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Abstract—This study investigates power allocation for a MIMO
collaborative co-existing radar and communications (CERC)
system. Utilizing the received signal models developed for the
collaborative CERC system, we propose to formulate a non-
cooperative game to allocate power to each antenna in the MIMO
radar and MIMO communications subsystems, treating the two
subsystems as players. The radar target detection probability and
communications mutual information are derived, the dominant
terms of which are used as utility functions associated with
the two players respectively. We introduce the Nash equilibrium
(NE) for the formulated game problem and prove the existence
and uniqueness of the NE. Numerical results are presented to
demonstrate the efficacy of the proposed game strategy.

Index Terms—Collaborative co-existing radar and communica-
tions (CERC), multiple-input and multiple-output (MIMQO), Nash
equilibrium (NE), power allocation, non-cooperative game.

I. INTRODUCTION

With the increasing demands for spectrum and strain on
limited resources, the research on co-existing radar and com-
munications (CERC) system has become one of the major
trends. The CERC system comprises a radar subsystem and
a communications subsystem. Although initially the radar
and communications subsystems are viewed as interference
producers for each other, in the recently proposed collaborative
CERC system, the two subsystems are regarded as helpers for
each other, where they share available signals and positions,
etc. with each other, such that the radar subsystem can make
use of communications signals to extract target information
to enhance the detection [1] and estimation performance [2],
[3], etc., and the communications performance can also be
improved if the radar findings are shared with the communi-
cations side [4], [5]. This paper investigates a collaborative
CERC system that incorporates multiple-input and multiple-
output (MIMO) radar and communications antennas.

In the study of CERC system, power allocation is one
of the important problems. In [6], the authors proposed
two designs for spectrum sharing problem by maximizing
the output signal-to-interference-plus-noise ratio (SINR) while
maintaining certain communication throughput and power
constraints. The work in [7] takes the total power consumption
of radar system as the objective function to solve the power
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distribution problem under certain constraints. The authors in
[8] proposed a sequential optimization algorithm to solve a
joint maximization problem. In this work, we formulate two
separate objective functions for the radar and communications
subsystems in the collaborative CERC systems to address a
multi-objective optimization problem under the constraint of
total power.

Increasing power can improve the performance of both the
radar and communications parts. Thus, the total power con-
straints leads to a tradeoff between power allocated to the radar
and communications subsystems. In this case, we consider
game theory for solving the power allocation problem. Game
theory [9], [10] has been applied to engineering applications
such as biology [11], computer science [12], radar and com-
munications [13]-[17], etc. In [13], the authors analyzed Nash
equilibrium for power allocation schemes in a MIMO radar
network. The work in [14] proposed a joint beamforming and
power allocation algorithm in a MIMO radar-jammer system
based on game theory. Power allocation based on Stackelberg
game for the [15] and the non-cooperative game [17] has
been studied for the non-collaborative CERC system. In this
paper, we apply non-cooperative game theory to address the
power allocation problem in the collaborative CERC system.
We present the Nash equilibrium (NE), prove the existence
and uniqueness of the NE, and provide a power allocation
algorithm for the MIMO collaborative CERC system.

II. PROBLEM FORMULATION

Consider a MIMO collaborative CERC system where the
MIMO radar subsystem comprises Mp transmitters and
Ng receivers located at (z¢,,yt),m = 1,..,Mg and
(z],yn),n =1,..., Ng, respectively. The emitted signal at the
mth transmitter is \/Egr mSgm (kTs), where Eg ,, denotes
the transmit power, T is the sampling period, and k (k =
1,...,K) is an index that runs over samples at different times.
The MIMO communications subsystem has M transmitters
and N¢ receivers located at (x! ,,yf ,),m’ =1,..., Mc and
(ar,,yr),n’ =1,..., N¢, respectively. The transmitted signal
at the m/th transmitter is \/Ec¢ Sc,m’ (KTs). The target, if
present, is located at 8 = (x,y). The signal received at kT
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at the nth (n = 1, ..., Ng) radar receiver can be written as

rrnlk] = Z:fil Crem VVERmSRom (KTs — TRt nm)
3 Chns/ B (KT, — T m)
+ Zi/f;l Cotnmi N Ec,m som (KTs — Totnme)
3 o/ B s (KT = 76 ) + w4

where the target reflection coefficient Crepnm =
SRt nm/(dmdy), the fading coefficient Cgr nm = Or.nm/dmn,
and the (cipnms and (onm are defined similarly. The
dm = +/(zl, —2)2+ (yl, —y)? denotes the distance
between the target and the mth radar transmitter, and
dn = /(27 —x)2+ (y, —y)? the distance between the
target and the nth radar receiver. The distance between
the radar transmitter and the radar receiver is denoted by
dmn = /(at, —27)2 + (yi, — y5)2. The terms dpy,dy
and d,,,, are similarly defined. The corresponding time
delays are represented by Trinm, TCtnm’s TRnm and
TComm/» and wg,[k] denotes the white Gaussian noise.
Define the observation vector of the nth radar receiver as
re, = (re.l,... 7rpw[K])T, where ()T means transpose.
Then, the radar received signal vector can be expressed as

(D

[ i
TR=|Tp1,--sTR N, )
= Urisrt + Ursr + Ucsscr + Uese + Wk,

where  Un: = Diag {uly,[1],... by, (K]}, the
operator  Diag{-}  denotes the block diagonal,
uRt,n[k] = (uRt,nl [kL <+« URt,nMp [k])T, uRt,nm[.{f} =
Crt,nmA/ERm, Srt = (SRt,l[l]h~~~75Rt,NR[K]T) , and
Srenlk] = [SR,l(kTs*TRt,m),...,SR,MR(kTs*TRt,nMR)]T
The Ug, Uct, Uc, sgr, sct, sc are defined similarly.
The noise vector wr = [Why,...,wh .|, and wg, =
(Wrn[l],...,wra[K])", where wgr is assumed Gaussian

distributed with zero mean and covariance matrix Qg.

The signal received at the communications receiver can be
defined similar to (1). Using Cct,n/m/s CRt,n'ms CRn/m and
Cc,nme to denote the corresponding coefficients, and Tr¢ nm.,
TCtmm’s TRnm and To pm to denote the time delays, defin-
ing ren = (ren(l]s....ron [K])T, the communications
received signal vector can be written as

] )

=Ucidcr + Uose + UgiSpe + Urdg + we,

Uoe = Diag{ﬁTCt,l[u,ﬁTCt,l[Q]:"'7ﬁTCt,NC[K]}’
I:ICt,n’[k] = (tcenilk]s- - Gcen me K] ﬁCt,n’m[]?] =
(otmmy/Ecm, and Sci = (Scea[l],. .. Sceng [K]T)'. The
terms Ug, Uct, Uc, Sc, Sre, Sp are defined similarly.

The noise vector wg = |:WTCI,..

ro = [rg,..

where

f
"WTCJVc] , where w¢
= (wenr[l],-..,wen[K])', and we is assumed Gaussian
distributed with zero mean and covariance matrix Qc.

A. Radar Detection Probability

When the task of the radar subsystem is to detect the
existence of a target in the cell-under-test (CUT), employing

the Neyman-Pearson (NP) criterion, the radar target detection
problem can be described as

Ho:rgp=Ugsg +Ucsc +wpg

4

Hi:rr =Upgisr: + Ugsg + Ugisc: + Uese + wi. “4)
The logarithmic likelihood ratio can be computed
p(rRH{l) H _1 H 1

In———= =x X - X x ) 5

N (enlHo) e QR XA = X, QT X )

where xg 3, = rr — Ugrisre — Ursr — Ugyscy — Ucesce,
XRr 1, = 'rR—Upgrsr—Ucsc. Ignoring the influence of terms
unrelated to rg in (5), the detection statistic is

Tr =r2QR" (Urisr: + Ucsscr) + (Urisre + Ucsser)” Qgl'rr.

The distribution of Tz under Hy and H; follows Tr|Hg ~
N (o, 0?) and Tr|H1 ~ N (p1,02), where

Ho = 2R {(URSR + Ucse)"Qpt (Unesr: + UCtSct)} ,
= 2R {(URSR +Ucsc + Upsre + Ucuse) " Qr! (Urisre + UCtSCt)} ;
02 =2(Upsre + Ucuscd) " Q! (Urisre + Uciscr)

in which 9 {-} produces the real part of a complex number.

It can be derived that the false alarm probability Ppa =
P(Th > 8| Ho) = Q((B — o) /), where Q(-) represents
the complementary distribution function of the standard Gaus-
sian distribution, and 8 denotes the detection threshold, and
the detection probability is

Ppl0@ =P (Tr > B | Hi) =Q(Q " (Pra) + (po — 1) /o). (6)

B. Communications Mutual Information

In the collaborative CERC system, the transmitted signals
and antenna positions can be shared between the two subsys-
tems, which can help the communications receiver to estimate
the target position 6. Target returns due to radar transmission
can be eliminated by using the estimation results [4]. Assume
that the communications transmitting signals are Gaussian.
The ML estimate of 8 can be computed as

Oy = arg max log {1/ (7% Me det(A))
- - H - -
X exp [* (l‘c —Ugsg — UR,téRt) At (I‘C —Ugsg — URr,éRf,)] } ;

where Sc = E {3c382}, Sct = E {338, }, Scue = E {8058, }
and E {-} represents mathematical expectation, A denotes the
covariance matrix of ro. According to [4], we can obtain
the estimated time delays utilizing the estimated target posi-
tion. The estimated time delays due to target reflection can
be written as 7, nim: = TC,mms + NCyn'm!s TRy mim =
TRy m'm + MR, n'm, Where nc, nms and ng, nm are the
estimation errors. Replacing 7g, ,/ym With Tg, 5,7, the com-
munications received signal vector in (3) after eliminating the
terms contributed by radar can be written as

r = UciScr + Ucse + Vaeiig: + we,

where {}Rt = Diag {{}Rt,lv"',i}Rth}v
{}Rt,n’ = ({’Rt,n’ Al ... Ve My [KDT, Vre,n K]
= (6Rt,n’1[k]7 (RN} ’aRt,n’IMR[k])T’ i}Rt,n’m[k‘] =
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VErmCrtmmS g KTs — Trewm), in which si) (1)
denotes the derivative of sg,,(t) with respect to t. The
mutual information can be computed [4]

~ ~ -1, . ~
MI|6 = log det {I + (VRtQR,,V;Q T Qc) (UCSCUg{
+UcScUZ, + UeiSE, Ue + ﬁotgcnﬁgf) } (7

i ) Me —Mc
Nc K Zm:l m/=1 Xm,m/ .n’ ,k\/ EC.mEC,m’

= Z =1 Zk 1 log B
n/= -

2 . Mr
0% K]+ 2205 Yo m k ERm

where

Xm,m/ nk = CC,n’mCC,n’m’E [gc,m (k’T; - 7A:c.n’m) gC,m’ (kTs - ;ctn’m’)]
+ QCCJL’mCCt,n’m’]E [gC,m (kTs - 7~—c,n’m) gC,m’ (kTa - ?ct,n’m’)]

+ ECt,n’m,&Ct,n’nl’E [gc,m, (kTe - ;ct‘n’m/) g'C,m,’ (kT§ - 7f:cf’,,n’m’)] 5
2
- . 1 -
wn.mﬁk = C]Z«‘:t,n’m,E {antan/m7th,’VLl77L} (S%,)hb (]{T'é - TRt,n’m)) .

III. NON-COOPERATIVE GAME BASED POWER
ALLOCATION

For the MIMO collaborative CERC system, even if the
radar and communications subsystems help each other and
share useful information, there is a tradeoff between the power
allocated to each of the transmitters associated with both the
radar and communications subsystems. In this section, we
formulate the power allocation problem as a non-cooperative
game to address the tradeoff between the power allocated
to the radar and communications transmitters under a total
power constraint. Defining & as the total transmit power of
the MIMO collaborative CERC system, and 7y the allocation
weights associated with the radar transmitted power, the power
allocated to the radar and communications subsystems are
¢r = nr€ and Ec = (1 —ng)E. The power allocation vector
indicating the power allocated to different radar transmitters
is Er = {ER,la"' 7ER,MR}7 where ER,m S [0, QSR] The
power allocation vector for the communications subsystem
is Ec = {EC717"' ,EC’A[C} with Ec,mf € [O,Q‘fc]. Use
the detection probability Pp in (6) and the mutual informa-
tion MI in (7) as the performance metric for the radar and
communications subsystem, respectively. The power allocation
problem can be formulated as an optimization problems with
two objective functions as below

(P.1) Alax Pp (Er, Ec)

(P.2) max MI(Eg, Ec)

Ep.Ec (®)
st Y8 Ep <€ < €,

Mc .
mezl EC,'m’ SQEC <€

Noted that the previous analysis about the radar detection task
of the MIMO collaborative CERC system considers a given
cell-under-test (CUT). Expansion from a given CUT to an
area under monitoring can be implemented by replacing the
objective functions in (8) to

(P.3) max Pp =Ee {Pp|6} ©
(P4) max NI = Eq {MI|6}

where the average detection probability Pp and the average
mutual information MI are computed by taking average over

all possible CUTs in the area of interest. For simplicity, we
stick to (8) for the sequential analytical discussions, and the
general case (9) are considered in the numerical examples.

A. Non-cooperative Game Model

Define the player set P as
P = {Radar subsystem, Communications subsystem},

the strategy set £ = {Er,Ec} and utility function set U
= {ur,uc}, where the radar utility function ur and the
communications utility function u¢ are determined by Pp and
MI in (8). Since Pp is a monotone function with respect to

| 1 Mgr Mg

o — M1

pu =—12 § § Qm,m’\/ ER.HLER,m’
m=1m’'=1

1
Mgr Mc 2

Mc Mg
+2 Z Z ﬁm,m’ ER,mEC,m/ + Z Z TYm,m’ \/ EC.mEC,m’>} )

m=1m'=1 m=1m'=1

Ni <K

Q! = 271:1 zk:l R {Cre,nmCrt,nm' SR.m (kTs — TRt nm) SRom' (KTs — TRt ) }
Ni K

Bmm = anl Zk:l R {Cre,nmCctnm SRm (KTs — TRt wm) Scom (KTs — Tetmm) }s

Nr K
Ym,m! = anl Zk:l RA{CctnmCetnm scm (KTs = Tctmm) scn (KTs — Totnm)}s

the radar utility function is defined as

Mp Mg

ur (ERr,Ec) = Z Z U, A/ ERm ERm

m=1m'=1
Mpr Mc Mc Mc

+23 " B VErmEom + > > YmmVEcmEc

m=1m'=1 m=1m/=1
The communications utility function is defined as

Mo Mo

Ne K Z Z Xm,m/,n' k\/ ECA,mEC?m’
m=1m'=
uc (Er, Ec) = Z Zlog = Mg

n=1k=1 U%‘z‘,n’ [k] + Z wn’,m,kER,m

m=1

+1

which is monotone with respect to MI. Thus, the non-
cooperative game associated with (8) can be summarized as

G=(P,EU). (10)

B. Nash Equilibrium of Power Allocation Game

In the game G, each player wants to maximize their own
utility by choosing a proper power strategy. Each player
iteratively changes their optimal strategies until reaching an
equilibrium point, which is called NE in the game. For the
non-cooperative game, considering that each player has the
correct expectation about the other players’ action and chooses
strategies rationally [10], the optimal strategy of each iteration
process can be expressed as

(P.5) max ugr (Egr, Ec)
Egr

(P.6) max uc (Er,Ec) (11)

s.t. E{;]il ER,m SGR < @,
oy Bow <€c < €.
Given the initial power of each transmitter in the radar

and communications subsystems, the solutions of (P.5) and
(P.6) are selected as the respective strategies in the first
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iteration process. Introducing Lagrange multiplier A, (P.5) can
be expressed as

Mg Mg Mg

L= § § AV ER mER m + 2 § g Em,m’ vV ER,mEC,m’
m=1 m’ 1 m=1 m'=1
Mo Mg

Mp
Zm 1 Zm -1 TYm,m’\/ E(' mEC m A <€R - Zm.:l ER,m)

Taking the derivative of £ with respect to Eg ,,, and setting the
result to be zero, the optimal strategy of the power allocated
to the mth radar transmitter can be obtained by

EI*?,,m = ((ZAI,R 1 Qmnm’ \/ ER m' + QZ =1 ﬂm m’\/ Ec, m/> /)\> 5 (12)

Define 7 as the iteration times, the strategy obtained in the ith
iteration process is known to the (i + 1)th iteration process.
The NE can be obtained by carrying out the above process
until convergence. We can obtain the results of the (i 4+ 1)th
iteration process as

y 2
Egjnl) - ((foi Qm,m’ \/ Elem’ +2 ZH( m ;m’\/ EC,nl’) /)\(1)> (13)

Updating A by letting A+ =
MO+ s (€r =0 Erm) . [t =
max {min (z,b),a}, ¢ represents a positive number in
the right-neighborhood of 0 and s, is a step size. (P.6) can
be solved similarly to obtain the (i 4 1)th iteration result of
the m/th communications transmitter

Mc
. No K Z Xt i) B
i+
EC m' (1) Z Z Mc Mc Mp ’

WIS S e\ B + 0% K]+ 3. B b i
m=1m'=1 m=1 ( 4)

Mo | °, in which
cm)|,» i Which s

Mc

where

2

where x(+1D) = [H(i) + sc ( Eo — S
is a step size.

Based on (13) and (14), the NE of the game G described in
the optimization problem in (11) can be obtained in an iterative
way, where the detailed steps are described in Algorithm 1.

m/’

Algorithm 1 Iterative NE Algorithm

1: itialize: EO, B, B, EXO, A £ 5, 5., i=0,4 =0,¢ > 0.
2: repeat
i il
3: repeat until 'E;l - E}gml) <e
4 form=1,2,.../,MR do
5: Calculate E'RLT:I) by (12) and )\(i’+1);
6: end for :
7: set i/ «— i +1; .
8 set E*(HU Eg_)n,i’ =1.
AN i —1
9 repeat until 'Eé gL - Eé,m,/ ) <e
10: form’ =1,2,. ]V[c do
11: Calculate E( 1) by (14) and k(7' +1)
12: end for
13: set i/ < i’ +1;
14:  set E*“*,l) — E(C 7)71 i =1.
15: set i < i

+
16: until *( ) - E;(Z,;1)| < e and )E*( 2
17: Output ER,m — E;@n,Vm and B,

Bl <e

()

’
Cymt YT

mt < E

Next, we prove the existence and uniqueness of the NE.
Theorem 1 (Existence). The proposed game G in (10) for
power allocation has at least one NE.

Proof: At least one NE exists in the game (10) if the following
two conditions are satisfied [17].

(1) The strategy set £ is a non-empty, convex and com-
pact subset of Euclidean space; (2) The utility functions
ur (ERr,E¢) and uc (ER, E¢) are continuous and quasi-
concave in definition domain.

It is apparent that game G satisfies the first condi-
tion. To prove the second condition, as the utility function
ug (ER, Ec) are continuous with respect to Eg,, and it
is easy to obtain that %:;EC) > 0. Define the Hessian
matrix of ug as H (ug) = V2 (ug (Eg, E¢)). We can prove
that all the leading principle minors of H (ug) are less than or
equal to zero, i.e. the Hessian matrix is negative semi-definite,
which proves that ug (E'r, E¢) are quasi-concave. Similarly,
we can prove that the utility function u¢ (E g, E¢) are quasi-
concave. All the utility functions are continuous and quasi-
concave, which proves the existence of NE in game G. |
Theorem 2 (Uniqueness). The NE of the proposed game G
in (10) for power allocation is unique.

Proof: To prove the uniqueness of the NE, one need to prove
that the best response strategy functions are standard functions
[13]. From (12), the radar’s best response strategy function is

[ (Erm) = ((Z:z

It is easy to show that (15) satisfies the following conditions:
(a)Positivity: For m = 1,2, ..., Mg, f (Erm) > 0.
(b)Monotonicity: If Eg, . > E% ., f (Eg.,) > [ (E%,.)-
(c)Scalability: For all a > 1, af (Erm) > f(aErm).
Therefore, the best response function of radar subsystem is
a standard function [13]. Similarly, we can prove that the best
response function of communications subsystem is a standard
function. Thus, the NE is unique in this game model. |

2
Qm,m’\/ Egpm +2 Z Bm m’\/ EC‘.m’) //\> (15)

IV. SIMULATION RESULTS

In this section, we present numerical results to illustrate the
enhanced performance achieved through the proposed power
allocation strategy. In the collaborative CERC system, we
assume that the radar subsystem has Mpr = 2 transmitting
antennas and Ny = 3 receiving antennas, the communications
subsystem has Mo = 2 transmitting antennas and Ngo = 3
receiving antennas. Suppose that all the radar and communi-
cations stations are located 70 km away from the origin of the
coordinate system. The radar subsystem transmitted signals

are spm(t) = ()7 i exp( = )er2mmIal where fa denotes
the frequency offset between adjacent radar transmit signals
and T the pulsewidth. OFDM signals are adopted in commu-
nications transmission scm: (t) = Y oo Smri(t —¢1”), in
which s,/ ;(t) = ng/szl/z ame i [n] €922 tpr (), where
am i [n] are data symbols, py(t) is a rectangular pulse with
unit amplitude and width T”, Af is the frequency spacing
between two adjacent subcarriers, and Ny the number of sub-
carriers. Set 7" = 0.01s, Af = 125Hz, and Ny = 6. Define the
signal to clutter-plus-noise as SCNR = 10log,, (E/02), 02,

denotes the noise variance. Set ¢ = 10KW, SCNR = —10dB.
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Fig. 3. MI versus Pp for the MIMO collaborative CERC system.

Set the power allocation weight ng = 0.4. We apply
Algorithm 1 to find NE for the game G. Fig.1 plots the power
allocated to each transmitters after several iteration times when
the detection task of the collaborative CERC system considers
a given CUT (Sc.1), and similar curves are plotted in Fig.2
for the case where the CUT is extended to an area under
monitoring (Sc.2). It can be seen that the proposed algorithm
can reach the optimal power allocation strategy after about 3
iteration times, which illustrates the convergence of Algorithm
1 and implies the achievement of the NE for both scenarios.

To evaluate the effectiveness of the proposed power alloca-
tion strategy, we compare its performance against the average
allocation strategy [5] and that obtained using non-dominated
sorting genetic algorithm-II (NSGA-II) [18]. Fig.3 plots the
MI versus Pp obtained using different methods. It is seen that
the proposed NE strategy brings performance improvement for
both the radar and communications subsystems compared with
the other methods. The Pp and MI obtained in Sc.2 approach
closely to those in Sc.1, which shows that the proposed method
works well for both scenarios.

V. CONCLUSION

This paper investigated a power allocation problem in
the MIMO collaborative CERC system based on the non-
cooperative game. We derived the radar target detection proba-
bility Pp and communications mutual information MI, which
are regarded as the performance metrics for the radar and
communications subsystems. To optimize the Pp and MI
when the total power is constrained, we solved the power

allocation problem based on the non-cooperative game. We
proved the existence and the uniqueness of the NE, and
provided an iterative algorithm to find it. Simulation results
demonstrated that the NE-based power allocation strategy
can enhance the performance of both subsystems in different
scenarios.
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