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ABSTRACT

The A-channel is a noiseless multiple access channel in which
users simultaneously transmit Q-ary symbols and the receiver
observes the set of transmitted symbols, but not their mul-
tiplicities. An A-channel is said to be unsourced if, addi-
tionally, users’ transmissions are encoded across time using
a common codebook and decoding of the transmitted mes-
sages is done without regard to the identities of the active
users [1]. An interesting variant of the unsourced A-channel
is the unsourced A-channel with erasures (UACE), in which
transmitted symbols are erased with a given independent and
identically distributed probability. In this paper, we focus on
designing a code that enables a list of transmitted codewords
to be recovered despite the erasures of some of the transmit-
ted symbols. To this end, we propose the linked-loop code
(LLC), which uses parity bits to link each symbol to the previ-
ous M symbols in a tail-biting manner, i.e., the first symbols
of the transmission are linked to the last ones. The decod-
ing process occurs in two phases: the first phase decodes the
codewords that do not suffer from any erasures, and the sec-
ond phase attempts to recover the erased symbols using the
available parities. We compare the performance of the LLC
over the UACE with other codes in the literature and argue
for the effectiveness of the construction. Our motivation for
studying the UACE comes from its relevance in machine-type
communication and coded compressed sensing.

1. INTRODUCTION

The A-channel with erasures is defined by the input/output
relationship

Y =
⋃

k∈[K] δEk
(xk), (1)
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where the kth users’s symbol xk ∈ Q, |Q| = Q, the erasure
indicator Ek

iid∼ B(pe), and the erasure function is defined as

δE(x) :=

{
x E = 0
∅ E = 1.

(2)

Above, B(p) indicates the Bernoulli distribution with param-
eter pe ∈ [0, 1]. In the A-channel with erasures of (1), each
symbol is received by the receiver with probability 1 − pe
and erased with probability pe. The unsourced A-channel
with erasures (UACE) is similar to the model described
in (1); however, the receiver is only interested in identify-
ing the transmitted codewords, rather than the traditional
source-message pairs. In this article, we introduce the UACE
paradigm, and we propose a coding scheme for the challenge
which we term linked-loop code (LLC). The LLC uses par-
ity bits to link coded symbols in a tail-biting manner, thus
allowing for codewords to be recovered even when some of
their symbols have been erased. We evaluate the performance
of the LLC and compare it to that of other coding schemes
available in the literature.
Literature Review: The A-channel is described in [2], where
it models a multiple-access channel that employs frequency
division for transmission without the availability of signal
intensity. The authors of [2] determine the mutual informa-
tion of the A-channel under uniform inputs. The limit of the
mutual information of the A-channel when K and Q tend to
infinity, with the ratio λ = K/Q kept fixed, is studied in [3].
Recent interest in the A-channel is due to the emergence of
short-packet machine-type communication and IoT devices.
In particular, the idea of unsourced random access (URA) is
introduced in [4] as an alternative to the customary identify-
then-transmit procedure. A common strategy in URA is to
use concatenated coding techniques; when this strategy is
adopted, in certain settings, the unsourced A-channel can
serve as an abstraction for the channel between the outer
encoders and the outer decoder. For example, in [5], a linear
inner code is used to further encode outer-encoded messages,
where the outer code allows for recovery over the unsourced
A-channel. During inner decoding, each section is decoded
independently, and a list of outer codeword symbols is pro-
duced for each section. The parity bits from the outer code
designed for the unsourced A-channel are then used to link
the outer codeword symbols corresponding to the same user
across all the transmission sections. The ensuing unsourced
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A-channel code is termed the tree code. The original tree code
has been enhanced in [5, 6]. More recently, following the re-
newed interest in these applications of the A-channel, Lancho
et al. [1] offered finite-blocklength achievability bounds for
the unsourced A-channel.
Contributions: The major contributions of this article can be
summarized as follows.
• Sec. 2 : We introduce the UACE model, we define the infor-

mation transmission problem for this model, and we iden-
tify relevant performance metrics.

• Sec. 3 : We propose the linked-loop code (LLC) as the first
code specifically designed for the UACE. Encoding and de-
coding procedures are described. The code parameters are
also discussed.

• Sec. 4 : We review codes in the literature that are compat-
ible with the UACE setting, although not specifically de-
signed for this channel: (i) the tree code of [5], and the (ii)
outer LDPC code (triadic design) of [6].

• Sec. 5 : Numerical simulations offer insight into the per-
formance of the LLC in Sec. 3, and we provide a perfor-
mance comparison with other systems in Sec. 4.

Notation: In the following, we adopt the short-hand notation
[N ] ≜ (0, . . . , N −1). Calligraphic scripts are used to denote
sets (e.g., A), and | · | is used to denote the cardinality of
a set. GF (2) indicates the Galois field of order 2. Given
two row vectors v and w, we denote their concatenation as
v.w. Random variables are indicated with uppercase letters
(e.g., N ). With a certain abuse of notation, we sometimes
interchange the notation for (random) vectors and sets when
this is clear from the context.

The code for the numerical evaluations of this paper is pro-
vided online at https://github.com/williamzhen
g0711/URAC23.

2. CHANNEL MODEL

The UACE is a variation of the unsoured A-channel from [1]
that also encompasses symbol erasures. In the (perfect) un-
sourced A-channel of [1], the channel output corresponding
to the lth channel use is defined as

Y (l) =
⋃

k∈[K] xk(l), (3)

where xk(l) ∈ Q. When transmission takes place over L
channel uses, we indicate the L channel outputs as Y =
[Y (0), . . . , Y (L− 1)] . The L channel inputs corresponding
to user k are labeled as xk = [xk(0), . . . , xk(L− 1)].

The UACE is the variation of the model in (3) defined in
(1). Note that |Y (l)| is a random variable which may be less
than K due to both collisions and erasures. Here, a collision
refers to the event when two distinct users i ̸= j share a same
symbol xi(l) = xj(l) ∈ Q. Note that the UACE in (1) is
parametrized by the number of users K, the cardinality of the
input set Q, and the erasure probability pe.

2.1. Binary Vector Representation

When describing coding schemes, it is often convenient to
operate over a field; this is also the case also for the UACE.
For this reason, we introduce a specific notation for the case
in which Q = 2J for some J ∈ N. Let xk(l) be denoted by
a J-bit binary vector vk(l). Then, the channel output may be
expressed as

y(l) =
⋃

k∈[K] δElk
(vk(l)) . (4)

After L uses of the channel, what we obtain may be expressed
as the tuple

Y = [y(0),y(1), . . . ,y(L− 1)] . (5)

Moving forward, it shall be convenient to represent the con-
catenation of the L input binary vectors, each comprised of J
bits, as a single row vector; that is

vk = vk(0).vk(1) . . .vk(L− 1). (6)

In this case, we have that the binary representation of the input
of user k is a binary vector vk of dimension N = JL.

2.2. Coding for the UACE

Let us consider the problem in which each user k ∈ [K]
wishes to transmit a payload of B bits within L channel uses.
Assume payload W = {wk}k∈[K] is drawn uniformly at ran-
dom from [2]B . Let us refer to w ∈W as an active payload,
whereas [2]B \W contains inactive payloads. Finally, if two
users randomly select the same payload, let us refer to this
event as a payload collision.

Definition 2.1 ((L,B) Code). A code of block-length L and
payload length B for the UACE with parameters (K,Q, pe) is
defined as a (possibly) random encoding mapping to produce
L channel inputs at each user k ∈ [K] to encode their message
wk, defined as

xk = fenc (wk) , (7)

where wk ∈ [2]B and xk ∈ QL, together with a (possibly)
random decoding mapping which produces a list of transmit-
ted payloads from the channel output, that is

Ŵ = fdec(Y), (8)

with |Ŵ| = K̂.

In other words, the encoding function maps the B-bit
message wk into the L-tuple of channel inputs xk. Upon
observing the L channel outputs, Y, the decoding function
produces a list of payloads that are likely to be active. The list
of possibly active payloads produced by the decoding func-
tion has length K̂. Note that the rate of the code in Def. 2.1
is obtained as R = B/L. Also note that in a UACE each
encoder k ∈ [K] utilizes the same encoding function, so that
the identity of the transmitter remains immaterial.
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Definition 2.2 (Payload Probability of Error). Given code
with parameters (N,B) for a UACE with parameters (K,Q, pe),
define
• the Payload Dropping Probability (PDP) as

PPDP =
1

K

∑
k∈[K]

P
[
wk ̸∈ Ŵ(Y)|wk ∈W

]
, (9)

• the Payload Hallucination Probability (PHP) as

PPHP =
1

K̂

∑
k′∈[K̂]

P
[
wk′ ̸∈W|wk′ ∈ Ŵ(Y)

]
, (10)

where the probability in (9) and (10) is taken over (i) the
choice of the payload at each user which is selected uniformly
at random over [2]B , (ii) the realization of the erasure se-
quence, and (iii) the possible randomness in the encoding and
decoding functions.

More informally, the PDP indicates the probability that a
payload is declared inactive when it was actually active, while
the PHP indicates the probability that a payload is declared
active when it was indeed inactive. The PDP and PHP are
somewhat analogous to the type I and type II errors, respec-
tively, in the hypothesis testing literature.

2.3. Linear codes

Binary linear codes are a special case of the class of codes in
Def. 2.1 in which the encoding function of (7) is a matrix mul-
tiplication over GF (2). More precisely, a binary linear code
is defined as a set of L generator matrices {Gl}l∈[L] which
specify how the parity bits for section l ∈ [L] are generated
from the payload w. Let {m(l)}l∈[L] with

∑
l∈[L] m(l) = B

indicate the number of information bits allocated to section
l ∈ [L], and recall that m = [m(0),m(1), . . . ,m(L − 1)]
Next, we partition the payload w into L vectors,

w = w(0).w(1) . . .w(L− 1), (11)

with w(l) ∈ [2]m(l) for all l ∈ [L]. Let the parity bits in
section l be denoted by p(l) ∈ Fp(l)

2 , where length p(l) =
J −m(l). The parity bits are obtained from the payload as

p(l) = wGl (12a)

=
∑
l′∈[L]

w(l′)Gl′l, (12b)

where Gl ∈ FB×(J−m(l))
2 . When considering the partition-

ing of the payload as in (11), one naturally obtains a parti-
tioning of the Gl in sub-matrices as in (12b) where Gl′l ∈
Fml′×(J−m(l))
2 . Finally, the channel input is obtained as

v(l) = w(l).p(l). (13)

The parameters found in this section are summarized in
Tab. 1.

w(0)p(0) w(1)p(1) w(2)p(2) w(3)p(3) w(4)p(4)

Fig. 1: This notional diagram depicts the formation of a
linked-loop codeword.

Table 1: Relevant Symbols and Parameters

Notation Parameter Description
B Message length in bits
L Number of coded sub-blocks per round
J Length of coded sub-blocks
N Length of coded B-bit message, N = LJ
M Number of previous sub-blocks used to generate parity bits
m(l) Number of information bits in l-th sub-block
p(l) Number of parity bits in l-th sub-block, p(l) = J −m(l)

Remark. Throughout the section, we have omitted the sub-
script k found in (6). This simplifies notation and it stresses
the fact that the encoding is the same at all users k ∈ [K].

3. LINKED-LOOP CODE (LLC)

We now discuss the task of correctly identifying active pay-
loads before introducing the LLC approach. For simplicity,
let us consider the regime in which each user experiences no
erasures. Also, we will assume no payload collision occurs,
as the probability of this event is orders of magnitude smaller
that the target PDP and PHP.

The decoder begins by selecting a single entry of y(0),
and sets this entry as the root of a tree. Then, the decoder
checks all entries in y(1) and identifies those entries that are
parity consistent with the root entry. For each such entry, the
decoder creates a path from section 0 to section 1. Proceed-
ing, the decoder checks all entries in y(2) and identifies those
entries that are parity consistent with the previously identified
partial paths through y(0) and y(1). Retaining only parity-
consistent paths, the decoder proceeds until all sections have
been considered. In the tail-biting scenario, the first sections
may need to be re-considered to ensure that they are parity-
consistent with the last sections. The hope is that, by the end,
a single parity-consistent path remaining, which corresponds
to a transmitted codeword. As in [5], we refer to this opera-
tion as stitching and illustrate the algorithm in Fig. 2.

Next, let us discuss a decoding approach when only one
erasure is encountered. When an erasure occurs for a cer-
tain user, the decoder is not able to insert the correct ele-
ment in one of the lists, let’s say yl. Consequently, the num-
ber of surviving paths becomes zero for some section l′ with
l ≤ l′ ≤ L. This means that, after all initial paths have been
linked, some of the elements of the root do not have a com-
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y0 y1 y2 yL−1

Fig. 2: The diagram illustrates the stitching of elements
across sections. When successful, this process returns can-
didate codewords.

plete path of length L. For these remaining codewords, a
phase 2 of decoding is needed in which all non-terminating
paths are considered. For these paths, we introduce a special
symbol, n\a, that enables each path to have a one-section loss
tolerance. After all other sections not in outage have been
stitched to some path, we calculate the lost section’s informa-
tion bits by reverse-engineering (12).

3.1. Encoding

The LLC is a binary linear code for the UACE defined by:
(i) a memory depth M , and (ii) a set of M parity matrices
{Gr}Mr=1. The LLC has a fixed number of information and
parity bits in each section, i.e., m(l) = m for some m > 0.
Additionally, the J−m parity bits depend on the information
bits of the M previous sections, in a circular manner, that is

p(l) =
∑

l′∈[L] w(l′)Gl′l (14a)

=
∑M

r=1 w(l − rmodL)Gr, (14b)

where in (14b) we have set Gl′l = Gr for r = l − l′ modL
and 1 ≤ r ≤M .

For example, if L = 16 and M = 2, the first three lists of
parity bits are obtained as:

p(0) = w(14)G2 +w(15)G1 (15a)
p(1) = w(15)G2 +w(0)G1 (15b)
p(2) = w(0)G2 +w(1)G1. (15c)

3.2. Decoding

For the sake of compactness, we present the decoding algo-
rithm through pseudo-code in Alg. 1. Therein, checkParity(u)
simply checks whether the parity bits of all sections of the
input u are consistent with (14b); thus, it returns False if
and only if (14b) is violated with all involved sections that
are present as explicit bits in u. Hence when a path is of
length ≤ M , it will always be parity-consistent because
no section’s parity can be checked at all. The subroutine
checkParityWithRcv(u) serves a similar purpose, except for
when u contains an n\a, it tries to uniquely determine the lost
information bits according to (14b) by reverse-engineering.
This can be done when we choose matrices in {Gr}Mr=1 that
admit a right-inverse.

Algorithm 1 Pseudo code of the LLC decoding algorithm.

Require: UACE output Y = [y(0), . . . ,y(L− 1)]
Ensure: ∀ l ∈ [L], |y(l)| ≤ K;

▷ Decoding phase 1

1: L1 ← ∅; Ŵ1 ← ∅
2: for each l ∈ [L] do
3: for each u ∈ (L1 if L1 ̸= ∅ else {∅}) do
4: L1 ← L1 − {u}
5: for each x(l) ∈ y(l) do
6: if checkParity(u.x(l)) then
7: L1 ← L1 ∪ {u.x(l)}
8: Ŵ1 ← extractInfoBits(L1)

▷ Decoding phase 2

9: L2 ← ∅; Ŵ2 ← ∅
10: for each x(0)× ∈ y(0) leads to no element in L1 do
11: L2(x(0)×)← {x(0)×}
12: for each l ∈ {1, 2, . . . , L− 1} do
13: for each u ∈ L2(x(0)×) do
14: L2(x(0)×)← L2(x(0)×)− {u}
15: if u contains no n\a then
16: L2(x(0)×)← L2(x(0)×) ∪ {u.n\a}
17: for each x(l) ∈ y(l) do
18: if checkParityWithRcv(u.x(l)) then
19: L2(x(0)×)← L2(x(0)×) ∪ {u.x(l)}
20: L2 ← L2 ∪ L2(x(0)×)

21: Ŵ2 ← extractInfoBits(L2)
22: Ŵ← Ŵ1 ∪ Ŵ2

23: return Ŵ

4. RELATED RESULTS

In our numerical simulations, we shall compare the perfor-
mance of the LLC with the tree code from [5] and the LDPC
code from [6]. We stress that both of these codes were not
originally designed for the UACE model and, as such this
comparison offers only limited insight. These schemes are
selected as benchmarks because they are readily applicable to
the problem at hand.
Tree code (TC): The tree code of [5] is a binary linear code
in which the length of parity bits, p(l), increases by each sec-
tion. In decoding, it is assumed that Y in (1) does not contain
any erasures but possibly contains additional, untransmitted
symbols. For this reason, the decoding algorithm is substan-
tially equivalent to phase 1 in the LLC decoding, with the
difference that the number of parity bits increases with the
section number, thus allowing for a more efficient pruning of
surviving paths.
LDPC: Another candidate coding scheme for the UACE is
the triadic LDPC code with belief propagation (BP) decoding
of [6]. In this approach, sections are viewed as symbols over
a Galois field and they are encoded using a non-binary LDPC
code; therein, sections contain either all information bits or
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Fig. 3: Empirical PPHP vs PPDP for the LLC (with M = 2),
tree code, and LDPC code. Here, K = 100, and the pe asso-
ciated with each point is labelled on the graph.

all parity bits. Parity sections are obtained from information
sections as in a classic LDPC code. The FFT method for de-
coding non-binary LDPC codes is leveraged to efficiently im-
plement message passing between parity sections and infor-
mation sections.

5. SIMULATION RESULTS

In this section, we study the performance of the LLC on the
UACE with hyperparameters tuned to practical applications.
We provide a comparison with the tree code of [5] and the
LDPC code of [6]. We consider a system with K active users,
each having B = 128 bits of information to transmit. The cor-
responding codewords are divided into L = 16 sub-blocks,
each of length J = 16. For the tree code, the specific value for
m(l) leads to different discriminating power and was chosen
carefully after extensive numerical experimentation. Com-
parison of the three codes using fixed K = 100 and vary-
ing pe ∈ [0, 0.15] is shown in Fig. 3. Compared to TC and
LDPC code, LLC offers a noticeable improvements in terms
of greatly decaying the PDP due to phase 2 of decoding, while
keeping PHP in a low level. Fig. 4 shows how LLC itself per-
forms under different (K, pe) with K ∈ [50, 150].

6. CONCLUSION

This paper presents a novel coding scheme designed for
UACE called linked-loop code (LLC). The LLC is managed
to identify all payloads suffer no erasure, also to recover pay-
loads suffer one erasure from the UACE. The latter greatly
decreases PDP, while keeping PHP to be empirically low
comparing with some other methods in the recent literature.
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Fig. 4: Empirical PPHP vs PPDP of the LLC (with M = 2) for
various values of K and pe. The label associated with each
data point indicates the pe.
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