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Abstract—Sensor arrays with simple geometries play an im-
portant role in solving direction of arrival estimation and source
separation problems. To reduce the number of sensors used,
nonuniform linear and rectangular array geometries have been
proposed. Unlike the case of uniform linear and rectangular
arrays, identifiability conditions for direction of arrival esti-
mation and source separation using nonuniform linear and
rectangular arrays are not well-studied. Based on rank properties
of Fourier matrices and tools from algebraic geometry, we
present generic identifiability conditions for direction of arrival
estimation and source separation problems when nonuniform
linear and rectangular array geometries are used. Furthermore,
based on properties of bilinear factorizations subject to polyno-
mial/monomial equality constraints, we also briefly discuss how
to obtain deterministic identifiability conditions.

Index Terms—Array processing, nonuniform linear array,
direction of arrival estimation, source separation, nonuniform
rectangular array, harmonic retrieval, tensor, canonical polyadic
decomposition, identifiability, missing sensors.

I. INTRODUCTION

In this paper we revisit the classical array processing model
in which R signals impinging on an array composed of [
sensors located on a plane such that the output of the :th
sensor at the kth observation is

R
zik =Y sr(k—7ni), (D
r=1

where 7,; denotes the delay between the ith sensor and the
rth source. Assume that the sources are located in the far-
field and that the narrowband assumption holds. Under these
assumptions the array response vector associated with the rth
source can be expressed as

a, — [671wcbfpl/c’ 7efiwcb;1;p1/c]T e, )
where i = +/—1, w. is the carrier frequency, p;, € R? is
position of the ¢th sensor (in Cartesian coordinates), b, =
[sin(¢,) cos(6,.), sin(¢,)sin(d,)]T is the bearing vector in
which 6, and ¢, denote the azimuth and elevation angle,
respectively, ¢ is the speed of propagation, and the product
b,,Tpi /c corresponds to the propagation delay in (1) associated
with the ith sensor and the rth source, so that 7,; = b’ p,/c.
Assume that K snapshots are available such that s, € CX
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denotes the signal vector associated with the rth source. Then
the observed data matrix admits the factorization

X=AS" e CI*E A=]ay,... SR .
3)
Depending on the application, the goal is to estimate the
azimuth and elevation angles {6,., ¢,.} via A or to estimate the
signal matrix S. The former problem is known as Direction-Of-
Arrival (DOA) estimation while the latter problem is known
as source separation. To achieve these goals, either arrays with
simple geometries and/or signals with certain known properties
are used in practice. We mention the minimum redundancy
arrays [7], nonredundant arrays [17], nested arrays [8] and
co-prime arrays [15], where Nonuniform Linear Array (NLA)
geometries are used and the signal matrix S is assumed to be
columnwise orthogonal. Assuming that the temporal source
signals are random, mutually uncorrelated, zero-mean, and
the autocorrelation function of each source decays sufficiently
fast, columnwise orthogonality of S is attained asymptotically
as K — oo. In this paper we will study the identifiabil-
ity properties of NLAs and Nonuniform Rectangular Arrays
(NRAs) when the impinging signals are non-orthogonal. More
precisely, we will only assume that S has full column rank.

,aR],S:[sl,...

The paper is organised as follows. Section II briefly reviews
the NLA and NRA models while Section III discuss their
connections to a type of decomposition that we will refer to
as Generalized Vandermonde Matrix Factorization (GMVF).
Based on the link between NLA/NRA and GVME, we will in
Section IV present and discuss both generic and deterministic
identifiability conditions for the NLA and NRA models when
the signal matrix S has full column rank. Section V concludes
the paper.

II. NONUNIFORM LINEAR AND RECTANGULAR ARRAYS

Consider a Uniform Linear Array (ULA) [16], in which the
sensors are equispaced on a line. Typically “half wavelength
spacing” is used, meaning that d, = \/2 is the unit measure
along the sensor axis (“x-axis”), where A\ = ? denotes the
signal wavelength. We will use this convention throughout
the paper. To reduce the number of sensors used, NLAs have
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been considered (e.g., [7], [8], [15], [17]), in which the array
response vectors a, in (3) are of the form

a. — |:1 e~ lwedamz cos(0r)/c e_i‘*’cdmmICOS(er)/C}T
= -

_ |:1 6fi7rm2 cos(6,) efi7rm1 COS(er):|T

=[am ... a1 ec!, )

where m;d, is the distance between the reference sensor
(mq = 0) and the ith sensor in the NLA in which m; € N,
l<mo <---<myand z, = e~imcos(®r)  The vector a, is
a generalized Vandermonde vector and for this reason we call
(3) a generalized Vandermonde matrix factorization (GVMF),
as will be elaborated on in Section III. This is in contrast to
the ULA case where a, = [1 . 22 ... 2717 is a standard
Vandermonde vector. In DOA applications, we say that the
angles 61, ...,0g are identifiable if they can be determined,
observing only X. Similarly, in source separation applications,
we say that S is identifiable if it can be determined (up to in-
trinsic column scaling and permutation ambiguities), observing
only X. Unlike the ULA case, the identifiability properties of
the angles and the signal matrix are not well-understood in the
NLA case. However, if the signal matrix can be assumed to be
columnwise orthogonal, then a GVMF problem can in certain
cases be converted to a standard Vandermonde factorization
problem. In short, if S is columnwise orthogonal, then

XX7 = AAAY & vec(XXH) = (A* @ A)vecd(A),  (5)

where A = STS* is a diagonal matrix, * denotes the conjugate,
H denotes the conjugate-transpose, vec(XXH ) denotes the
vectorization of matrix XX, vecd(A) denotes the vectoriza-
tion of the diagonal part of the diagonal matrix A, and ©®
denotes the Khatri—-Rao (columnwise) Kronecker product. By
carefully choosing the integers my, ..., my in (4), a submatrix
of A* ®A corresponds to a Vandermonde matrix (e.g., [7], [8],
[15], [17]). This means that when S is columnwise orthogonal,
then (5) can, under certain conditions, be interpreted as a
classical single snapshot (X = 1) Vandermonde matrix factor-
ization problem for which identifiability results and algorithms
can be found in the literature. Note that in this paper we only
assume that S has full column rank, implying that relation (5)
is not satisfied and consequently the identifiability conditions
derived in for instance [8], [15] will no longer be satisfied.
A natural extension of the NLA that will also be considered
in this paper is the NRA, in which a, in (3) is of the form

a, = Saw(c, ®b,) € C, (6)

where ® denotes the Kronecker product, S¢; € {0,1}2%17 is
a row-selection matrix and

b. = |:1 e—irrm,g cos(0,) sin(¢,) e—irrm,; cos(6,) sin(¢r):| T
= ca

am )t e, (7)
T

=[1am ...

¢, = |:1 e*iﬂ‘ng sin(6,.) sin(¢,) o e*i'ﬂ'n‘] sin(6,.) sin(¢r):|

=y ...y e, )

—im cos(0,) sin(¢,) —imsin(0,) sin(¢,)

in which z, = e , Yp = € s
mi,n; € N, 1 < mg < < mrand 1 < ny <

- < ny. Note that when b, = [l z, 22 ... 2717,
¢, = [1a. 22 ... 2/7U7 and Sy = I;s is the iden-
tity matrix, then (3) corresponds to the standard Uniform
Rectangular Array (URA) model. Identifiability conditions for
DOA estimation and source separation based on the URA
model can for instance be found in [5], [10], [11]. For special
NRA configurations, such as L-shaped arrays, identifiability
conditions can be found in [14]. However, the development
of dedicated identifiability conditions for DOA estimation and
source separation for the general NRA case has not received
much attention in the array processing literature.

Based on the link between GVMF and the NLA and
NRA models discussed in the next section we will propose
dedicated identifiability conditions for DOA estimation and
source separation when NLAs or NRAs are used and the signal
matrix S has full column rank.

III. GENERALIZED VANDERMONDE MATRIX
FACTORIZATION (GVMF)
A. Definition
The GVMF of matrix X € F/*¥ ig defined as follows

X = AST e FI*K, )

where ' denotes R or C depending on the application,
S ¢ FEAXE and A € F/*% is a generalized Vandermonde
matrix (GVM), defined next. Let {mq,...,m;} be a set of
distinct integers with property 0 < m; < mg--- < my and

let {x1,...,2Rr} be a set of distinct real or complex numbers,
depending on the application. We say that A is a GVM when
" Rt
A= e FIxE, (10)
' xR’

We call the elements in {z1,...,2r} the generators of A.
Observe that A can be interpreted as a punctured Vander-
monde matrix. Comparing (3) with (9) it is clear that the NLA
factorization with a,. of the form (4) corresponds to a GVMF
in which the generators are of the form x, = e~ ™ °°s5(0r) We
note in passing that the model (9) with real valued generators
with property x, < 0, Vr € {1,..., R} can potentially also be
of interest for chemometrics applications (e.g., [9]) involving
exponential decay functions when nonuniform sampling is
used.

B. Link to Canonical Polyadic Decomposition
The GVMF (9) of X can be interpreted as a basic Vander-
monde Matrix Factorization (VMF) with missing rows:

Y = DBS? ¢ F/XK, (11)

where J = m;, D € {0,1}7*/ is a binary diagonal with
property (D);; = 1 if ¢ € {mq,...,ms} and (D);; = 0
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otherwise, and B is a (scaled) Vandermonde matrix of the
form

‘,1:1 e :I/‘R
2 2
xl e xR
B= e F/*E, (12)
x‘lj e .’I/‘é

Note that X = RY, where R € {0,1}/*7 is a row selection
matrix that selects the “observed” rows of Y. The shift-
invariance property of the Vandermonde matrix implies that
7= { % ] =Dy (G 0 B)ST ¢ F2U-xK, (13)
where Y = Y(1:J —1,:) € FU-DXK Y = Y(2: J,:
) € FRU-DXE B = B(1 : J—1,:) € FU-DXK G =
[ L] € F?*F and Dy = [%% € {0,1)20-Dx207-1),
where and D = D(1 : J — 1,:) € {0,1}/=Ux(/=1) and
D=D(2:J,:) € {0,1}/=UxU=1 From (13) we observe
that the GVMF of X can be interpreted as a canonical polyadic
decomposition (CPD) of a tensor that has missing fibers [12].
Identifiability conditions developed for the CPD of a tensor
that has missing fibers was also presented in [12] and can in
principle be used to obtain identifiability conditions for the
GVME. However, they do not exploit that the “nonzero” part
of DB, corresponding to A in (9) is a GVM. In Section IV
we will develop identifiability conditions for GVMF that better
exploit the GVM structure of A, and are easy to check.

C. Extension to higher-order GVMF

Consider the following higher-order extension of (9):
X = AST = 8,(C © B)S” ¢ FL*K,

where A = S, (C ® B) in which S € {0, 1}2%17 s
a row-selection matrix, B € F!XE and C e F/*E are
generalized Vandermonde matrices. (The extension to more
than two GVMs is analogous and will not be discussed.)
Comparing (3) with (14) it is clear that the NRA factorization
with a, of the form (6) corresponds to a GVMF in which
the generators of B are of the form z, = e~ 17 cos(0r)sin(¢r)
r € {1,...,R} and the generators of C are of the form
Yr = efiﬂ'sin(er) sin(¢r)’ re {17 B ,R}

(14)

IV. IDENTIFIABILITY CONDITIONS FOR GVMF
A. Generic identifiability conditions

Based on a property of the determinant of square gener-
alized Vandermonde matrices, the rank property of Fourier
matrices and the identifiability properties of structured bilin-
ear matrix factorizations with parsimonious parametrizations,
generic identifiability conditions for GVMF can be derived.
In more detail, our starting point is Theorem IV.l which
guarantees the generic uniqueness of the following structured
decomposition of an I x K matrix Y:

Y = Za(CT)SZ—'7 ST E IFK? CT‘ e IE‘l7

r=1

(15)

where the vector function a : F' — T/ is known and
constructed as explained below. We say that decomposition
(15) is generically unique if it is unique for a generic choice
of ¢1,...,¢R, i.e., unique for all {Cr}f_il except for a set
of Lebesgue measure zero in F!. The vector function a is
structured as follows:

a(-) = r(f()),

r(-) = (p1(),. . (16)

7pI('))7

p1,...,pr are polynomials in [ variables,
£() = (f1(),-- - fi()),
fi,..., fi are functions analytic on C'.

Let J, € FI*! and J;¢ € F'*! denote the Jacobian matrices of
r and f, respectively.

Theorem IV.1. [2, Theorem 1] Assume that
i) the matrix [s1, ... ,Sg] has full column rank;
ii) there exists {° € C! such that det J¢(¢°) # Oy
iii) the dimension of the subspace spanned by the vectors of
the form (16) is at least N;
iv) rankJ.(x) <1 for a generic choice of x € C;
v) R<N-—-[1-1

Then decomposition (15) is generically unique.

We will use Theorem IV.1 to obtain generic identifiability
conditions for GVMF with generators of the form z, =
e~imcos(@r)  Our result is not limited to this special case;
we will also consider GVMFs with real valued generators,
zr € R. The following property of the determinant of square
generalized VandermondeAmatrices attributed to Mitchell [6]
will be used to obtain N in Theorem IV.l1 when A is a
generalized Vandermonde matrix with real generators.

Theorem IV.2. [3, Theorem 5], [1, Theorem 3] Consider the
square generalized Vandermonde matrix A € FEXE of the
form (10) with I = R. Then the determinant of A is equal to

det(A) = ([ (i — ;) S (21, ..., zR), (17)
i>j
where S(z1,...,xp) = Y, cpxy™t - 2™ is a symmetric

polynomial in x1,...,xR, with nonnegative coefficients cy.
Moreover, the sum of the coefficients of S(x1,...,ZTR) is given
by

(18)

ZC _ [g>isjs0(mi —m;)

& HR>i>j20(Z —J)
Similarly, the following rank property of Fourier matrices,
which accoArding to [4] is attributed to Chebotarev, will be used
to obtain IV in Theorem IV.1 when A is a generalized Van-

dermonde matrix with complex valued unit norm generators
|z, | =1, ie., x, = e—imcos(0r)

Theorem IV.3. [3, Theorem 6], [1, Theorem 4] Consider
the Fourier matrix F,, € CP*P with entries (Fp);; = w',
0<1i,j <p where w = €e7/P_If p is a prime number, then
the Fourier matrix ¥, does not contain any singular square
submatrix.
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We are now ready to state a generic identifiability condition
for GVMFE.

Proposition IV.4. Consider the GVMF of X € FI*¥ given by
(9), where A € F'*® is a generalized Vandermonde matrix of

the form (10) with F =R or F =C and ©1,...,zr € R, or
xq = e imeos(01) . g = emimcos(Or) \wish 9y, ... Op € R,
respectively. If S is full column rank, and

R<I-2, (19)

then the GVMF of X is generically unique.

Proof. Consider the conditions of Theorem IV.1:

i) We assume that the unstructured matrix S = [sy, ... ,Sg]
has full column rank, which is generically true when R < K.

ii) Consider first the case where z1,...,zp € R. De-
fine the functions f(¢{) = ¢ R — R and r(z) =
(zm,z™m2 ... 2™): R — R!. The columns of A are sam-
pled values of a(¢) = r(f(¢)) at points {; = z1,...,{r =
xr. The Jacobian of f is equal to 1, i.e., it is not identically
Zero.

Consider now the case where |z1| = -+ = |zg| = 1.
As before, we define the functions f(¢) = ¢'¢ : R — C
and r(z) = (2™, 2m2,...,2™) : C — CI, so that the

columns of A are sampled values of a(¢) = r(f(¢)) at points
¢ = arg(z),...,¢r = arg(axr), where arg(x,) denotes the
argument of x,.. The Jacobian of f is equal to i arg(x)e! 2"8(*),
i.e., it is not identically zero.

Finally, we consider the case where 23 =
emimeos(0) L. pp = e7imcosOr)  As  before, we
define the functions f(¢) = e~ 1mo0s(O) R — C and

r(z) = (1,2™m2,...,2™) : C — CI, so that the columns
of A are sampled values of a({) = r(f(¢)) at points
1 = 61,...,{r = 0Ogr. The Jacobian of f is equal to
imsin(f)e~i™ cos(9) je. it is not identically zero. _

iii) Consider first the case where x1,...,2xr € R. Let A €
R’*! be a generalized Vandermonde matrix with real valued
generators x1,...,x; € R with property 0 < 1 < 22 <
-+ < z. Relations (17) and g\l 8) in Theorem IV.2 ensure that
det(A) > 0, i.e., we can set N = I and the vectors r(z) € C!
span the whole space.

Consider now the case where z, = e~ '7os8(01) .. 2p —
e~imcos(0r) Pick a prime number p > m;R such that

—2(R-1 —2(R -2 -2
—1 S ( ) < (R ) < v e < —
p p
Choose 6, as follows
0, = cos™*(=2(r — 1)/p) < cos(,.) = —2(r — 1)/p).
Then

<0.

:E;n{, — e—iﬂ'cos(Gr)mi — eiQTrmi('r'—l)/p _ wmi(r—l)
with w = e27/?_ Note that " corresponds to an entry of a
(p x p) Fourier matrix F), when p > mR. Theorem IV.3 now
tells us that Lhe vectors r(z) € (ol span the whole space, i.e.,
we can set N = I.

iv) We set [ = 1.

v) Condition holds since R< N —1—1=1—2. O

Note that condition (19) is very close to a necessary
bound for the case where S has full column rank, which
is R < I — 1 [14, Theorem IIL.3]. In the context of array
processing, Proposition IV.4 tells us that DOA estimation and
source separation using a NLA is generically possible when
R < I —-2and R < K. Interestingly, this bound almost
coincides with the necessary and sufficient generic bound for
the ULA case when S has full column rank (implying R < K
), whichis R < I —1 (e.g., [11]).

Proposition IV.5 below is an extension of Proposition IV.4

to the NRA case where the generators are of the form z, =
e—i7r cos(0,) sin(¢,.) —im sin(0,.) sin(¢,)

and y. = e .
Proposition IV.5. Consider the GVMF of X € CLXK given
by (14), where B € F'*E s q generalized Vandermonde
matrix with generators x, = e~ mcs(0r)sin(¢r) ¢ ¢ FIXE
is a generalized Vandermonde matrix with generators y, =
e~ imsin(@r)sin(ér) gnd 6., ¢, € R for all v € {1,...,R}. If S
is full column rank, and

R<L-3, (20)

then the GVMF of X is generically unique.
Proof. We again consider the conditions of Theorem IV.1:
i) We assume that the unstructured matrix S = [s1, ... ,Sg]

has full column rank, which is generically true when R < K.
i) Define ¢ = [0, #|” and the vector functions

f(C) _ (efiﬂ'cos(e) sin((b)’fiﬂ'sin(e) sin(¢)) . RQ s (CZ’
1 1
z5? z7"?
I‘(Zl7 22) = Sqel . . : (C2 — CL,
2y’ z

where S € {0, 1}5*17 is the row-selection matrix in (14).
The columns of A are sampled values of a(¢{) = r(f(¢)) at
points ¢1 = [01, ¢1]7,...,¢r = [0r, ¢r]T. The determinant
of the Jacobian of f is equal to w2 f; fo sin(2¢), i.e., it is not
identically zero.

iii) We will show that the vectors r(z1,22) € C* span the
whole space, i.e., we can set N = L. Observe that when
y = 2™ 1! then
a=Su(c®b)=Su([ly™... y™] @1 a™ ... 2™]")

= Sq([1 glmitlne x(”LI+1)”J]T @1 azm ... ™7
= Ssel[l ™2 zrml(mz-i-l)nJ]T (21)

is a generalized Vandermonde vector with generator z. The
goal is now to choose pairs {6, .} such that an (R x R)
submatrix of S (C®B) corresponds to an (R x R) submatrix
of a Fourier matrix F,, for some prime number p > LR.

We will select 6, and ¢, such that for sufficiently large
prime number p > LR we have

cos(8,) sin(6,) = — 2 =) o

(22)

sin(¢,) = ——— (23)
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(mr+1)2(r —1) N

Sin(8r) sin(@r) = 24)
si _2r=1) (ms+1)
snlor) == p  sin(6,) (25)
From (23) and (25) we conclude that
1 _my+1 B M B
cos(f,)  sin(,) & tan(f,) = cos(6r) mr+1. (26)

From (23) and (26) we conclude that by choosing the angles
as follows 5 . )
0, = tan_l(mj +1) and ¢, = sin~? (—OA;)C%(QJ)

then, due to (22) and (24), we obtain
(r=1)

SL’:,M — e—iﬂ'cos(gr) sin(¢,)m; — elQﬂmi 7 — oJ’mi(y-_l)7 (27)
y;h —e imsin(0;) sin(¢,)n; _ 6127rn,/(m1+1) >
wni(mIJrl)(rfl) _ xni(ijrl)’ (28)
r

where w = ¢'27/7, From (21), (27) and (28), we can conclude
that A = S4(C ® B) contains an (R x R) submatrix that
corresponds to an (R x R) submatrix of an (p x p) Fourier
matrix I, when p > LRR. Theorem IV.3 now tells us that the
vectors r(z1,29) € CcrL span the whole space, i.e., we can set
N=1L. R

iv) We set [ = 2. L

v) Condition holds since R< N —[l—1=L - 3. O

Let us compare Proposition IV.5 for NRA with the best
known result for URAs when S has full column rank. In
[11] it was shown that DOA estimation and source separa-
tion problems can generically be solved using a URA when
min(/J —3, K) > R. Note that this corresponds to the bound
(20) for NRA when L = IJ. Hence, in terms of identifiability
we do not expect to lose anything when using an NRA instead
of a URA for DOA estimation or source separation.

B. Remark on deterministic identifiability conditions

We briefly mention that using the results in [13], determin-
istic identifiability conditions for GVMF can be derived that
exploit polynomial structure of the vectors a of the form (4)
or (6). Consider monomial equality constraints of the form
—agp, ---apg,, =0, (29)

aal e aaLn

where a,, denotes the «o;-th entry of a, ag, denotes the ;-
th entry of a and L,, denotes the degree of the monomials
in (29), where L; > > Lpy. Assume that vector a
satisfies M,, monomial equality constraints of degree L,, of the
form (29). Since S is assumed to have full column rank, we
can without loss of generality assume that S is nonsingular
(K = R). There exists a vector w € C® such that a;, =
eDTxXw = eDTASTw, where ¢! € {0,1} denotes the
unit vector with unit entry in position 7. Relation (29) implies
that [T, (e Xw) — 177 (el Xw) = pf" - (weo -

W) =Pr,
I
) = 0, where P( ™ = l:l(XTeI(Jl)m) - ®1L:1(XTegz)m) €

CR". Stacking ylelds P(M""L") - (W®---®@w) = 0, where
pMniLn) — [p%j,...,pﬁf“]T € CM-xR"™ It can now be

verified if the dimension of

Ipe, -2, ® p(M1,L1)

ker N W(Ll’ )

éP(MN,LN)

I RL1-LN
is minimal (i.e., R), where ‘ker’ denotes the kernel of the
matrix and 7rg 1R denotes the set of vectorized (“flattened’)
versions of the symmetric tensors in the vector space of
all symmetric Li-th order tensors defined on C¥. Then the
GVMF of X is unique; see [13] for details.

V. CONCLUSION

In this paper we studied the identifiability properties of the
GVMEF. We presented generic identifiability conditions and
briefly explained how deterministic identifiability conditions
can be derived. The results demonstrate that when the signal
matrix has full column rank, then DOA and source identifica-
tion based on a NLA/NRA is possible under roughly the same
conditions as when an ULA/URA is used.
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