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Abstract—In this paper, a new double expectation propagation-
based decision feedback equalizer (DEP-DFE) for server inter-
symbol interference (ISI) channels employing turbo equalization
is proposed. The EP algorithm is used at the equalizer output
and the channel decoder output. The proposed DEP-DFE offers
a new approach to alleviate error propagation. Additionally,
its computational complexity is nearly half of the EP-based
minimum mean square error (MMSE)-based linear equalizer
(EP-MMSE-LE) proposed by Santos et al. The bit error ratio per-
formance of the proposed equalizer is verified through simulation
in the well-known severely frequency selective Proakis-C channel
for different scenarios. Simulation results demonstrate that the
proposed DEP-DFE can achieve similar or better performance
than the EP-MMSE-LE. Moreover, it has significant improvement
over the double expectation propagation-based MMSE-LE (DEP-
MMSE-LE).

Index Terms—Expectation propagation (EP), decision feedback
equalizer, turbo equalization, inter-symbol interference

I. INTRODUCTION

Current digital communication systems suffer from inter-
symbol interference (ISI), which can be efficiently alleviated
by using an appropriate equalizer at the receiver. Similar
to turbo codes, the equalizer and the channel decoder can
iteratively exchange extrinsic information so as to improve
the performance, which is referred to as turbo equalization
[1]–[3]. Although the early turbo equalizer in [1] can achieve
tremendous performance gains over the standalone equaliza-
tion, its computational complexity becomes intractable as the
channel length and/or the modulation level increase due to the
trellis-based equalization algorithm. In this scenario, the filter-
type turbo equalizers based on minimum mean squared error
(MMSE) criterion have been preferred [3]–[9].

In the MMSE-based linear equalizer (MMSE-LE) [4]–
[5] , the a priori soft decisions calculated by using the a
priori information from the channel decoder are used for
soft interference cancellation. The computational complexity
is extremely reduced with respect to the trellis-based equal-
izer. However, the performance loss is significant due to the

inaccurate a priori soft decisions. In [6], the soft decision
feedback equalizer (SDFE) is proposed for multi-input multi-
output (MIMO) systems, and it is later extended to MIMO-ISI
systems [7]. The a priori soft decisions of causal symbols are
replaced by the more reliable a posteriori soft decisions at the
equalizer output.

The expectation propagation (EP) algorithm has been re-
cently introduced into the turbo equalization [8]–[9], and it
can provide a more accurate estimation of the posteriori distri-
butions of transmitted symbols at the equalizer output. In [8],
an EP-based MMSE-LE (EP-MMSE-LE) is proposed, which
uses an extrinsic symbol-based feedback. The EP-MMSE-
LE performs considerably better than the MMSE-LE and the
SDFE, but its computational complexity is approximately four
times the one of the MMSE-LE due to the inner loop. In
order to reduce the number of inner loop iterations, a double
EP-based MMSE-LE (DEP-MMSE-LE) is propose in [9]. In
addition to the use of EP in the inner loop at the equalizer
output, a second EP procedure is used in the outer loop
at the channel decoder output. While the DEP-MMSE-LE
has half computational complexity than the EP-MMSE-LE,
it considerably suffers from performance loss in the high
modulation level.

In this paper, we propose a new double EP-based decision
feedback equalizer (DEP-DFE) for turbo equalization over ISI
channels. Specifically, the double EP algorithm is extended
to the DFE structure, where the extrinsic symbol feedback
both in current and previous EP iterations is used to remove
the interference. Using the extrinsic symbol feedback, the
proposed DEP-DFE can mitigate error propagation which
seriously affects the performance of the SDFE. Additionally,
the proposed DEP-DFE can efficiently alleviate causal inter-
ference with the use of extrinsic symbol-based feedback in
the current inner loop EP iteration. In contrast, the DEP-
MMSE-LE suffers from residual interference caused by causal
symbols, and the noise enhancement issue which can degrade
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performance may arise in the DEP-MMSE-LE. The proposed
DEP-DFE has similar computational complexity as the DEP-
MMSE-LE, and it can achieve a performance similar or better
than that of the EP-MMSE-LE. Moreover, the proposed DEP-
DFE performs considerably better than the DEP-MMSE-LE.

Notation: Bold Capital letters and bold lowercase letters are
used to denote matrices and vectors, respectively. IN stands
for an identity matrix with size of N ×N . 1N×M denotes a
N×M matrix with all ones, while 0N×M represents a N×M
matrix with all zeros. Diag(·) stands for the diagonal matrix
whose diagonal elements are defined by the given vector.

II. SYSTEM MODEL AND CONVENTIONAL DECISION
FEEDBACK EQUALIZER

At the transmitter, the encoded and interleaved bits are
partitioned into blocks with length Q ·K, where Q = log2M ,
M stands for the constellation size, and K denotes the
number of mapped symbols for one block. Each bit sequence
can be represented as b = [b1,b2, . . . ,bK ], where bn =
[bn,1, bn,2, . . . , bn,Q] with bit bn,j ∈ {0, 1}. Then bn are
mapped into symbol xn by using a complex M -ary constel-
lation set A = {α1, α2, · · · , αM}, where αi corresponds to
the deterministic bit pattern mi = [mi,1,mi,2, · · · ,mi,Q] with
mi,j ∈ 0, 1. The mapped symbols are transmitted over a ISI
channel h = [h0, h1, · · · , hL−1] with additive white Gaussian
noise. The noise sample wn follows identical independently
distribution with zero mean and variance σ2

w. Thus the received
symbol at time index k can be expressed as

yk =
L−1∑
l=0

hlxk−l + wk (1)

where xk = 0 for k < 1 and k > K. The received
symbols over the time interval [k−N2, k+N1] is exploited to
estimate the transmitted symbol xk at time index k. For ease of
expression, we define N = N1+N2+1 and N3 = N2+L−1.
Then, the following definitions can be obtained

yk = [yk−N2
, · · · , yk, · · · , yk+N1

]T = Hxk + wk (2a)

xk = [xk−N3
, · · · , xk, · · · , xk+N1

]T (2b)

wn = [wk−N2 , · · · , wk, · · · , wk+N1 ]T (2c)

where

H =

hL−1 · · · h0 · · · 0
...

. . . . . . . . .
...

0 · · · hL−1 · · · h0


is the N × (N + L− 1) channel matrix.

In the following, a generic structure of a biased MMSE-
based equalizer is given. Prior estimates on xk with means
x̄k , [x̄k−N3 , · · · , x̄k, · · · , x̄k+N1 ]T and variances v̄k ,
[v̄2k−N3

, · · · , v̄2k, · · · , v̄2k+N1
]T are exploited to mitigate ISI.

Then, the equalized symbol zk and the variance of the residual
interference and noise σ2

k can be expressed as [3]

zk = cHk (yk −Hx̄k + x̄ks) (2)

σ2
k = 1/ξk − 1 (3)
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Fig. 1. Receiver architecture of the proposed DEP-DFE.

where

ck , (Σk + (1− v̄2kssH))−1s/ξk (4)

ξk , sHΣ−1k s (5)

Σk , σ2
wIN + HDiag(v̄k)HH (6)

s , H[01×N3
, 1,01×N1

]T . (7)

The extrinsic distribution of transmitted symbol xk can be
denoted as [8]

qE(xk) = CN
(
xk : zk, σ

2
k

)
. (8)

III. DOUBLE EP-BASED DFE FOR TURBO EQUALIZATION

A double loop where both the equalizer and channel decoder
apply EP algorithm is involved in the proposed DEP-DFE, as
shown in Fig. 1. The inner loop (EP1 in Fig. 1) is first exploited
to obtain, after S iterations, a Gaussian extrinsic distribution
of a transmitted symbol. Then, the outer loop (EP2 in Fig.
1), run for T iterations, employs the extrinsic information at
the output of the equalizer to decode and update the a priori
information which is used at the inner loop.

A. DEP-DFE: Inner EP loop

At the sth iteration of inner loop, the prior for each
transmitted symbol xk, p(xk), is approximated as a Gaussian

g
[s]
k (xk) = CN

(
xk : x̄

[s]
k , v̄

2[s]
k

)
(9)

which is iteratively updated using EP algorithm. In the DEP-
DFE, the following means and variances are exploited to
remove interference

x̄
[s]
k , [x̄

[s+1]
k−N3

, · · · , x̄[s+1]
k−1 , x̄

[s]
k , · · · , x̄

[s]
k+N1

]T (10)

v̄
[s]
k , [v̄

2[s+1]
k−N3

, · · · , v̄2[s+1]
k−1 , v̄

2[s]
k , · · · , v̄2[s]k+N1

]T (11)

and obtain the extrinsic distribution, q
[s]
E (xk) =

CN
(
xk : z

[s]
k , σ

2[s]
k

)
. Subsequently, g[s+1]

k (xk) can be com-

puted by matching the moments of p̂[s](xk) = q
[s]
E (xk)p(xk)

and q
[s]
E (xk)g

[s+1]
k (xk). A damping process is required after

moment matching to enhance the robustness of the EP
algorithm, with factor β. The details of moment matching and
damping are described in Algorithm 1. After S iterations of
inner loop, using the Max-Log maximum a posterior (MAP)
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Algorithm 1: Moment Matching and Damping
Input: a minimum allowed variance δ, damping factor β,

p(xk), g[s]k (xk)and q[s]E (xk);
Output: x̄[s+1]

k , v̄2[s+1]
k ;

1 Compute the moments x̄[s]pk , v̄2[s]pk of p̂[s](xk) = q
[s]
E (xk)

p(xk) and set v̄2[s]pk = max(δ, v̄
2[s]
pk );

2 Run moment matching: Set the mean and variance of the
unnormalized Gaussian distribution

q
[s]
E (xk) · CN

(
xk : x̄

[s+1]
k,new, v̄

2[s+1]
k,new

)
(13)

equal to x̄[s]pk and v̄2[s]pk , yielding

v̄
2[s+1]
k,new =

v̄
2[s]
pk σ

2[s]
k

σ
2[s]
k − v̄2[s]pk

(14)

x̄
[s+1]
k,new = v̄

2[s+1]
k,new

(
x̄
[s]
pk

v̄
2[s]
pk

−
z
[s]
k

σ
2[s]
k

)
(15)

3 Run damping: Update the values as

v̄
2[s+1]
k =

(
β

1

v̄
2[s+1]
k,new

+ (1− β)
1

v̄
2[s]
k

)−1
(16)

x̄
[s+1]
k = v̄

2[s+1]
k

(
β
x̄
[s+1]
k,new

v̄
2[s+1]
k,new

+ (1− β)
x̄
[s]
k

v̄
2[s]
k

)
(17)

4 if v̄[s+1]
k < 0 then

5 v̄
2[s+1]
k = v̄

2[s]
pk , x̄

[s+1]
k = x̄

[s]
pk

6 end

demodulator [5], the extrinsic information corresponding to
coded bit bk,j can be computed as

LE(bk,j) = max
∀mi:mi,j=0

−%[S]
k,i +

∑
∀j′ :j′ 6=j

m̃i,j′L(bk,j′ )

2


− max
∀mi:mi,j=1

−%[S]
k,i +

∑
∀j′ :j′ 6=j

m̃i,j′L(bk,j′ )

2


(12)

where

%
[S]
k,i ,

|αi − z[S]
k |

2

σ
2[S]
k

m̃i,j =

{
+1, mi,j = 0

−1, mi,j = 1.

B. DEP-DFE: Outer EP loop

At the tth iteration of outer loop, after S iterations the inner
loop exploits the extrinsic distribution q[t,S]

E (xk) to obtain the
extrinsic information. Then, the channel decoder can provide
the prior of transmitted symbol p[t+1](xk). To better initialize

Algorithm 2: DEP-DFE at tth iteration of outer loop

Input: h, σ2
w, yk, the a priori information L[t](bk,j) and

the extrinsic distribution q[t−1,S]
E (xk) at t− 1th

iteration of outer loop and Sth iteraton of inner
loop;

Output: L[t]
E (bk,j);

1 Initialization: Set β = min(exp((t+ 1)/1.5)/10, 0.7);
Compute p[t](xk) using L[t](bk,j);

2 EP at the outer loop: Compute x̄[t,1]k , v̄2[t,1]k with p[t](xk)

and q[t−1,S]
E (xk) according to (13)–(15);

3 if v̄2[t,1]k < 0 then
4 Set x̄[t,1]k = Ep[t] [xk], v̄2[t,1]k = Ep[t] [(xk − x̄[t,1]k )2];
5 end
6 EP at the inner loop:
7 for s = 0, · · · , S do
8 for k = 1, · · · ,K do
9 Compute the kth extrinsic distribution, q[t,s]E (xk),

as in (8);
10 Run Algorithm 1 with p[t](xk), g[t,s]k (xk) and

q
[t,s]
E (xk) to obtain x̄[t,s+1]

k , v̄2[t,s+1]
k ;

11 if s = S then
12 Compute the extrinsic information, L[t]

E (bk,j),
as in (12);

13 end
14 end
15 end

the inner loop, at the t+ 1th iteration, EP2 block is exploited
to obtain g[t+1,1]

k (xk). As described in Fig. 2, by matching the
moments of

p̂[t+1](xk) = q
[t,S]
E (xk)p[t+1](xk) (18)

with ones of the new approximate posterior,
q
[t,S]
E (xk)g

[t+1,1]
k (xk), the parameters (mean x̄

[t+1,1]
k and

variance v̄[t+1,1]
k ) of g[t+1,1]

k (xk) can be obtained. The whole
procedure is described in Algorithm 2. The complexity
of the DEP-DFE is dominated by the computation of the
inverse matrix in (4), which is repeated over S + 1 times
per turbo iteration. Therefore, the complexity is in order of
O((S + 1)KN2).

IV. SIMULATION RESULTS

In this section we analyze the bit error rate (BER) perfor-
mance of the MMSE-LE [5], the SDFE [6], the EP-MMSE-
LE [8], the DEP-MMSE-LE [9] and the proposed DEP-DFE
for different scenarios. We employ a LDPC of rate 1/3 with
the length of 576 bits. The Proakis-C channel with channel
response h = [0.227, 0.46, 0.688, 0.46, 0.227]T which can
incur severe ISI is used [4], [8]–[9]. The block length is set
to K = 32, and the filter parameters are set to N1 = 9 and
N2 = 5. The parameters of EP algorithm are set to δ = 10−8

and β = min(exp((t + 1)/1.5)/10, 0.7) in order to enhance
the robustness of the EP algorithm. In addition, the number
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TABLE I
COMPUTATIONAL COMPLEXITY COMPARISON BETWEEN EQUALIZERS

Equalizer Complexity per turbo iteration
MMSE-LE [5] KN2

SDFE [6] KN2

EP-MMSE-LE [8] 4KN2

DEP-MMSE-LE [9] 2KN2

DEP-DFE 2KN2

1 2 3 4 5 6 7 8 9 10

10-5

10-4

10-3

10-2

10-1

100

MMSE-LE [5]

SDFE [6]

EP-MMSE-LE [8]

DEP-MMSE-LE [9]

DEP-DFE

(a) after one turbo iteration

1 2 3 4 5 6 7 8 9 10

10-5

10-4

10-3

10-2

10-1

100

MMSE-LE [5]

SDFE [6]

EP-MMSE-LE [8]

DEP-MMSE-LE [9]

DEP-DFE

(b) after three turbo iterations

Fig. 2. BER performance of the proposed DEP-DFE with BPSK modulation.

of inner loop iterations is set to S = 3 for the EP-MMSE-LE,
S = 1 for the DEP-MMSE-LE and S = 1 for the proposed
DEP-DFE. A detailed complexity comparison of all equalizers
per turbo iteration is presented in Table I.

In Fig. 2, we depict BER curves of various equalizers after
one and three turbo iterations, considering BPSK modulation.
Form this figure, the DEP-MMME-LE can achieve a perfor-
mance similar to that of the EP-MMSE-LE. The proposed
DFE-DFE has nearly half complexity than the EP-MMSE-
LE. Whereas, its BER performance is much better. This result
makes sense since the proposed DEP-DFE can efficiently
remove the residual interference caused by causal symbols
with the help of the extrinsic symbol feedback in the current

2 3 4 5 6 7 8 9 10 11

10-5

10-4

10-3

10-2

10-1

100

MMSE-LE [5]

SDFE [6]

EP-MMSE-LE [8]

DEP-MMSE-LE [9]

DEP-DFE

(a) after one turbo iteration

2 3 4 5 6 7 8 9 10 11

10-5

10-4

10-3

10-2

10-1

100

MMSE-LE [5]

SDFE [6]

EP-MMSE-LE [8]

DEP-MMSE-LE [9]

DEP-DFE

(b) after three turbo iterations

Fig. 3. BER performance of the proposed DEP-DFE with QPSK modulation.

EP iteration. After three iterations, the proposed DEP-DFE
offers 0.39 dB (respectively 0.47 dB) gain compared to the
EP-MMSE-LE (respectively the DEP-DFE) at the BER level
of 10−4.

The BER performance of QPSK modulation with various
equalizers is presented in Fig. 3. The proposed DEP-DFE
exhibits the same performance as the EP-MMSE-LE after
one turbo iteration. However, after three turbo iterations, its
performance is slightly better than that of the EP-MMSE-
LE. It’s clear from the figure that the proposed DEP-DFE
consistently outperforms the DEP-MMSE-LE for all turbo
iterations since the residual interference from causal symbols
is alleviated.

In Fig. 4 we depict the BER performance after one and three
turbo iterations for 8PSK modulation. It can be observed that
the performance loss of the DEP-MMSE-LE with respect to
the EP-MMSE-LE is particularly serious. With the increase of
turbo iterations, the proposed DEP-DFE outperforms the EP-
MMSE-LE. At the BER level of 10−3, it can outperform the
EP-MMSE-LE (respectively the DEP-MMSE-LE) by around
0.23 dB (respectively 0.72 dB).
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Fig. 4. BER performance of the proposed DEP-DFE with 8PSK modulation.

CONCLUSION

A double EP-based DFE has been proposed for turbo
equalization. The EP algorithm was applied at both the channel
decoder output and the equalizer output, and the extrinsic
symbol feedback was used to mitigate error propagation.
The simulation results have shown that the proposed DEP-
DFE achieves similar or better performance than the high-
complexity EP-MMSE-LE. In addition, the proposed DEP-
DFE provides significant performance improvement compared
to the DEP-MMSE-LE with similar complexity. Motivated by
the promising BER performance, future work could extend the
proposed algorithm to MIMO-ISI channels. The bidirectional
equalization [3] using the proposed DEP-DFE also remains
unexplored.
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