD5kg2rNqTsz4GXiFqQGBZqD6ld/GNEkZNJQQbTuuU5svJQow6lgWaWfaBYTOiEj1rNUkpBpL52lzvCJVYY4iJR90uCZ+nsjJaHW09C3k3lKvejl4n9eLzHBpZdyGSeGSTo/FCQCmwjnFeAhV4waMbWEUMVtVkzHRBFqbFEVW4K7+OVl0j6ru07dvT2vNa6KOspwBMdwCi5cQANuoAktoKDgGV7hDT2hF/SOPuajJVTsHMIfoM8fJUyS6w==</latexit><latexit sha1_base64="uBv0xn8df60XJL6vFPypATfesTA=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9gHtWDJppg3NZMYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JPjx4Jr4zjfqLSyura+Ud6sbG3v7O5V9w/aOkoUZS0aiUh1faKZ4JK1DDeCdWPFSOgL1vEn17nfeWRK80jemWnMvJCMJA84JcZK9/2QmLEfpJ1skD5kg2rNqTsz4GXiFqQGBZqD6ld/GNEkZNJQQbTuuU5svJQow6lgWaWfaBYTOiEj1rNUkpBpL52lzvCJVYY4iJR90uCZ+nsjJaHW09C3k3lKvejl4n9eLzHBpZdyGSeGSTo/FCQCmwjnFeAhV4waMbWEUMVtVkzHRBFqbFEVW4K7+OVl0j6ru07dvT2vNa6KOspwBMdwCi5cQANuoAktoKDgGV7hDT2hF/SOPuajJVTsHMIfoM8fJUyS6w==</latexit>

Vs
<latexit sha1_base64="OBfAXaSQf/yMZiAWxR8DNvI7BrY=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMplO2qGTSZi5UUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4sRQGXffbWVldW9/YLG2Vt3d29/YrB4ctEyWa8SaLZKQ7PjVcCsWbKFDyTqw5DX3J2/7kJvfbj1wbEal7nMa8H9KREoFgFK300Aspjv0gbWWD1GSDStWtuTOQZeIVpAoFGoPKV28YsSTkCpmkxnQ9N8Z+SjUKJnlW7iWGx5RN6Ih3LVU05KafzlJn5NQqQxJE2j6FZKb+3khpaMw09O1kntIsern4n9dNMLjqp0LFCXLF5oeCRBKMSF4BGQrNGcqpJZRpYbMSNqaaMrRFlW0J3uKXl0nrvOa5Ne/uolq/LuoowTGcwBl4cAl1uIUGNIGBhmd4hTfnyXlx3p2P+eiKU+wcwR84nz8mzZLs</latexit><latexit sha1_base64="OBfAXaSQf/yMZiAWxR8DNvI7BrY=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMplO2qGTSZi5UUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4sRQGXffbWVldW9/YLG2Vt3d29/YrB4ctEyWa8SaLZKQ7PjVcCsWbKFDyTqw5DX3J2/7kJvfbj1wbEal7nMa8H9KREoFgFK300Aspjv0gbWWD1GSDStWtuTOQZeIVpAoFGoPKV28YsSTkCpmkxnQ9N8Z+SjUKJnlW7iWGx5RN6Ih3LVU05KafzlJn5NQqQxJE2j6FZKb+3khpaMw09O1kntIsern4n9dNMLjqp0LFCXLF5oeCRBKMSF4BGQrNGcqpJZRpYbMSNqaaMrRFlW0J3uKXl0nrvOa5Ne/uolq/LuoowTGcwBl4cAl1uIUGNIGBhmd4hTfnyXlx3p2P+eiKU+wcwR84nz8mzZLs</latexit><latexit sha1_base64="OBfAXaSQf/yMZiAWxR8DNvI7BrY=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMplO2qGTSZi5UUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4sRQGXffbWVldW9/YLG2Vt3d29/YrB4ctEyWa8SaLZKQ7PjVcCsWbKFDyTqw5DX3J2/7kJvfbj1wbEal7nMa8H9KREoFgFK300Aspjv0gbWWD1GSDStWtuTOQZeIVpAoFGoPKV28YsSTkCpmkxnQ9N8Z+SjUKJnlW7iWGx5RN6Ih3LVU05KafzlJn5NQqQxJE2j6FZKb+3khpaMw09O1kntIsern4n9dNMLjqp0LFCXLF5oeCRBKMSF4BGQrNGcqpJZRpYbMSNqaaMrRFlW0J3uKXl0nrvOa5Ne/uolq/LuoowTGcwBl4cAl1uIUGNIGBhmd4hTfnyXlx3p2P+eiKU+wcwR84nz8mzZLs</latexit><latexit sha1_base64="OBfAXaSQf/yMZiAWxR8DNvI7BrY=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9DWMplO2qGTSZi5UUrIf7hxoYhb/8Wdf+OkzUJbDwwczrmXe+b4sRQGXffbWVldW9/YLG2Vt3d29/YrB4ctEyWa8SaLZKQ7PjVcCsWbKFDyTqw5DX3J2/7kJvfbj1wbEal7nMa8H9KREoFgFK300Aspjv0gbWWD1GSDStWtuTOQZeIVpAoFGoPKV28YsSTkCpmkxnQ9N8Z+SjUKJnlW7iWGx5RN6Ih3LVU05KafzlJn5NQqQxJE2j6FZKb+3khpaMw09O1kntIsern4n9dNMLjqp0LFCXLF5oeCRBKMSF4BGQrNGcqpJZRpYbMSNqaaMrRFlW0J3uKXl0nrvOa5Ne/uolq/LuoowTGcwBl4cAl1uIUGNIGBhmd4hTfnyXlx3p2P+eiKU+wcwR84nz8mzZLs</latexit>

µt
<latexit sha1_base64="RJjmw+yJkWhlmNTtA/QrtVWseVw=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY9DLx4nuA9YS0nTdAtL0pKkwizFf8WLB0W8+n94878x3XrQzQchj/d+P/LywpRRpR3n26qtrK6tb9Q3G1vbO7t79v5BTyWZxKSLE5bIQYgUYVSQrqaakUEqCeIhI/1wclP6/QciFU3EvZ6mxOdoJGhMMdJGCuwjL0xYpKbcXLnHsyLIdRHYTaflzACXiVuRJqjQCewvL0pwxonQmCGlhq6Taj9HUlPMSNHwMkVShCdoRIaGCsSJ8vNZ+gKeGiWCcSLNERrO1N8bOeKqDGgmOdJjteiV4n/eMNPxlZ9TkWaaCDx/KM4Y1Aksq4ARlQRrNjUEYUlNVojHSCKsTWENU4K7+OVl0jtvuU7Lvbtotq+rOurgGJyAM+CCS9AGt6ADugCDR/AMXsGb9WS9WO/Wx3y0ZlU7h+APrM8ft2+WBw==</latexit><latexit sha1_base64="RJjmw+yJkWhlmNTtA/QrtVWseVw=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY9DLx4nuA9YS0nTdAtL0pKkwizFf8WLB0W8+n94878x3XrQzQchj/d+P/LywpRRpR3n26qtrK6tb9Q3G1vbO7t79v5BTyWZxKSLE5bIQYgUYVSQrqaakUEqCeIhI/1wclP6/QciFU3EvZ6mxOdoJGhMMdJGCuwjL0xYpKbcXLnHsyLIdRHYTaflzACXiVuRJqjQCewvL0pwxonQmCGlhq6Taj9HUlPMSNHwMkVShCdoRIaGCsSJ8vNZ+gKeGiWCcSLNERrO1N8bOeKqDGgmOdJjteiV4n/eMNPxlZ9TkWaaCDx/KM4Y1Aksq4ARlQRrNjUEYUlNVojHSCKsTWENU4K7+OVl0jtvuU7Lvbtotq+rOurgGJyAM+CCS9AGt6ADugCDR/AMXsGb9WS9WO/Wx3y0ZlU7h+APrM8ft2+WBw==</latexit><latexit sha1_base64="RJjmw+yJkWhlmNTtA/QrtVWseVw=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY9DLx4nuA9YS0nTdAtL0pKkwizFf8WLB0W8+n94878x3XrQzQchj/d+P/LywpRRpR3n26qtrK6tb9Q3G1vbO7t79v5BTyWZxKSLE5bIQYgUYVSQrqaakUEqCeIhI/1wclP6/QciFU3EvZ6mxOdoJGhMMdJGCuwjL0xYpKbcXLnHsyLIdRHYTaflzACXiVuRJqjQCewvL0pwxonQmCGlhq6Taj9HUlPMSNHwMkVShCdoRIaGCsSJ8vNZ+gKeGiWCcSLNERrO1N8bOeKqDGgmOdJjteiV4n/eMNPxlZ9TkWaaCDx/KM4Y1Aksq4ARlQRrNjUEYUlNVojHSCKsTWENU4K7+OVl0jtvuU7Lvbtotq+rOurgGJyAM+CCS9AGt6ADugCDR/AMXsGb9WS9WO/Wx3y0ZlU7h+APrM8ft2+WBw==</latexit><latexit sha1_base64="RJjmw+yJkWhlmNTtA/QrtVWseVw=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6MVQY9DLx4nuA9YS0nTdAtL0pKkwizFf8WLB0W8+n94878x3XrQzQchj/d+P/LywpRRpR3n26qtrK6tb9Q3G1vbO7t79v5BTyWZxKSLE5bIQYgUYVSQrqaakUEqCeIhI/1wclP6/QciFU3EvZ6mxOdoJGhMMdJGCuwjL0xYpKbcXLnHsyLIdRHYTaflzACXiVuRJqjQCewvL0pwxonQmCGlhq6Taj9HUlPMSNHwMkVShCdoRIaGCsSJ8vNZ+gKeGiWCcSLNERrO1N8bOeKqDGgmOdJjteiV4n/eMNPxlZ9TkWaaCDx/KM4Y1Aksq4ARlQRrNjUEYUlNVojHSCKsTWENU4K7+OVl0jtvuU7Lvbtotq+rOurgGJyAM+CCS9AGt6ADugCDR/AMXsGb9WS9WO/Wx3y0ZlU7h+APrM8ft2+WBw==</latexit>

b� xt
<latexit sha1_base64="TY/fQqf1dzn8TWQ3Mp6dUsnXITo=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUATymQyaYdOMmHmRiwhH+DGX3HjQhG3foA7/8ZJm4W2HhjmcO653HuPnwiuwba/rcrK6tr6RnWztrW9s7tX3z/oapkqyjpUCqn6PtFM8Jh1gINg/UQxEvmC9fzJdVHv3TOluYzvYJowLyKjmIecEjDSsN5wIwJjP8z8HLsykIBdX4pATyPzZQ/5MIPcuOymPQNeJk5JGqhEe1j/cgNJ04jFQAXReuDYCXgZUcCpYHnNTTVLCJ2QERsYGpOIaS+bHZPjE6MEOJTKvBjwTP3dkZFIF+sZZ7G6XqwV4n+1QQrhpZfxOEmBxXQ+KEwFBomLZHDAFaMgpoYQqrjZFdMxUYSCya9mQnAWT14m3bOmYzed2/NG66qMo4qO0DE6RQ66QC10g9qogyh6RM/oFb1ZT9aL9W59zK0Vq+w5RH9gff4AJpycUQ==</latexit><latexit sha1_base64="TY/fQqf1dzn8TWQ3Mp6dUsnXITo=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUATymQyaYdOMmHmRiwhH+DGX3HjQhG3foA7/8ZJm4W2HhjmcO653HuPnwiuwba/rcrK6tr6RnWztrW9s7tX3z/oapkqyjpUCqn6PtFM8Jh1gINg/UQxEvmC9fzJdVHv3TOluYzvYJowLyKjmIecEjDSsN5wIwJjP8z8HLsykIBdX4pATyPzZQ/5MIPcuOymPQNeJk5JGqhEe1j/cgNJ04jFQAXReuDYCXgZUcCpYHnNTTVLCJ2QERsYGpOIaS+bHZPjE6MEOJTKvBjwTP3dkZFIF+sZZ7G6XqwV4n+1QQrhpZfxOEmBxXQ+KEwFBomLZHDAFaMgpoYQqrjZFdMxUYSCya9mQnAWT14m3bOmYzed2/NG66qMo4qO0DE6RQ66QC10g9qogyh6RM/oFb1ZT9aL9W59zK0Vq+w5RH9gff4AJpycUQ==</latexit><latexit sha1_base64="TY/fQqf1dzn8TWQ3Mp6dUsnXITo=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUATymQyaYdOMmHmRiwhH+DGX3HjQhG3foA7/8ZJm4W2HhjmcO653HuPnwiuwba/rcrK6tr6RnWztrW9s7tX3z/oapkqyjpUCqn6PtFM8Jh1gINg/UQxEvmC9fzJdVHv3TOluYzvYJowLyKjmIecEjDSsN5wIwJjP8z8HLsykIBdX4pATyPzZQ/5MIPcuOymPQNeJk5JGqhEe1j/cgNJ04jFQAXReuDYCXgZUcCpYHnNTTVLCJ2QERsYGpOIaS+bHZPjE6MEOJTKvBjwTP3dkZFIF+sZZ7G6XqwV4n+1QQrhpZfxOEmBxXQ+KEwFBomLZHDAFaMgpoYQqrjZFdMxUYSCya9mQnAWT14m3bOmYzed2/NG66qMo4qO0DE6RQ66QC10g9qogyh6RM/oFb1ZT9aL9W59zK0Vq+w5RH9gff4AJpycUQ==</latexit><latexit sha1_base64="TY/fQqf1dzn8TWQ3Mp6dUsnXITo=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUATymQyaYdOMmHmRiwhH+DGX3HjQhG3foA7/8ZJm4W2HhjmcO653HuPnwiuwba/rcrK6tr6RnWztrW9s7tX3z/oapkqyjpUCqn6PtFM8Jh1gINg/UQxEvmC9fzJdVHv3TOluYzvYJowLyKjmIecEjDSsN5wIwJjP8z8HLsykIBdX4pATyPzZQ/5MIPcuOymPQNeJk5JGqhEe1j/cgNJ04jFQAXReuDYCXgZUcCpYHnNTTVLCJ2QERsYGpOIaS+bHZPjE6MEOJTKvBjwTP3dkZFIF+sZZ7G6XqwV4n+1QQrhpZfxOEmBxXQ+KEwFBomLZHDAFaMgpoYQqrjZFdMxUYSCya9mQnAWT14m3bOmYzed2/NG66qMo4qO0DE6RQ66QC10g9qogyh6RM/oFb1ZT9aL9W59zK0Vq+w5RH9gff4AJpycUQ==</latexit>

Lq
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Fig. 2. Computational graph of the neural network NN (·) (shown in dotted
lines) within the mapping ft : X → Z .

We use a tanh activation for the slope as motivated in [3].
There is also a possibility to add hidden layers on top of qt

and we show results concerning the same in subsection III-C.

E. Training of TVNF

Let us suppose we have Nb number of i.i.d. samples
in a given batch of training data, where each sample is a
sequence of data points. This can be shown as X(Nb) =[
x
(1)
1:T1

, . . . ,x
(Nb)
1:TNb

]
, where Ti, (i = 1, . . . , Nb) can be differ-

ent. The parameters of the proposed TVNF include {Ψ, θθθϕϕϕ},
and are learned by maximizing the averaged, joint log-
likelihood computed using all the samples in the batch. This

is shown in (11), and the optimization is practically achieved
through mini-batch gradient descent and backpropagation.

Ψ⋆, θθθϕϕϕ
⋆ = argmax

Ψ,θθθϕϕϕ

1

Nb
log
(
p
(
X(Nb);Ψ, θθθϕϕϕ

))
= argmax

Ψ,θθθϕϕϕ

1

Nb
log

(
Nb∏

m=1

p
(
x
(m)
1:Tm

;Ψ, θθθϕϕϕ

))

= argmax
Ψ,θθθϕϕϕ

1

Nb

Nb∑
m=1

log
(
p
(
x
(m)
1:Tm

;Ψ, θθθϕϕϕ

))
= argmax

Ψ,θθθϕϕϕ

1

Nb

Nb∑
m=1

Tm∑
t=1

log
(
p
(
x
(m)
t |e(m)

t ;Ψ
))

= argmax
Ψ,θθθϕϕϕ

1

Nb

Nb∑
m=1

Tm∑
t=1

log p
(
ft

(
x
(m)
t ; e

(m)
t ,Ψ

))

+ log det

∣∣∣∣∣∣
∂ft

(
x
(m)
t ; e

(m)
t ,Ψ

)
∂x

(m)
t

∣∣∣∣∣∣,

(11)

where et is the encoding given by the RNN using (6) and the
last step in (11) is obtained by applying the change of variable
formula described in (3). The pseudocode for training TVNFs
is shown in Algorithm 1.

F. In comparison to time-varying GMM

In order to compare the performance of TVNF, we consider
two additional time-varying, explicit generative models, viz.
time-varying GMM (TVGMM) and time-varying Gaussian
(i.e. TVGMM with a single mixture component), which have
been modeled in a similar manner as in [6], [7]. An equation
for a multivariate GMM that models a conditional distribution
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Algorithm 1: Learning algorithm for training TVNF

Input: Dataset X =
[
x
(1)
1:T1

, . . . ,x
(Ns)
1:TNs

]
, initial model

parameters Ψ, θθθϕϕϕ, initial RNN encoding e0 = 0
Result: Optimized model parameters: Ψ⋆, θθθϕϕϕ

⋆

Set training parameters: learning rate (η), no. of
samples in a mini-batch (Nb), max. number of
training epochs (Nmax)

Initialization epoch counter (n)← 0
while (n ≤ Nmax) do

Sample a batch of training data X(Nb)

Compute the averaged log-likelihood
Λ := 1

Nb
log
(
p
(
X(Nb);Ψ, θθθϕϕϕ

))
using (11)

Compute gradients ∂Ψ, ∂θθθϕϕϕ by optimizing Λ
(Mini-batch gradient descent using Adam [17])

Update Ψ← Ψ+ η · ∂Ψ
Update θθθϕϕϕ ← θθθϕϕϕ + η · ∂θθθϕϕϕ
n← n+ 1

end

of xt ∈ RD given the previous observed frames / time-points
x1:t−1 (t = 2, 3, . . . , T ) would be:

p (xt|x1:t−1) =

M∑
m=1

wm,tN (xt;µµµm,t,Cm,t) , (12)

where the parameters θθθGMM = {Cm,t,µµµm,t, wm,t}Mm=1 are
functions of the sequence encoding et ∈ RN given by an
RNN Φ (x1:t−1;θθθϕϕϕ). It is important to note that there are
certain constraints on some of the parameters in θθθGMM, i.e.
the weights should sum to one and covariance matrices should
be symmetric and positive definite. In our case, we consider
diagonal covariance matrices, where we first map et to zt
using a shallow, feed-forward network, and then we compute
the model parameters as follows:

{µm,t}Mm=1 = Wµzzt + bµ,

{diag Cm,t}Mm=1 = sigmoid (WCzzt + bC) ,

{wm,t}Mm=1 = softmax (Wwzzt + bw) ,

(13)

where diag(A) represents a vector of the diagonal elements
of a matrix A, sigmoid(x) = 1/(1+ e−x) and softmax(x)i =
e−xi/(

∑
j e

−xj ) are element-wise activation functions.

III. EXPERIMENTS AND RESULTS

In this section, we describe an illustrative example where we
apply our TVNF models to a 5-class speech-phone classifica-
tion problem. Our aim is mainly to motivate the TVNF-based
approach for modeling dynamical signals. We compare the
performances with the two baseline models using TVGMM.
The code used for reproducing the results can be found at:
https://github.com/AleixEF/DynamicFlows.

A. Experimental setup

Human speech is a dynamically generated signal and a
speech phone is one of the fundamental units of speech. In

the context of linguistics, a speech phone is also referred
to as a phoneme. The dataset used for this purpose was the
TIMIT dataset [18], [19], which has utterances labelled at the
phoneme level.

The dataset consists of 6300 phoneme-level speech utter-
ances that were split into two sets - a training set consisting of
4620 utterances and a testing set consisting of 1680 utterances.
Originally the TIMIT dataset consists of utterances labelled
for 61 phonemes, which can be mapped to a smaller set of
39 phonemes [20]. We partitioned both the training set and
the testing set into 39 classes for generative learning, and set
aside 20 % of the class-wise training data set randomly as a
validation data set for hyperparameter tuning.

As a pre-processing step, we used 13-dimensional Mel-
frequency cepstral coefficients (MFCCs) computed frame-by-
frame with a window length of 25 ms and a shift of 10 ms.
We also computed dynamic features - delta (∆) and double-
delta (∆∆) coefficients from the MFCCs and concatenate them
together with the MFCC features along with an additional DC
component. So, in total, we used a 40-dimensional feature
vector as an input.

B. Model training

We trained models for each class using mini-batch gradient
descent with a batch size of 128 samples. Each TVNF con-
sisted of 4 flow-layers. The models were implemented using
Python and PyTorch, and trained in parallel using two GPUs
[21]. We used Adam as our optimizer [17], with a learning rate
(η) 10−4, which was decayed in a step-wise fashion by a factor
of 0.9 after every 30% of the total number of training epochs.
We also used early-stopping as a regularization strategy by
monitoring the relative change of the averaged log-likelihood
computed on the validation data set.

C. Results

The five classes consisted of MFCC features for the fol-
lowing phonemes: ‘n’, ‘iy’, ‘hh’, ‘oy’ and ‘p’ respectively.
The performance metric was the accuracy computed on the
held-out validation set for each class, which are then weighted
and averaged to yield a single accuracy value. Accuracy was
calculated as a ratio of the number of phonemes predicted
correctly to the total number of phonemes present. We used a
GRU model for the RNN where we tuned the hyperparameters,
viz. size of the encoding vector (N), the size of the hidden
unit in the feed-forward network (l), no. of hidden layers in
the feed-forward network (nH ) and the number of flow layers
(L). For the GMM models, we also tuned the number of
mixture components (M). The results for the different models
are shown in Tables I, II and III.

Using the chosen configurations as per the performance
on the validation set (shown in respective tables in ‘bold’),
we also report the performance of the three models on the
corresponding test datasets in Table IV. We can see that on
this problem, the proposed TVNF performed better than the
other two time-varying models on the test set. This agrees with
our expectations, since normalizing flows are more powerful
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TABLE I
PERFORMANCE ON THE VALIDATION SET FOR DIFFERENT

CONFIGURATIONS OF A TVGMM (M = 1) ON THE 5-CLASS PROBLEM.
ACCURACY VALUES HAVE A ±2% DEVIATION FROM THOSE DENOTED IN

THE TABLE.

S.No. N l Val. Acc. (in %)
1 30 8 78.47
2 30 15 80.37
3 64 8 88.39
4 64 15 73.50
5 80 8 84.41
6 80 15 78.31
7 128 8 83.69
8 128 15 75.75

TABLE II
PERFORMANCE ON THE VALIDATION SET FOR DIFFERENT

CONFIGURATIONS OF TVGMM (M > 1) ON THE 5-CLASS PROBLEM.
ACCURACY VALUES HAVE A ±2% DEVIATION FROM THOSE DENOTED IN

THE TABLE.

S.No. N l M Val. Acc. (in %)
1 64 8 3 88.86
2 64 8 5 87.96
3 64 8 10 88.33
4 80 8 3 81.32
5 80 8 5 79.09
6 80 8 10 81.82

in generative modeling than GMMs. Among the time-varying
Gaussian model and time-varying GMM, the performance
improvement for GMM was marginal.

TABLE III
PERFORMANCE ON THE VALIDATION SET FOR DIFFERENT

CONFIGURATIONS OF TVNF ON THE 5-CLASS PROBLEM. ACCURACY
VALUES HAVE A ±1% DEVIATION FROM THOSE DENOTED IN THE TABLE.

S.No. N l nH L Val. Acc. (in %)
1 64 8 2 4 91.03
2 64 30 2 4 92.16
3 80 8 2 4 91.1
4 80 30 1 4 85.05
5 80 30 2 4 92.12

TABLE IV
PERFORMANCE ON THE TEST SET FOR THE THREE MODELS FOR THE

5-CLASS CLASSIFICATION PROBLEM. ACCURACY VALUES HAVE A ±1%
DEVIATION FROM THOSE DENOTED IN THE TABLE.

TVGMM (M=1) TVGMM (M=3) TVNF
89.17 89.72 91.89

IV. CONCLUSION

In this work, we demonstrated the use of time-varying
normalizing flows for modeling dynamical signals. We showed
that they can be trained using backpropagation and are appli-
cable to a maximum-likelihood based classification scenario,

where they provide better performance than time-varying
GMMs. Future work may include further extensive experi-
mentation of the TVNF models on other datasets or perhaps
incorporating NFs with continuous-time transformations.
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