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Abstract—This paper introduces a novel approach to adaptive
learning from streaming flow signals defined over cell complexes,
utilizing a topology-based least mean squares (LMS) strategy.
By harnessing the principles of Hodge theory, we develop a
topological LMS algorithm that efficiently gathers and integrates
flow data across various edges and their neighboring cells at mul-
tiple levels. Through comprehensive theoretical examination, we
elucidate the algorithm’s stochastic behavior, outlining conditions
that ensure stability in terms of mean and mean-square error.
Furthermore, we derive explicit formulas for assessing the mean-
square performance, highlighting how it is influenced by the
underlying topological structure, sampling techniques, and data
characteristics. Our empirical evaluations, using both synthetic
and real-world network traffic datasets, validate our theoretical
finding and demonstrate the superiority of our topological ap-
proach over traditional graph-based adaptive learning methods
that overlook higher-order topological elements.

I. INTRODUCTION

Over the past few years, a plethora of processing and learn-
ing techniques for signals on irregular, and not always metric,
spaces have emerged. Graph Signal Processing (GSP) is a
notable example, offering a suite of methods for the analysis
and processing of signals on graph vertices. This includes the
creation of various graph operators, which have paved the way
for an array of graph filters and Fourier transforms [1]. The
unique aspect of these tools is their reliance on graph con-
nectivity, embedded within the structure of the chosen graph
shift operators. While graph-based methods have become a
cornerstone in data analysis, their intrinsic limitation is their
focus on capturing only pairwise relationships between data
points. This constraint makes them less effective in contexts
where the dynamics involve more complex interactions that
cannot be neatly encapsulated by simple pairwise connections
[2]. Notably, this shortfall becomes apparent in fields such as
biological networks [2], where intricate multi-way interactions
among various entities like genes and proteins are the norm, or
in neuroscience, where the simultaneous activation of neuron
groups in brain networks presents a level of complexity
beyond pairwise interactions [3]. These instances necessitate
processing tools that extend beyond the capabilities of GSP,
leading to the rise of Topological Signal Processing (TSP) [3].
The foundation of TSP was laid by pioneering research that
highlighted the advantages of processing signals on topological
spaces, such as simplicial or cell complexes, known as topo-
logical signals [3], [4]. The main advantage comes from a solid
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algebraic framework associated with such topological spaces.
Subsequent research in TSP has made significant strides,
including the development of FIR filters for these complex
signals [5], [6], and the creation of a generalized Laplacian
for mapping simplicial complexes onto traditional graphs [7].
Moreover, TSP has inspired the creation of advanced neural
network architectures designed to learn from data defined in
topological domains [8], [9].

A fundamental problem in signal processing is adaptive
learning, whose aim is to infer and track the structure of
an unknown system from streaming and noisy data observed
over time [10]. Such powerful techniques have been largely
studied in networked scenarios, with the aim of designing
adaptive networks capable of distributed optimization and
learning capabilities, see, e.g., [11] and references therein.
More recently, adaptive learning methods have also been
extended to process and learn from streaming signals defined
over graphs [12]-[16]. In particular, the works in [12]-[14]
recast classical adaptive estimation strategies in the graph
signal processing framework, namely the LMS, the recursive
least squares (RLS), and the Kalman filter, proposing effective
node sampling techniques to enable adaptive reconstruction
capability and guaranteed steady-state performance. Instead,
the works in [15], [16] focused on distributed identification
of graph filters from streaming nodal data, hinging on dif-
fusion adaptation techniques. The aforementioned adaptive
techniques apply to graph-based data, and are not suitable to
exploit the richer structure offered by more general topological
spaces such as, e.g., simplicial or cell complexes. To the best
of our knowledge, only a few papers deal with online estima-
tion and learning from streaming topological signals. Notable
examples include simplicial vector autoregressive models for
edge flows [17], and edge flow prediction over expanding
simplicial complexes [18]. However, to current date, the field
of adaptive topological signal processing is still a largely
uncharted territory that is worth to be investigated.

In this work, we aim at providing a fundamental contri-
bution in the field of adaptive TSP, revisiting the classical
LMS algorithm to process and learn from streaming signals
defined over topological domains. Specifically, hinging on
formal arguments from algebraic topology [19], we generalize
the work in [15] for graphs to regular cell complexes, thus
introducing a novel class of topological LMS algorithms that
are computational efficient and take into account the structure
of the cell complex during processing. A detailed theoretical
analysis provides the stochastic behavior of the proposed
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algorithm, providing conditions for stability in the mean and
mean-square error sense, and deriving closed-form expressions
for the mean-square performance that depend on topological
features, sampling, and data statistics. Finally, we illustrate
the advantages of the proposed topological adaptive learning
strategy through numerical experiments.

II. BACKGROUND

This section introduces the essentials of topological signal
processing over regular cell complexes, simplifying content
while maintaining mathematical integrity.

Regular Cell Complex. A regular cell complex is a topolog-
ical space X’ with a partition {X;, },cp, of subspaces X, of
X (cells), where Py is the indexing set of X, such that [19]:

1) For each ¢ € &, every sufficient small neighborhood of
c intersects finitely many X ;

2) For all 7,0 we have that X, N X, # @ iff X, C X,

where X, is the closure of the cell;

3) Every X, is homeomorphic to R* for some k;

4) For every 0 € Py there is a homeomorphism ¢ of a

closed ball in R¥ to X', such that the restriction of ¢ to

the interior of the ball is a homeomorphism onto X;.
Condition 2 implies that Py has a poset structure, given by
T < o iff X, C X,, and we say that 7 bounds o. Condition
4 implies that all of the topological information about X is
encoded in the poset structure of P . For this reason, we will
indicate the cell X, with its corresponding poset element o.
The dimension dim(o) of a cell o is k, we call it a k—cell and
denote it with o*. Regular cell complexes can be described via
a consistent boundary relation.
Boundary Relation. We say that o is on the boundary of 7,
denoted as ¢ < 7, iff dim(o) < dim(7) and there is no cell
dsuchthat o < § < 7.

Therefore, the boundary of a cell o* of dimension k is the
set of all cells of dimension less than k bounding o*. The
order of a cell complex is the largest dimension of any of its
cells and we denote an order K regular cell complex with XX
A graph is a particular case of a cell complex of dimension
1, containing only cells of dimension O (nodes) and 1 (edges).
A graph with 2-dimensionals cells being some of its induced
cycles, referred to as polygons, is a cell complex of order 2.
We denote the set of k-cells in XX as Dy, := {oF : oF € Xk}
Topological Signals. A k-topological signal x over a regular
cell complex XX is defined as a collection of mappings from
the set of all k-cells contained in the complex to real numbers:

Xk:[:Ck(ojf),...,xk(Uf),...,wk(ng)} GRQ’“7 @9)

where zj : D, — R and , Qp = |Dg|.

Assume that a reference orientation of the complex is given,
detailed explanations can be found in [6], [20]. There are two
ways in which two cells can be considered to be adjacent:
lower and upper adjacent. Two k—cells are lower adjacent
if they share a common face of dimension £ — 1 and upper
adjacent if both are faces of a cell of dimension k + 1. The
structure of an oriented regular cell complex of order K is
then fully captured by the set of its incidence (or boundary)

matrices B, € R9»1XQ L = 1 ... K, with entries
By(i,j) = 0if o} " is not a face of o, and By(i, ) = 1 (or
—1), if 0’?71 is a face of Uf and its orientation is coherent (or
not) with the orientation of o¥.
Hodge Laplacians. From the incidence information, we build

the Hodge Laplacian matrices as [3]:

L, = BB, (2)

L, =B/B,+B,1B{,,, k=1,....K-1, (3
Ly.a Li,w

Lx = BLBg. 4)

Laplacian matrices of intermediate dimensions, ie., k =
1,...,K — 1, contain two terms. The first term Lj g is
the lower Laplacian, and it encodes the lower connectivity
among k-dimensional cells; the second term Ly, ,, is the upper
Laplacian and it encodes the upper connectivity among k-
dimensional cells. For example, two edges are upper adjacent
if they are faces of a common polygon, or lower adjacent if
they share a common vertex.

Cell Complex FIR Filters. Given the k-th Hodge Laplacian
Ly, as in (3), a cell complex FIR filter acting on k—topological
signals is defined as a polynomial of the Laplacian as [5]:

M M

Hk - Z()hm7u (Lk;}u>7n + Zl hm)d(kad)m7 (5)

where M is a positive integer and {hy, ., %:0 e RM+1

{hm.a}M_| € RM In the sequel, we focus on the case k = 1,
neglecting the subscript k& for the sake of clarity (e.g., we
indicate Ly with L, x; with x, and Q1 with Q).

III. TOPOLOGICAL LEAST MEAN SQUARES
ADAPTIVE FILTERING

Consider a cell complex consisting of a set of ) edges,
and a set of P polygons. The topological information of the
cell complex can be encoded into the structure of the upper
Laplacian L,, and the lower Laplacian L, as explained in Sec.
II. In this paper, we are interested in the adaptive processing
of flow signals (partially) observed over the edges of the cell
complex. Let x(n) be stationary edge flow signals, processed
over time by the linear shift-invariant graph filters in (5)
according to the following model:

M
y(n) =D(n)| Y hy, . (L) "x(n —m)
m=0

M
+ Z hfnyd(Ld)mx(n —m)+wv(n)|, (6)

m=1

with n > M, where v(n) = [v1(n),...,vo(n)]" denotes
an Q x 1 ii.d. zero-mean measurement noise, independent
of any other signal and with covariance matrix R,; h® =
(h0s A s v s R B gy - h‘]’%d]T € R2M+1 is the vector
of topological filter coefficients to be estimated; and D(n) =
diag(dyi(n),...,dg(n)) € R*? is a sampling operator such
that d;(n) = 1 if edge ¢ is sampled at time n, and zero
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otherwise. It should be noted that, although in (5) variable
m is just an index for the powers in the polynomial, it defines
also time-lags in (6). The model in (6) generalizes the one
proposed in [15], considering noisy and partial observations
of two graph shift operations that combine streaming edge
data over upper and lower neighborhoods, respectively. In the
sequel, we make an assumption on the sampling process.

Assumption 1 (Independent sampling): The random vari-
ables extracted from the sampling process d;(l) are temporally
and spatially independent, for all ¢, and [ < n.

We also assume that the signal x(n) is a zero-mean wide-
sense stationary process, i.e., E{x(n)} = 0 for all n, and
its autocorrelation sequence R, (m)=E{x(n)x’(n —m)} is
a function of the time lag m only. Our goal is to estimate
the filter coefficients h° in (6). To this aim, we consider the
mean-square-error criterion:

min E{||y(n) - D(n)X(n)h|} @)
where X(n) is an @ x 2M + 1 matrix given by:
X(n) = [x(n),Lyx(n —1),...,LYx(n — M),
Lgx(n—1),...,.L{'x(n — M)], ®)
which collects shifted versions of the edge flows x(n — m),
m =1,..., M, over the upper and lower neighborhoods. By

setting the gradient vector of (7) to zero, the optimal parameter
vector h® can be found by solving:

Rxh® =rx,, €))

where the 2M + 1 x 2M + 1 matrix Rx and the 2M +1 x 1
vector rx, are given by:

Ry = E{X(n)"D(n)X(n)}
rxy = E{X(n)"D(n)y(n)}.

The matrix Rx and the vector rx, do not depend on
n, due to the stationarity of x(n) and Assumption 1. Let
p = (p1,...,pg)T € R? represent the sampling probability
vector, with p; = E{d;(n)}, for i« = 1,...,Q, denoting the
probability that node 7 is sampled at time n. Let P = diag(p).
The matrix Rx is a 2 x 2 block matrix:

R, x Rud,x]

10
Rui,x Rax (10)

|

where the (m,!) component of matrix R, x is given by

Ry x]mi=E {XT(n —m)(L™TD(n)L!x(n — l)}

=Tr (L7)"PLLR,(m —1)). (11
Similarly, we have:
R, x)m1 = Tr (L) PLyR,(m — 1)),
Rud,x]my = Tr (L) PLIR,(m —1)).  (12)

Finally, rx, = [r%,,,r%,] is a block vector with components
Iy = Tr (L) PRay (m)),

%, = Tr (L7 PRy, (m)), (13)

Algorithm 1 Topo-LMS: Topological Least Mean Squares on
Cell Complexes

1: Initialize h(0) randomly

2: Given a sufficiently small step-size p > 0

3: for each time n > 0 do

4: Choose a sampling operator D(n);

5 Observe y(n), and build X(n) as in (8);
6 Perform parameter adaptation as in (16).

where R, (m) = E{y(n)xT(n — m)} denotes the cross
correlation function, which is independent of the time index
n. The system of equations (9) admits a unique solution if the
square matrix R x is full rank, i.e.,

>\min (RX) > 07

where Apin(Y) is the minimum eigenvalue of matrix Y. From
(11)-(12), it is clear that this condition depends strongly on
the selection of the sampling probability matrix P. In this
case, h® can be determined uniquely by either solving (9), or
proceeding iteratively using gradient descent:

h(n+1) = h(n) + p(rx, — Rxh(n))

where 11 > 0 is a (sufficiently small) step-size. Since the
second order moments are rarely available beforehand, or
possibly time-varying, it is necessary to approximate them
via instantaneous approximations, with different constructions
leading to different adaptive algorithms. One of the simplest
choices is to use the instantaneous approximations

Ry ~ X' (n)D(n)X(n), rx,~X"(n)D(n)y(n). (15)

(14)

This leads to the following adaptive filter:
h(n +1) = h(n) + uXT (n)D(n) (y(n) — X(n)h(n)) (16)

that is referred to as the topological LMS algorithm (Topo-
LMS, cf. Algorithm 1), where streaming flow signals
{y(n),x(n)} are processed taking into account the topological
information coming from the cell complex domain.

IV. MEAN SQUARE ANALYSIS

In this section, we briefly present the performance in the
mean and mean-square-error sense of the Topo-LMS algo-
rithm. Let h(n) denote the error vector defined as:

h(n) = h° — h(n). (17)

Using the data model (6) and following the same line of
reasoning as in [10], the error vector evolves according to:

h(n + 1) = B(n)h(n) — ug(n) (18)
where

B(n) =1— uX(n)'D(n)X(n) (19)

g(n) = X(n)"D(n)v(n) (20)

In the sequel, to simplify the analysis, we introduce the
following assumption on the regressors {D(n)X(n)},.
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Assumption 2: The regressors D(n)X(n) arise from a zero-
mean random process that is temporally white with positive-
definite covariance R x.

This assumption means that D(n)X(n) is independent of
D(j)X(j) for all j < n. Despite this assumption might not be
true in general, it is commonly used when analyzing adaptive
constructions since it allows to simplify the derivations without
constraining the conclusions [10].

Taking expectation of both sides of (18), and using Assump-
tions 1 and 2, and the fact that E{g(n)} = 0, we obtain:

E{h(n+ 1)} = BE{h(n)},
where

B=1I-uRy 1)

with R x having the structure in (10)-(12). Thus, the estimates
{h(n)} generated by algorithm (16) converge in the mean to
the optimal solution h® if B is stable, namely, the spectral
radius p(B) < 1. From (21), the stability of B is ensured if
the step-size p satisfies:

0<p< (22)

)\max (RX ) .
The mean-square-error behavior of algorithm (16) can be
characterized by studying the evolution of E{||h(n)||%} for
any positive semi-definite matrix 3 that we are free to choose.
From recursion (16) and using the independence Assumptions
1 and 2, the weighted variance evolves according to

E{[h(n+1)|%} = E{|h(n)|%} + 1*Te(ZG)  (23)
with

> =E{BT(n)ZB(n)}, (24)

G =E{g(n)g" (n)} = o;Rx, (25)

where we used the spatially independence assumption of the
zero-mean noise v(n). Let & = vec(X) denote the vector
representation of X obtained by stacking the columns entries
of 3 on top of each other. Let 0/ = vec(X'). The vector
o’ can be related to o according to o/ = Fo where
F = E{BT(n) ® B¥(n)}, with ® denoting the Kronecker
product. The evaluation of F requires knowledge of the fourth-
order moments of the flow signals, which are typically not
available. A common alternative is to use the approximation
F ~ BT @ BT for sufficiently small step-sizes [10], [11].
Under this approximation, the stability of F is ensured if
p(B) < 1, i.e., if the step-sizes are chosen according to (22).
Then, the variance relation (23) can be recast as:

E{|h(n+1)[3} = E{|h(n)f,} + p’vec (G) &

where the notation ||x||2 is used to denote the same quantity
x4 = xTEx. If F is stable, the variance recursion con-
verges to a limit point [11]:

lim E{[B(0)[3) = p*vec (G)" (1~ F) o

(26)

27

From (27), we can obtain the mean-square deviation (MSD)
by simply choosing o = vec(I).

—100% available data 3
50% available data

——30% available data

===Theoretical MSD

[h® —h(n)[*

106 L

R \

10-10
0

1 2 5 i 5 6 7
n x10*

Fig. 1: MSD vs iteration index, for different percentages of

observed edges, compared with theoretical expressions.

V. NUMERICAL RESULTS

We first assess the performance of the proposed LMS
adaptive filtering on synthetic data. We build a simplicial
complex, i.e. a regular cell complex, with the following
iterative procedure. Starting from a randomly selected number
of nodes, the structure of the simplicial complex is enriched
at each step with randomly generated simplices of increasing
dimension. The resulting complex X’ 2 includes 11 nodes, 20
edges and 7 triangles [3], and we process edge flow signals
(k = 1 from (1)) defined on it. We generate a dataset using
the model in (6), with the i.i.d. zero-mean measurement noise
being AWGN. The variance of the noise is different on each
edge, and it is randomly sampled from {1076 1073 10~ 1}.
We run our Topo-LMS algorithm from Alg. 1 aiming to
recover the true filter coefficients h® we used to generate
the dataset. In Fig. 1, we show the MSD for three different
sampling percentages, averaging over 100 realizations, where
X% of available data means that only the X% of diagonal
entries of P are greater than zero, i.e. only the X% of edges
has a non-zero probability of being sampled. We also report
the corresponding theoretical value from (27), which is clearly
attained in all the cases. The stepsize y is set equal to 1074,
We designed the experiment such that the lowest sampling
percentage (30%) assigns non-zero sampling probabilities to
the edges with the lowest noise variance. In this way, from
Fig. 1, we can appreciate the interesting tradeoff between
learning rate and MSD at steady state; in particular, the fact
that, in the 30% case, only the cleanest signal components are
sampled, allows Topo-LMS to converge to a better MSD but
with a slower learning rate, due to the slower diffusion over the
complex. Vice versa, in the 100% case, the signal is completely
available but more noisy, leading to a faster convergence but a
worse MSD. This experiment, beyond validating the proposed
algorithm and its theoretical analysis, motivates the design of
principled sampling strategies for topological signals.

We now consider the German National Research and Educa-
tion Network operated by the German DFN-Verein (DFN), be-
ing the communications infrastructure for Germany’s broader
scientific community. We model the network as a cell complex
of order 2, taking all the induced cycles of the network as
polygons [21]. The resulting complex consists of 50 nodes, 89
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Prediction error

0.4

=P~ Topo-LMS
0.3 ~E— Laplacian Edge-LMS

Normalized prediction error

Fig. 2: (Top) Prediction error over training data. (Bottom)
Performance comparison of different methods over test data.

edges, and 39 polygons. The data traffic is aggregated daily
over February 2005, and the data measurements are expressed
in Mbit/sec and collected on each link. We then have a time
series made of 28 edge signals, the first 18 of whom we
use for training, and the last 10 for testing. We don’t sample
the signals, i.e. P = I, and we employ the signal model in
(1) in an autoregressive fashion. Thus, given the edge signal
y(n+1) at day n + 1 and the edge signals of previous days
{y(n—m),m=0,..., M — 1}, Topo-LMS minimizes
1 17
18— M Z
M

n=

M
yn+1)— Z P (Lu)my(n —m)
m;@ )
_ Z Bun,a(La) " y(n —m)

W.r.t. Ry, and hy, g, i.e. the autoregressive version of (7).
For this experiment, we set the filter order M to 3, and the
stepsize u to 10~%. We compare our Topo-LMS with the LMS
algorithm resulting from using a signal model leveraging the
Edge Laplacian [3], corresponding to (1) with only L in place
of L. The Edge Laplacian parametrization represents a fair
comparison because it is the most naive generalization to cell
complexes of the work [15] for graphs, not leveraging the
Hodge theory. Then, in Fig. 2 (top), we show the convergence
behavior of our method during training; whereas, in Fig. 2
(bottom) we illustrate the (normalized) daily prediction error
obtained using the filter coefficients learnt during training over
test traffic data from the 19th of February to the 28th of Febru-
ary (i.e., data we didn’t use for training). As we can notice
from Fig. 2 (bottom), our Topo-LMS is able to achieve a better
prediction error w.r.t. to the graph-based approach, thanks to
its ability to exploit higher-order topological information.

VI. CONCLUSIONS

In this work, we introduced an innovative adaptive learn-
ing technique for processing streaming flow signals on cell

complexes, utilizing a topological least mean squares frame-
work. By incorporating Hodge theory, our topological LMS
algorithm efficiently processes flow data, maintaining stability
in mean and mean-square errors under specific conditions.
We detail the influence of topology, sampling strategies, and
data characteristics on performance through explicit formulas.
Empirical tests with synthetic and real-world data confirm
our approach’s effectiveness, showcasing its superiority over
traditional graph-based methods.
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